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Chapter 1: Introduction

Welcome to the Mechanical APDL Theory Reference. The reference presents theoretical descriptions of
all elements, as well as of many procedures and commands used in these products. It is available to
any of our product users who need to understand how the program uses input data to calculate the
output, and is an indispensable tool to help you interpret various element and command results. The
Mechanical APDL Theory Reference describes the relationship between input data and output results
produced by the programs, and is essential for a thorough understanding of how the programs function.

The following introductory topics are available:
1.1. Purpose of the Theory Reference
1.2. Understanding Theory Reference Notation
1.3. Applicable Products

1.1. Purpose of the Theory Reference

The purpose of the Mechanical APDL Theory Reference is to inform you of the theoretical basis of these
products. By understanding the underlying theory, you can use these products more intelligently and
with greater confidence, making better use of their capabilities while being aware of their limitations.
Of course, you are not expected to study the entire volume; you need only to refer to sections of it as
required for specific elements and procedures. This manual does not, and cannot, present all theory
relating to finite element analysis. If you need the theory behind the basic finite element method, you
should obtain one of the many references available on the topic. If you need theory or information that
goes beyond that presented here, you should (as applicable) consult the indicated reference, run a
simple test problem to try the feature of interest, or contact your ANSYS Support Distributor for more
information.

The theory behind the basic analysis disciplines is presented in Structures (p. 5) through Coup-
ling (p. 293). Structures (p. 5) covers structural theory, with Structures with Geometric Nonlinearit-
ies (p. 29) and Structures with Material Nonlinearities (p. 63) adding geometric and structural material
nonlinearities. Electromagnetics (p. 177) discusses electromagnetics, Heat Flow (p. 227) deals with heat
flow, Fluid Flow (p. 245) handles fluid flow, and Acoustics (p. 253) deals with acoustics. Coupled effects
are treated in Coupling (p. 293).

Element theory is examined in Shape Functions (p. 327), Element Tools (p. 365), and Element Library (p. 411).
Shape functions are presented in Shape Functions (p. 327), information about element tools (integration
point locations, matrix information, and other topics) is discussed in Element Tools (p. 365), and theoret-
ical details of each ANSYS element are presented in Element Library (p. 411).

Analysis Tools (p. 665) examines a number of analysis tools (acceleration effect, damping, element re-
ordering, and many other features). Analysis Procedures (p. 761) discusses the theory behind the different
analysis types used in the ANSYS program.

Numerical processors used in preprocessing and postprocessing are covered in Preprocessing and
Postprocessing Tools (p. 831). Postprocessing (p. 843) goes into a number of features from the general
postprocessor (POST1) and the time-history postprocessor (POST26).
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An index of keywords and commands has been compiled to give you handy access to the topic or
command of interest.

1.2. Understanding Theory Reference Notation

The notation defined below is a partial list of the notation used throughout the manual. There are also
some tables of definitions given in following sections:

• Coupling (p. 293)

• Rate-Independent Plasticity (p. 64)

Due to the wide variety of topics covered in this manual, some exceptions will exist.

Table 1.1:  General Terms

MeaningTerm

strain-displacement matrix[B]

damping matrix[C]

specific heat matrix[Ct]

elasticity matrix[D]

Young's modulusE

force vector{F}

identity matrix[I]

current vector, associated with electrical potential degrees of free-
dom

{I}

current vector, associated with magnetic potential degrees of
freedom

{J}

stiffness matrix[K]

conductivity matrix[Kt]

mass matrix[M]

null matrix[O]

pressure (vector)P, {P}

heat flow vector{Q}

stress stiffness matrix[S]

temperature vector{T}

time, thicknesst

local to global conversion matrix[TR]

displacement, displacement vectoru, v, w, {u}

electric potential vector{V}

virtual internal workδU

virtual external workδV

fluid flow vector{W}

element coordinatex, y, z

nodal coordinates (usually global Cartesian)X, Y, Z

Release 15.0 - © SAS IP, Inc. All rights reserved. - Contains proprietary and confidential information
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MeaningTerm

coefficient of thermal expansionα

strainε

Poisson's ratioν

stressσ

Below is a partial list of superscripts and subscripts used on [K], [M], [C], [S], {u}, {T}, and/or {F}. See also
Coupling (p. 293). The absence of a subscript on the above terms implies the total matrix in final form,
ready for solution.

Table 1.2:  Superscripts and Subscripts

MeaningTerm

nodal effects caused by an acceleration fieldac

convection surfacec

creepcr

based on element in global coordinatese

elasticel

internal heat generationg

equilibrium iteration numberi

based on element in element coordinatesℓ

masterm

substep number (time step)n

effects applied directly to nodend

plasticitypl

pressurepr

slaves

swellingsw

thermalt, th

(flex over term) reduced matrices and vectors^

(dot over term) time derivative.

1.3. Applicable Products

This manual applies to the following ANSYS and ANSYS Workbench products:

ANSYS Multiphysics
ANSYS Mechanical
ANSYS Structural
ANSYS Mechanical EMAG
ANSYS Professional - Nonlinear Structural
ANSYS Professional - Nonlinear Thermal
ANSYS Mechanical PrepPost
ANSYS DesignSpace (ANSYS Workbench only)
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Some command arguments and element KEYOPT settings have defaults in the derived products that
are different from those in the full ANSYS product. These cases are clearly documented under the
“Product Restrictions” section of the affected commands and elements. If you plan to use your derived
product input file in the ANSYS Multiphysics product, you should explicitly input these settings in the
derived product, rather than letting them default; otherwise, behavior in the full ANSYS product will
be different.

Release 15.0 - © SAS IP, Inc. All rights reserved. - Contains proprietary and confidential information
of ANSYS, Inc. and its subsidiaries and affiliates.4

Introduction



Chapter 2: Structures

The following topics are available for structures:
2.1. Structural Fundamentals
2.2. Derivation of Structural Matrices
2.3. Structural Strain and Stress Evaluations
2.4. Combined Stresses and Strains

2.1. Structural Fundamentals

The following topics concerning structural fundamentals are available:
2.1.1. Stress-Strain Relationships
2.1.2. Orthotropic Material Transformation for Axisymmetric Models
2.1.3.Temperature-Dependent Coefficient of Thermal Expansion

2.1.1. Stress-Strain Relationships

This section discusses material relationships for linear materials. Nonlinear materials are discussed in
Structures with Material Nonlinearities (p. 63). The stress is related to the strains by:

(2.1)σ ε= el

where:

{σ} = stress vector = 
σ σ σ σ σ σx y z xy yz xz

T
   (output as S)

[D] = elasticity or elastic stiffness matrix or stress-strain matrix (defined in Equation 2.14 (p. 8)
through Equation 2.19 (p. 8)) or inverse defined in Equation 2.4 (p. 6) or, for a few anisotropic
elements, defined by full matrix definition (input with TB,ANEL.)

{εel} = {ε} - {εth} = elastic strain vector (output as EPEL)

{ε} = total strain vector = 
ε ε ε ε ε ε� � � �� �� ��

�
 

{εth} = thermal strain vector (defined in Equation 2.3 (p. 6)) (output as EPTH)

Note

{εel} (output as EPEL) are the strains that cause stresses.

The shear strains (εxy, εyz, and εxz) are the engineering shear strains, which are twice the

tensor shear strains. The ε notation is commonly used for tensor shear strains, but is used
here as engineering shear strains for simplicity of output.

A related quantity used in POST1 labeled “component total strain” (output as EPTO) is de-
scribed in Structures with Material Nonlinearities (p. 63).
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The stress vector is shown in the figure below. The sign convention for direct stresses and strains used
throughout the ANSYS program is that tension is positive and compression is negative. For shears,
positive is when the two applicable positive axes rotate toward each other.

Figure 2.1:  Stress Vector Definition

Y

Z
X

σy

σxy

σzy

σzx

σz

σzy

σxy

σx

σzx σzx

σzy
σzx

σx

σxy

σzσzy

σxy

σy

Equation 2.1 (p. 5) may also be inverted to:

(2.2)ε ε σ= + −th 1

For the 3-D case, the thermal strain vector is:

(2.3)ε α α α��
T

x
se

y
se

z
se= 



∆

where:

α�
��

 = secant coefficient of thermal expansion in the x direction (see Temperature-Dependent
Coefficient of Thermal Expansion (p. 10))
∆T = T - Tref

T = current temperature at the point in question
Tref = reference (strain-free) temperature (input on TREF command or as REFT on MP command)

The flexibility or compliance matrix, [D]-1 is:

(2.4)

� �� � �� �

�� � � �� �

�� � �� � �− =

− −

− −

− −
�

ν ν

ν ν

ν ν

��

��

��
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where typical terms are:

Ex = Young's modulus in the x direction (input as EX on MP command)

νxy = major Poisson's ratio (input as PRXY on MP command)

νyx = minor Poisson's ratio (input as NUXY on MP command)

Gxy = shear modulus in the xy plane (input as GXY on MP command)

The difference between νxy and νyx is described below.

Also, the [D]-1 matrix is presumed to be symmetric, so that:

(2.5)
ν ν
yx

y

xy

x

=

(2.6)
ν ν
z�

z

�z

�

=

(2.7)
ν ν
��

�

��

�

=

Because of the above three relationships, νxy, νyz, νxz, νyx, νzy, and νzx are not independent quantities

and therefore the user should input either νxy, νyz, and νxz (input as PRXY, PRYZ, and PRXZ), or νyx, νzy,

and νzx (input as NUXY, NUYZ, and NUXZ). The use of Poisson's ratios for orthotropic materials sometimes

causes confusion, so that care should be taken in their use. Assuming that Ex is larger than Ey, νxy (PRXY)

is larger than νyx (NUXY). Hence, νxy is commonly referred to as the “major Poisson's ratio”, because it

is larger than νyx, which is commonly referred to as the “minor” Poisson's ratio. For orthotropic materials,

the user needs to inquire of the source of the material property data as to which type of input is appro-
priate. In practice, orthotropic material data are most often supplied in the major (PR-notation) form.
For isotropic materials (Ex = Ey = Ez and νxy = νyz = νxz), so it makes no difference which type of input

is used.

Expanding Equation 2.2 (p. 6) with Equation 2.3 (p. 6) through Equation 2.7 (p. 7) and writing out
the six equations explicitly,

(2.8)ε α
σ ν σ ν σ

� �

�

�

�� �

�

�� �

�

= + − −∆

(2.9)ε α
ν σ σ ν σ

� �

�� �

�

�

�

�� �

�

= − + −∆

(2.10)ε α
ν σ ν σ σ

	 	


	 





�	 �

�

	

	

= − − +∆

(2.11)ε
σ

�

�

�

=

(2.12)ε
σ

��

��

��

=

(2.13)ε
σ

��

��

��

=
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where typical terms are:

εx = direct strain in the x direction

σx = direct stress in the x direction

εxy = shear strain in the x-y plane

σxy = shear stress on the x-y plane

Alternatively, Equation 2.1 (p. 5) may be expanded by first inverting Equation 2.4 (p. 6) and then
combining that result with Equation 2.3 (p. 6) and Equation 2.5 (p. 7) through Equation 2.7 (p. 7)
to give six explicit equations:

(2.14)

σ ν ε α ν ν νx
x

yz
z

y

x x

y

xy xz yz
z

y

= −












− + +







2 ∆





− +

+ −

ε α

ν ν ν ε α

y y

z
xz yz xy z z

∆

∆

(2.15)

σ ν ν ν ε α ν�

�

�� �� ��
�

�

� �

�

��
�

�

= +












− + −








∆ �

 − +

+








 −

ε α

ν ν ν ε α

� �

�
�� �� ��

�

�

� �

∆

∆

(2.16)

σ ν ν ν ε α ν ν ν ε�
�

�� �� �� � �
�

�� �� ��

�

�

+ − + +








∆ � −− +

−








 −

α

ν ε α

�

�
��

�

�

� �

∆

∆�

(2.17)σ ε�	 �	 
�
=

(2.18)σ ε� � �=

(2.19)σ ε�� �� ��=

where:

(2.20)��

�

�

��
�

�

��
�

�

�� �� ��
�

�

= − − − −� � �ν ν ν ν ν ν

If the shear moduli Gxy, Gyz, and Gxz are not input for isotropic materials, they are computed as:

(2.21)�� �� ��
�

��

= = =
+ ν

For orthotropic materials, the user needs to inquire of the source of the material property data as to
the correct values of the shear moduli, as there are no defaults provided by the program.

The [D] matrix must be positive definite. The program checks each material property as used by each
active element type to ensure that [D] is indeed positive definite. Positive definite matrices are defined
in Positive Definite Matrices (p. 390). In the case of temperature dependent material properties, the
evaluation is done at the uniform temperature (input as BFUNIF,TEMP) for the first load step. The ma-
terial is always positive definite if the material is isotropic or if νxy, νyz, and νxz are all zero. When using
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the major Poisson's ratios (PRXY, PRYZ, PRXZ), h as defined in Equation 2.20 (p. 8) must be positive
for the material to be positive definite.

2.1.2. Orthotropic Material Transformation for Axisymmetric Models

The transformation of material property data from the R-θ-Z cylindrical system to the x-y-z system used
for the input requires special care. The conversion of the Young's moduli is fairly direct, whereas the
correct method of conversion of the Poisson's ratios is not obvious. Consider first how the Young's
moduli transform from the global cylindrical system to the global Cartesian as used by the axisymmetric
elements for a disc:

Figure 2.2:  Material Coordinate Systems

EZ

ER

Eθ

Ex Ey

As needed by 3-D elements,
using a polar coordinate system

As needed by
axisymmetric elements

(and hoop value = E   )z

y

x

Thus, ER → Ex, Eθ → Ez, EZ → Ey. Starting with the global Cartesian system, the input for x-y-z coordinates

gives the following stress-strain matrix for the non-shear terms (from Equation 2.4 (p. 6)):

(2.22)x y z

x x x

y y y

z z z

�� ��

�� ��

�� ��

− −
−

  =

− −

− −

− −

1

ν ν

ν ν

ν ν



















Rearranging so that the R-θ-Z axes match the x-y-z axes (i.e., x → R, y → Z, z → θ):

(2.23)R Z

R RZ R R R

ZR Z Z Z Z

R Z

− −
− =

− −

− −

− −





θ

θ

θ

θ θ θ θ θ

ν ν

ν ν

ν ν

� 











If one coordinate system uses the major Poisson's ratios, and the other uses the minor Poisson's ratio,
an additional adjustment will need to be made.

Comparing Equation 2.22 (p. 9) and Equation 2.23 (p. 9) gives:

(2.24)� �=

(2.25)� �=

(2.26)� = θ
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(2.27)ν νxy RZ
=

(2.28)ν ν θ�z �=

(2.29)ν ν θ�� �=

This assumes that: νxy, νyz, νxz and νRZ, νRθ, νZθ are all major Poisson's ratios (i.e., Ex
≥  EY

≥  Ez and ER

≥  EZ
≥  Eθ).

If this is not the case (e.g., Eθ > EZ):

(2.30)ν νθ θ
θ

� �

�

= =

2.1.3. Temperature-Dependent Coefficient of Thermal Expansion

Considering a typical component, the thermal strain from Equation 2.3 (p. 6) is:

(2.31)ε αth se
ref= −

where:

α
se(T) = temperature-dependent secant coefficient of thermal expansion (SCTE)

α
se(T) is input in one of three ways:

1. Input αse(T) directly (input as ALPX, ALPY, or ALPZ on MP command)

2. Computed using Equation 2.34 (p. 11) from αin(T), the instantaneous coefficients of thermal expansion
(input as CTEX, CTEY, or CTEZ on MP command)

3. Computed using Equation 2.32 (p. 10) from εith(T), the input thermal strains (input as THSX, THSY,
or THSZ on MP command)

α
se(T) is computed from εith(T) by rearranging Equation 2.31 (p. 10):

(2.32)α
ε��
i�	


��

=
−

Equation 2.32 (p. 10) assumes that when T = Tref, ε
ith = 0. If this is not the case, the εith data is shifted

automatically by a constant so that it is true. αse at Tref is calculated based on the slopes from the adjacent

user-defined data points. Hence, if the slopes of εith above and below Tref are not identical, a step change

in αse at Tref will be computed.

ε
th(T) (thermal strain) is related to αin(T) by:

(2.33)ε α� �n

T

T

���

= ∫

Combining this with equation Equation 2.32 (p. 10),
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(2.34)
α

α
se

in

T

T

ref

���=
−

∫

No adjustment is needed for αin(T) as αse(T) is defined to be αin(T) when T = Tref.

As seen above, αse(T) is dependent on what was used for Tref. If α
se(T) was defined using Tref as one

value but then the thermal strain was zero at another value, an adjustment needs to be made (using
the MPAMOD command). Consider:

(2.35)ε α αo
th

o
��

o

�

�
��

�

= − = ∫

(2.36)ε α α	

�

	
�

	�
��

�

�

���

= − = ∫

Equation 2.35 (p. 11) and Equation 2.36 (p. 11) represent the thermal strain at a temperature T for two
different starting points, To and Tref. Now let To be the temperature about which the data has been

generated (definition temperature), and Tref be the temperature at which all strains are zero (reference

temperature). Thus, α�
��

 is the supplied data, and α�
��

 is what is needed as program input.

The right-hand side of Equation 2.35 (p. 11) may be expanded as:

(2.37)α α α��

�

�
��

�

�
��

�

�

� �

� !

� !

∫ ∫ ∫= +

also,

(2.38)α α"#

$

$

%
&'

(') (') %

*

+,-

∫ = −

or

(2.39)α α./

0

0

1
23

4 135 4

6

789

∫ = −

Combining Equation 2.35 (p. 11) through Equation 2.38 (p. 11),

(2.40)α α α α:
;<

=
;< :<> =

:<>

=
;<

=
;<

:<>? @= +
−

−
−

Thus, Equation 2.40 (p. 11) must be accounted for when making an adjustment for the definition tem-
perature being different from the strain-free temperature. This adjustment may be made (using the
MPAMOD command).

Note that:

Equation 2.40 (p. 11) is nonlinear. Segments that were straight before may be no longer straight.
Hence, extra temperatures may need to be specified initially (using the MPTEMP command).
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If Tref = To, Equation 2.40 (p. 11) is trivial.

If T = Tref, Equation 2.40 (p. 11) is undefined.

The values of T as used here are the temperatures used to define αse (input on MPTEMP command).

Thus, when using the αse adjustment procedure, it is recommended to avoid defining a T value to be
the same as T = Tref (to a tolerance of one degree). If a T value is the same as Tref, and:

• the T value is at either end of the input range, then the new αse value is simply the same as the new
α value of the nearest adjacent point.

• the T value is not at either end of the input range, then the new αse value is the average of the two
adjacent new α values.

2.2. Derivation of Structural Matrices

The principle of virtual work states that a virtual (very small) change of the internal strain energy must
be offset by an identical change in external work due to the applied loads, or:

(2.41)δ δ=

where:

U = strain energy (internal work) = U1 + U2

V = external work = V1 + V2 + V3

δ = virtual operator

The virtual strain energy is:

(2.42)δ δε σ1 = ∫
T

vol

where:

{ε} = strain vector
{σ} = stress vector
vol = volume of element

Continuing the derivation assuming linear materials and geometry, Equation 2.41 (p. 12) and Equa-
tion 2.42 (p. 12) are combined to give:

(2.43)δ δε ε δε ε� = −∫
� � th

���

The strains may be related to the nodal displacements by:

(2.44)ε =

where:

[B] = strain-displacement matrix, based on the element shape functions
{u} = nodal displacement vector

It will be assumed that all effects are in the global Cartesian system. Combining Equation 2.44 (p. 12)
with Equation 2.43 (p. 12), and noting that {u} does not vary over the volume:
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(2.45)
δ δ

δ ε

T T

vol

T T th

vo

1 =

−

∫

ll∫

Another form of virtual strain energy is when a surface moves against a distributed resistance, as in a
foundation stiffness. This may be written as:

(2.46)δ δ σn
�

farea�
2 = ∫

where:

{wn} = motion normal to the surface

{σ} = stress (or pressure) carried by the surface
areaf = area of the distributed resistance

Both {wn} and {σ} will usually have only one nonzero component. The point-wise normal displacement

is related to the nodal displacements by:

(2.47)� �=

where:

[Nn] = matrix of shape functions for normal motions at the surface

The stress, {σ}, is

(2.48)σ = �

where:

k = the foundation stiffness in units of force per length per unit area

Combining Equation 2.46 (p. 13) through Equation 2.48 (p. 13), and assuming that k is constant over
the area,

(2.49)δ δ� = ∫�k
�

�
� ��	
��

Next, the external virtual work will be considered. The inertial effects will be studied first:

(2.50)δ δ �


���� = −∫

where:

{w} = vector of displacements of a general point

{Fa} = acceleration (D'Alembert) force vector

According to Newton's second law:

(2.51)
�

=
∂

∂
ρ

�

�

where:
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ρ = density (input as DENS on MP command)
t = time

The displacements within the element are related to the nodal displacements by:

(2.52)=

where [N] = matrix of shape functions. Combining Equation 2.50 (p. 13), Equation 2.51 (p. 13), and
Equation 2.52 (p. 14), and assuming that ρ is constant over the volume,

(2.53)δ δ ρ
δ

δ
1 = − ∫T T

vol

2

2

The pressure force vector formulation starts with:

(2.54)δ δ n
�

parea�
� = ∫

where:

{P} = the applied pressure vector (normally contains only one nonzero component)
area p = area over which pressure acts

Combining equations Equation 2.52 (p. 14) and Equation 2.54 (p. 14),

(2.55)δ δ�
�

� ���	�

∫

Unless otherwise noted, pressures are applied to the outside surface of each element and are normal
to curved surfaces, if applicable.

Nodal forces applied to the element can be accounted for by:

(2.56)δ δ �
�
d

3 =

where:

�
�� = ����� f��c�s ����i�� t� th� ���m��t

Finally, Equation 2.41 (p. 12), Equation 2.45 (p. 13), Equation 2.49 (p. 13), Equation 2.53 (p. 14), Equa-
tion 2.55 (p. 14), and Equation 2.56 (p. 14) may be combined to give:

(2.57)

δ δ ε� �

���

� � ��

���∫ ∫−

+ δδ

δ ρ
δ

�
�

�
�  !"#!

� �

���

k

$
∫

∫= −
%%

%δ
δ δ�

�
�

&!"#!

�
#
�'

(
+ +∫

Noting that the {δu}T vector is a set of arbitrary virtual displacements common in all of the above terms,
the condition required to satisfy equation Equation 2.57 (p. 14) reduces to:

(2.58)
) )

*
)
+,

) )
-.

)
/0+ − = + +ɺɺ

where:
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e
T

vol
= =∫ ���m�nt stiffn�ss matrix

�
� �

� �= =� �����	
 ��u	d
��	 �
���	��� �
����
�����
∫

�
�h � �h

���
= =∫ ε ������� � �!�"� �#"$ %�c�#!

&
'

()*
= =∫ρ &+&,&-. ,/00 ,/.123

ɺɺ =
∂

∂
=

4

4
56678795:;<= >76:<9 ?@A6B 5@ g95>;:y 7CC76:@@D

E
pF G

pHFEHI
= =∫ J KLKMKNO PQKRRSQK UKVOWQ

Equation 2.58 (p. 14) represents the equilibrium equation on a one element basis.

The above matrices and load vectors were developed as “consistent”. Other formulations are possible.
For example, if only diagonal terms for the mass matrix are requested (LUMPM,ON), the matrix is called
“lumped” (see Lumped Matrices (p. 391)). For most lumped mass matrices, the rotational degrees of
freedom (DOFs) are removed. If the rotational DOFs are requested to be removed (KEYOPT commands
with certain elements), the matrix or load vector is called “reduced”. Thus, use of the reduced pressure
load vector does not generate moments as part of the pressure load vector. Use of the consistent
pressure load vector can cause erroneous internal moments in a structure. An example of this would
be a thin circular cylinder under internal pressure modelled with irregular shaped shell elements. As
suggested by Figure 2.3: Effects of Consistent Pressure Loading (p. 15), the consistent pressure loading
generates an erroneous moment for two adjacent elements of dissimilar size.

Figure 2.3:  Effects of Consistent Pressure Loading

net erroneous
moment

2.3. Structural Strain and Stress Evaluations

2.3.1. Integration Point Strains and Stresses

The element integration point strains and stresses are computed by combining equations Equa-
tion 2.1 (p. 5) and Equation 2.44 (p. 12) to get:

(2.59)ε εXY Z[= −

(2.60)σ ε= \]
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where:

{εel} = strains that cause stresses (output as EPEL)
[B] = strain-displacement matrix evaluated at integration point
{u} = nodal displacement vector

{εth} = thermal strain vector
{σ} = stress vector (output as S)
[D] = elasticity matrix

Nodal and centroidal stresses are computed from the integration point stresses as described in Nodal
and Centroidal Data Evaluation (p. 409).

2.3.2. Surface Stresses

Surface stress output may be requested on “free” faces of 2-D and 3-D elements. “Free” means not
connected to other elements as well as not having any imposed displacements or nodal forces normal
to the surface. The following steps are executed at each surface Gauss point to evaluate the surface
stresses. The integration points used are the same as for an applied pressure to that surface.

1. Compute the in-plane strains of the surface at an integration point using:

(2.61)ε ε′ ′ ′ ′= − th

Hence, εx
'

,
εy
�

and 
ε��
�

 are known. The prime (') represents the surface coordinate system, with z
being normal to the surface.

2. A each point, set:

(2.62)σz
� = −

(2.63)σ��
� =

(2.64)σ�	

 =

where P is the applied pressure. Equation 2.63 (p. 16) and Equation 2.64 (p. 16) are valid, as the
surface for which stresses are computed is presumed to be a free surface.

3. At each point, use the six material property equations represented by:

(2.65)� � �σ ε=

to compute the remaining strain and stress components ( ε�


, ε��
�

,
ε��
�

, σ�
�

,
σ�
�

 and 
σ��
�

).

4. Repeat and average the results across all integration points.

2.3.3. Shell Element Output

For elastic shell elements, the forces and moments per unit length (using shell nomenclature) are
computed as:

(2.66)� � �

�

�

=
−
∫ σ
/

/

2

2
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(2.67)y y z

t

t

=
−
∫ σ
/

/

2

2

(2.68)x� x� �

�

�

=
−
∫ σ
�

�

�

�

(2.69)� � �

�

�

=
−
∫ σ
�

�

	

	

(2.70)
 
 �

�

�

=
−
∫ σ




�

�

(2.71)�� �� �

�

�

=
−
∫ σ
�

�

�

�

(2.72)� �� �

�

�

=
−
∫ σ
�

�

�

�

(2.73)� �� �

�

�

=
−
∫ σ
�

�

�

�

where:

Tx, Ty, Txy = in-plane forces per unit length (output as TX, TY, and TXY)

Mx, My, Mxy = bending moments per unit length (output as MX, MY, and MXY)

Nx, Ny = transverse shear forces per unit length (output as NX and NY)

t = thickness at midpoint of element, computed normal to center plane
σx, etc. = direct stress (output as SX, etc.)

σxy, etc. = shear stress (output as SXY, etc.)

For shell elements with linearly elastic material, Equation 2.66 (p. 16) to Equation 2.73 (p. 17) reduce
to:

(2.74)
�

�  op � mid � bo =
+ +, , ,σ σ σ

(2.75)
!

! "#$ ! %&' ! (#"=
+ +) ) )σ σ σ

(2.76)
*+

*+ -.0 *+ 134 *+ 5.-=
+ +6 6 6σ σ σ

(2.77)
7

7 89: 7 ;98=
−<

= =σ σ

(2.78)
>

> ?@A > B@?=
−C

D Dσ σ

(2.79)
EF

EF GHI EF JHG=
−K

L Lσ σ
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(2.80)
x

xz top xz mid xz bot=
+ +, , ,σ σ σ

(2.81)
y

y� ��� y� ��� y� ���=
+ +� � �σ σ σ

For shell elements with nonlinear materials, Equation 2.66 (p. 16) to Equation 2.73 (p. 17) are numerically
integrated.

It should be noted that the shell nomenclature and the nodal moment conventions are in apparent
conflict with each other. For example, a cantilever beam located along the x axis and consisting of shell
elements in the x-y plane that deforms in the z direction under a pure bending load with coupled nodes
at the free end, has the following relationship:

(2.82)	 MY=

where:

b = width of beam
FMY = nodal moment applied to the free end (input as VALUE on F command with Lab = MY

(not MX))

The shape functions of the shell element result in constant transverse strains and stresses through the
thickness. Some shell elements adjust these values so that they will peak at the mid-surface with 3/2
of the constant value and be zero at both surfaces, as noted in the element discussions in Element
Library (p. 411).

The through-thickness stress (σz) is set equal to the negative of the applied pressure at the surfaces of

the shell elements, and linearly interpolated in between.

2.4. Combined Stresses and Strains

When a model has only one functional direction of strains and stress, comparison with an allowable
value is straightforward. But when there is more than one component, the components are normally
combined into one number to allow a comparison with an allowable. This section discusses different
ways of doing that combination, representing different materials and/or technologies.

2.4.1. Combined Strains

The principal strains are calculated from the strain components by the cubic equation:

(2.83)

ε ε ε ε

ε ε ε ε

ε ε ε ε


 � 
� 



� � � �


 �  �

−

−

−

=

1

2

1

2

1

2

1

2

1

2

1

2

where:

εo = principal strain (3 values)
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The three principal strains are labeled ε1, ε2, and ε3 (output as 1, 2, and 3 with strain items such as EPEL).

The principal strains are ordered so that ε1 is the most positive and ε3 is the most negative.

The strain intensity εI (output as INT with strain items such as EPEL) is the largest of the absolute values

of ε1 - ε2, ε2 - ε3, or ε3 - ε1. That is:

(2.84)ε ε ε ε ε ε εI = − − −1 2 2 3 3 1

The von Mises or equivalent strain εe (output as EQV with strain items such as EPEL) is computed as:

(2.85)ε
ν

ε ε ε ε ε εe =
+

− + − + −













′ � �

�
� �

�
� �

�

�

�

where:

2.4.2. Combined Stresses

The principal stresses (σ1, σ2, σ3) are calculated from the stress components by the cubic equation:

(2.86)

σ σ σ σ

σ σ σ σ

σ σ σ σ

x o xy xz

xy y o yz

xz yz z o

−

−

−

=

where:

σo = principal stress (3 values)

The three principal stresses are labeled σ1, σ2, and σ3 (output quantities S1, S2, and S3). The principal

stresses are ordered so that σ1 is the most positive (tensile) and σ3 is the most negative (compressive).

The stress intensity σI (output as SINT) is the largest of the absolute values of σ1 - σ2, σ2 - σ3, or σ3 - σ1.

That is:

(2.87)σ σ σ σ σ σ σ� = − − −MAX � � � � � �

The von Mises or equivalent stress σe (output as SEQV) is computed as:

(2.88)σ σ σ σ σ σ σ� = − + − + −













� 	

	
	 


	

 �

	

�
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or

(2.89)σ σ σ σ σ σ σ σ σ σe x y y z z x xy yz xz= − + − + − + + +













2 2 2 2 2 2



1

2

When ν' = ν (input as PRXY or NUXY on MP command), the equivalent stress is related to the equivalent
strain through

(2.90)σ ε� �=

where:

E = Young's modulus (input as EX on MP command)

2.4.3. Failure Criteria

Use failure criteria to assess the possibility of failure of a material. Doing so allows the consideration of
orthotropic materials, which might be much weaker in one direction than another. Failure criteria are
available in POST1 for all plane, shell, and solid structural elements (using the TB or FC family of com-
mands).

Possible failure of a material can be evaluated by up to 20 different criteria, of which 11 are predefined.
They are evaluated at the top and bottom (or middle) of each layer at each of the in-plane integration
points.

The following topics related to the predefined failure criteria are available:
2.4.3.1. Maximum Strain Failure Criteria
2.4.3.2. Maximum Stress Failure Criteria
2.4.3.3.Tsai-Wu Failure Criteria
2.4.3.4. Physical Failure Criteria

2.4.3.1. Maximum Strain Failure Criteria

(2.91)ξ

ε

ε

ε

ε

ε

ε

� =ma�imum of

which�v�r is applicabl�
�t

�t
�

��

�t

�t

�	

�	
�

��
��


t


t
�

��

which�v�r is applicabl�

which�v�

ε

ε

ε

ε

ε

ε

�	

�	
�


	


	
�

rr is applicabl�

ε

ε

ε

ε

ε

ε

��

��
�

�


�

�

�


�

�




























where:
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2.4.3.2. Maximum Stress Failure Criteria

(2.92)ξ
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2.4.3.3. Tsai-Wu Failure Criteria

If the criterion used is the “strength index”:

(2.93)ξ� = +

and if the criterion used is the inverse of the "strength ratio":

(2.94)ξ�
 = − + +











where:

ξ3 = value of Tsai-Wu failure criterion
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Cxy, Cyz, Cxz = x-y, y-z, x-z, respectively, coupling coefficient for Tsai-Wu theory

The Tsai-Wu failure criteria used here are 3-D versions of the failure criterion reported in Tsai and
Hahn([190] (p. 931)) for the 'strength index' and in Tsai([93] (p. 925)) for the 'strength ratio'. Apparent
differences are:

1. The program input uses negative values for compression limits, whereas Tsai uses positive values for all
limits.
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2. The program uses Cxy instead of the xy
*

 used by Tsai and Hahn with Cxy being twice the value of ��
�

.

2.4.3.4. Physical Failure Criteria

The physical failure criteria are specially formulated to account for different damage mechanisms (fiber
and matrix failure) in fiber-reinforced composite materials.

Predefined physical failure criteria include the following:

2.4.3.4.1. Hashin Fiber Failure Criterion
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2.4.3.4.2. Hashin Matrix Failure Criterion
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2.4.3.4.3. Puck Fiber Failure Criterion ([401] (p. 943))
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2.4.3.4.4. Puck Matrix Failure Criterion ([401] (p. 943))
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where:

σ σ σ� � �, � �  = stresses on an action plane parallel to the fibers
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2.4.3.4.5. LaRc03 Fiber Failure Criterion ([402] (p. 943))
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where:

 = fracture toughness ratio between mode I and mode II

σ σ σ�� �� ��
� � �

 = 2-D stresses on the fiber misalignment (kinking) plane

η�  = longitudinal friction coefficient

�
��
�= σ

 = in-plane shear strength

�
��
�= σ

 = tensile transverse strength
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2.4.3.4.6. LaRc03 Matrix Failure Criterion ([402] (p. 943))
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where:

 = fracture toughness ratio between mode I and mode II

σ σ� �

 = effective transverse and longitudinal stresses on an action plane parallel to fibers

σ σ�
�

�
�

 = effective stresses on an action plane parallel to the misaligned fibers
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σ α α

α

α0 0
0

0  = transverse shear strength

α	  = initial fracture angle under pure transverse compression

2.4.3.4.7. LaRc04 Fiber Failure Criterion ([403] (p. 943))
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2.4.3.4.8. LaRc04 Matrix Failure Criterion ([403] (p. 943))
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where:

η�  = transverse friction coefficient

σ σ σ� � �

 = effective normal, transverse, and longitudinal stresses on an action plane parallel
to the fibers

σ σ σ�
�

�
�

�
�

 = effective stresses on the action plane parallel to the misaligned fibers
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Chapter 3: Structures with Geometric Nonlinearities

This chapter discusses the various geometrically nonlinear options available, including large strain, large
deflection, stress stiffening, pressure load stiffness, and spin softening. Only elements with displacements
degrees of freedom (DOFs) are applicable. Not included in this section are multi-status elements (such
as COMBIN40, discussed in Element Library (p. 411)) and the eigenvalue buckling capability (discussed
in Buckling Analysis (p. 792)).

The following topics are available:
3.1. Understanding Geometric Nonlinearities
3.2. Large Strain
3.3. Large Rotation
3.4. Stress Stiffening
3.5. Spin Softening
3.6. General Element Formulations
3.7. Constraints and Lagrange Multiplier Method

3.1. Understanding Geometric Nonlinearities

Geometric nonlinearities refer to the nonlinearities in the structure or component due to the changing
geometry as it deflects. That is, the stiffness [K] is a function of the displacements {u}. The stiffness
changes because the shape changes and/or the material rotates. The program can account for four
types of geometric nonlinearities:

1. Large strain assumes that the strains are no longer infinitesimal (they are finite). Shape changes (e.g. area,
thickness, etc.) are also accounted for. Deflections and rotations may be arbitrarily large.

2. Large rotation assumes that the rotations are large but the mechanical strains (those that cause stresses)
are evaluated using linearized expressions. The structure is assumed not to change shape except for rigid
body motions. The elements of this class refer to the original configuration.

3. Stress stiffening assumes that both strains and rotations are small. A 1st order approximation to the rota-
tions is used to capture some nonlinear rotation effects.

4. Spin softening also assumes that both strains and rotations are small. This option accounts for the coupling
between the transverse vibrational motion and the centrifugal force due to an angular velocity.

All elements support the spin softening capability, while only some of the elements support the other
options. Please refer to the Element Reference for details.

3.2. Large Strain

When the strains in a material exceed more than a few percent, the changing geometry due to this
deformation can no longer be neglected. Analyses which include this effect are called large strain, or
finite strain, analyses. A large strain analysis is performed in a static (ANTYPE,STATIC) or transient (AN-

TYPE,TRANS) analysis while flagging large deformations (NLGEOM,ON) when the appropriate element
type(s) is used.
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The remainder of this section addresses the large strain formulation for elastic-plastic elements. These
elements use a hypoelastic formulation so that they are restricted to small elastic strains (but allow for
arbitrarily large plastic strains). Hyperelasticity (p. 124) addresses the large strain formulation for hypere-
lastic elements, which allow arbitrarily large elastic strains.

3.2.1. Theory

The theory of large strain computations can be addressed by defining a few basic physical quantities
(motion and deformation) and the corresponding mathematical relationship. The applied loads acting
on a body make it move from one position to another. This motion can be defined by studying a position
vector in the “deformed” and “undeformed” configuration. Say the position vectors in the “deformed”
and “undeformed” state are represented by {x} and {X} respectively, then the motion (displacement)
vector {u} is computed by (see Figure 3.1: Position Vectors and Motion of a Deforming Body (p. 30)):

(3.1)= −

Figure 3.1:  Position Vectors and Motion of a Deforming Body

y

x Undeformed Deformed

{u}

{X} {x}

The deformation gradient is defined as:

(3.2)=
∂
∂

which can be written in terms of the displacement of the point via Equation 3.1 (p. 30) as:

(3.3)= +
∂
∂

where:

[I] = identity matrix

The information contained in the deformation gradient [F] includes the volume change, the rotation
and the shape change of the deforming body. The volume change at a point is

(3.4)
o

=

where:
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Vo = original volume

V = current volume

det [⋅] = determinant of the matrix

The deformation gradient can be separated into a rotation and a shape change using the right polar
decomposition theorem:

(3.5)=

where:

[R] = rotation matrix ([R]T[R] = [I])
[U] = right stretch (shape change) matrix

Once the stretch matrix is known, a logarithmic or Hencky strain measure is defined as:

(3.6)ε = ℓ

([ε] is in tensor (matrix) form here, as opposed to the usual vector form {ε}). Since [U] is a 2nd order
tensor (matrix), Equation 3.6 (p. 31) is determined through the spectral decomposition of [U]:

(3.7)ε λ= ∑
=
ℓ i i i

T

i 1

3

where:

λi = eigenvalues of [U] (principal stretches)

{ei} = eigenvectors of [U] (principal directions)

The polar decomposition theorem (Equation 3.5 (p. 31)) extracts a rotation [R] that represents the average
rotation of the material at a point. Material lines initially orthogonal will not, in general, be orthogonal
after deformation (because of shearing), see Figure 3.2: Polar Decomposition of a Shearing Deforma-
tion (p. 31). The polar decomposition of this deformation, however, will indicate that they will remain
orthogonal (lines x-y' in Figure 3.2: Polar Decomposition of a Shearing Deformation (p. 31)). For this
reason, non-isotropic behavior (e.g. orthotropic elasticity or kinematic hardening plasticity) should be
used with care with large strains, especially if large shearing deformation occurs.

Figure 3.2:  Polar Decomposition of a Shearing Deformation

y

x
x'
x

y
y'

Undeformed Deformed

3.2.2. Implementation

Computationally, the evaluation of Equation 3.6 (p. 31) is performed by one of two methods using the
incremental approximation (since, in an elastic-plastic analysis, we are using an incremental solution
procedure):
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(3.8)ε ε= ≈ ∑∫ n

with

(3.9)∆ ∆ε� �= ℓ

where [∆Un] is the increment of the stretch matrix computed from the incremental deformation

gradient:

(3.10)∆ ∆ ∆� � �=

where [∆Fn] is:

(3.11)∆ � � �= −
−

1
1

[Fn] is the deformation gradient at the current time step and [Fn-1] is at the previous time step.

(Hughes([156] (p. 929))) uses the approximate 2nd order accurate calculation for evaluating Equa-
tion 3.9 (p. 32):

(3.12)/ /∆ ∆ε ε�
T

�= � 2 � 2

where [R1/2] is the rotation matrix computed from the polar decomposition of the deformation gradient

evaluated at the midpoint configuration:

(3.13)� � �� � � � � �=

where [F1/2] is (using Equation 3.3 (p. 30)):

(3.14)�
�

	 

	 
= +

∂
∂

and the midpoint displacement is:

(3.15)� � � � = + −

{un} is the current displacement and {un-1} is the displacement at the previous time step. [∆εn] is the

“rotation-neutralized” strain increment over the time step. The strain increment 
∆ɶε�[ ]

 is also computed
from the midpoint configuration:

(3.16)�∆ ∆ɶε� �= � �

{∆un} is the displacement increment over the time step and [B1/2] is the strain-displacement relationship

evaluated at the midpoint geometry:

(3.17)� � �� � �= + −

This method is an excellent approximation to the logarithmic strain if the strain steps are less than
~10%. This method is used by the standard 2-D and 3-D solid and shell elements.

The computed strain increment [∆εn] (or equivalently {∆εn}) can then be added to the previous strain

{εn-1} to obtain the current total Hencky strain:
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(3.18)ε ε εn n n= +−1 ∆

This strain can then be used in the stress updating procedures, see Rate-Independent Plasticity (p. 64)
and Rate-Dependent Plasticity (Including Creep and Viscoplasticity) (p. 105) for discussions of the rate-
independent and rate-dependent procedures respectively.

3.2.3. Definition of Thermal Strains

According to Callen([243] (p. 934)), the coefficient of thermal expansion is defined as the fractional increase
in the length per unit increase in the temperature. Mathematically,

(3.19)α =
ℓ

ℓ

where:

α = coefficient of thermal expansion

ℓ  = current length
T = temperature

Rearranging Equation 3.19 (p. 33) gives:

(3.20)
ℓ

ℓ
= α

On the other hand, the logarithmic strain is defined as:

(3.21)εℓ ℓ
ℓ

ℓ
=











o

where:

εℓ  = logarithmic strain

ℓ
o = initial length

Differential of Equation 3.21 (p. 33) yields:

(3.22)εℓ
ℓ

ℓ
=

Comparison of Equation 3.20 (p. 33) and Equation 3.22 (p. 33) gives:

(3.23)ε αℓ =

Integration of Equation 3.23 (p. 33) yields:

(3.24)ε ε αℓ ℓ− = −� �

where:

ε�
ℓ

 = initial (reference) strain at temperature To

To = reference temperature
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In the absence of initial strain ( εo
ℓ =  ), then Equation 3.24 (p. 33) reduces to:

(3.25)ε αℓ = − �

The thermal strain corresponds to the logarithmic strain. As an example problem, consider a line element

of a material with a constant coefficient of thermal expansion α. If the length of the line is ℓ o at tem-

perature To, then the length after the temperature increases to T is:

(3.26)ℓ ℓ ℓ
ℓ= = −� � �ε α

Now if one interpreted the thermal strain as the engineering (or nominal) strain, then the final length
would be different.

(3.27)ε αe
�= −

where:

ε
e = engineering strain

The final length is then:

(3.28)ℓ ℓ ℓ= + = + −�
�

� �ε α

However, the difference should be very small as long as:

(3.29)α �− ≪

because

(3.30)� �α α− ≈ + −

3.2.4. Element Formulation

The element matrices and load vectors are derived using an updated Lagrangian formulation. This
produces equations of the form:

(3.31)
i i

app
i
nr∆ = −

where the tangent matrix �  has the form:

(3.32)� � �= +

[Ki] is the usual stiffness matrix:

(3.33)	 	
T

	 	= ∫
[Bi] is the strain-displacement matrix in terms of the current geometry {Xn} and [Di] is the current stress-

strain matrix.

[Si] is the stress stiffness (or geometric stiffness) contribution, written symbolically as:

(3.34)
 

�


 
= ∫ τ
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where [Gi] is a matrix of shape function derivatives and [τi] is a matrix of the current Cauchy (true)

stresses {σi} in the global Cartesian system. The Newton-Raphson restoring force is:

(3.35)i
nr

i
T

i= ∫ σ

Some of the plane stress and shell elements account for the thickness changes due to the out-of-plane
strain εz using an approach similar to that of Hughes and Carnoy ([157] (p. 929)). Shells, however, do not

update their reference plane (as might be required in a large strain out-of-plane bending deformation);
the thickness change is assumed to be constant through the thickness. General element formulations
using finite deformation are developed in General Element Formulations (p. 50) and apply to current-
technology elements only.

3.2.5. Applicable Input

NLGEOM,ON activates large strain computations in those elements which support it. NLGEOM,ON also
activates the stress-stiffening contribution to the tangent matrix.

3.2.6. Applicable Output

For elements which have large strain capability, stresses (output as S) are true (Cauchy) stresses in the
rotated element coordinate system (the element coordinate system follows the material as it rotates).
Strains (output as EPEL, EPPL, etc.) are the logarithmic or Hencky strains, also in the rotated element
coordinate system.

An exception is for the hyperelastic elements. For these elements, stress and strain components maintain
their original orientations and some of these elements use other strain measures.

3.3. Large Rotation

If the rotations are large but the mechanical strains (those that cause stresses) are small, then a large-
rotation procedure can be used.

A large-rotation analysis is performed in a static (ANTYPE,STATIC) or transient (ANTYPE,TRANS) analysis
while flagging large deformations (NLGEOM,ON) when the appropriate element type is used.

All large-strain elements also support this capability, as both options account for the large rotations
and for small strains, the logarithmic strain measure and the engineering strain measure coincide.

3.3.1. Theory

Large Strain (p. 29) presented the theory for general motion of a material point. Large-rotation theory
follows a similar development, except that the logarithmic strain measure (Equation 3.6 (p. 31)) is replaced
by the Biot, or small (engineering) strain measure:

(3.36)ε = −

where:

[U] = stretch matrix
[I] = 3 x 3 identity matrix
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3.3.2. Implementation

A corotational (or convected coordinate) approach is used in solving large-rotation/small-strain problems
(Rankin and Brogan([66] (p. 924))). "Corotational" may be thought of as "rotated with". The nonlinearities
are contained in the strain-displacement relationship which for this algorithm takes on the special form:

(3.37)n v n=

where:

[Bv] = usual small strain-displacement relationship in the original (virgin) element coordinate

system
[Tn] = orthogonal transformation relating the original element coordinates to the convected

(or rotated) element coordinates

The convected element coordinate frame differs from the original element coordinate frame by the
amount of rigid body rotation. Hence [Tn] is computed by separating the rigid body rotation from the

total deformation {un} using the polar decomposition theorem, Equation 3.5 (p. 31). From Equa-

tion 3.37 (p. 36), the element tangent stiffness matrix has the form:

(3.38)e �
T

�
T

� �
�ol

= ∫

and the element restoring force is:

(3.39)�
�r

�
�

�
�

�
��

���
= ∫ ε

where the elastic strain is computed from:

(3.40)ε�	
 � d
�=

�


 is the element deformation which causes straining as described in a subsequent subsection.

The large-rotation process can be summarized as a three step process for each element:

1. Determine the updated transformation matrix [Tn] for the element.

2. Extract the deformational displacement �
�

 from the total element displacement {un} for computing

the stresses as well as the restoring force �
��

 .

3. After the rotational increments in {∆u} are computed, update the node rotations appropriately. All three
steps require the concept of a rotational pseudovector in order to be efficiently implemented (Rankin
and Brogan([66] (p. 924)), Argyris([67] (p. 924))).

3.3.3. Element Transformation

The updated transformation matrix [Tn] relates the current element coordinate system to the global

Cartesian coordinate system as shown in Figure 3.3: Element Transformation Definitions (p. 37).
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Figure 3.3:  Element Transformation Definitions
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[Tn] can be computed directly or the rotation of the element coordinate system [Rn] can be computed

and related to [Tn] by

(3.41)n v n=

where [Tv] is the original transformation matrix. The determination of [Tn] is unique to the type of element

involved, whether it is a solid element, shell element, beam element, or spar element.

Solid Elements. The rotation matrix [Rn] for these elements is extracted from the displacement field

using the deformation gradient coupled with the polar decomposition theorem (see Mal-
vern([87] (p. 925))).
Shell Elements. The updated normal direction (element z direction) is computed directly from the
updated coordinates. The computation of the element normal is given in Element Library (p. 411)
for each particular shell element. The extraction procedure outlined for solid elements is used
coupled with the information on the normal direction to compute the rotation matrix [Rn].

Beam Elements. The nodal rotation increments from {∆u} are averaged to determine the average
rotation of the element. The updated average element rotation and then the rotation matrix [Rn] is

computed using Rankin and Brogan([66] (p. 924)). In special cases where the average rotation of the
element computed in the above way differs significantly from the average rotation of the element
computed from nodal translations, the quality of the results will be degraded.
Link Elements. The updated transformation [Tn] is computed directly from the updated coordinates.

Generalized Mass Element (MASS21). The nodal rotation increment from {∆u} is used to update the
element rotation which then yields the rotation matrix [Rn].

3.3.4. Deformational Displacements

The displacement field can be decomposed into a rigid body translation, a rigid body rotation, and a
component which causes strains:

(3.42)r d= +

where:
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{ur} = rigid body motion

{ud} = deformational displacements which cause strains

{ud} contains both translational as well as rotational DOF.

The translational component of the deformational displacement can be extracted from the displacement
field by

(3.43)
t
d

n v v= + −

where:

�
�

 = translational component of the deformational displacement
[Rn] = current element rotation matrix

{xv} = original element coordinates in the global coordinate system

{u} = element displacement vector in global coordinates

{ud} is in the global coordinate system.

For elements with rotational DOFs, the rotational components of the deformational displacement must
be computed. The rotational components are extracted by essentially “subtracting” the nodal rotations

{u} from the element rotation given by {ur}. In terms of the pseudovectors this operation is performed
as follows for each node:

1. Compute a transformation matrix from the nodal pseudovector {θn} yielding [Tn].

2. Compute the relative rotation [Td] between [Rn] and [Tn]:

(3.44)�
� �

T=

This relative rotation contains the rotational deformations of that node as shown in Figure 3.4: Defin-
ition of Deformational Rotations (p. 39).

3. Extract the nodal rotational deformations {ud} from [Td].

Because of the definition of the pseudovector, the deformational rotations extracted in step 3 are limited
to less than 30°, since 2sin(θ /2) no longer approximates θ itself above 30°. This limitation only applies
to the rotational distortion (i.e., bending) within a single element.
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Figure 3.4:  Definition of Deformational Rotations
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3.3.5. Updating Rotations

Once the transformation [T] and deformational displacements {ud} are determined, the element matrices
Equation 3.38 (p. 36) and restoring force Equation 3.39 (p. 36) can be determined. The solution of the
system of equations yields a displacement increment {∆u}. The nodal rotations at the element level are
updated with the rotational components of {∆u}. The global rotations (in the output and on the results
file) are not updated with the pseudovector approach, but are simply added to the previous rotation
in {un-1}.

3.3.6. Applicable Input

The large-rotation computations in those elements which support it are activated by the large-deform-
ation key (NLGEOM,ON). Stress stiffening is also be included and contributes to the tangent stiffness
matrix (which may be required for structures weak in bending resistance).

3.3.7. Applicable Output

Stresses (output as S) are engineering stresses in the rotated element coordinate system (the element
coordinate system follows the material as it rotates). Strains (output as EPEL, EPPL, etc.) are engineering
strains, also in the rotated element coordinate system. This applies to element types that do not have
large-strain capability. For element types that have large-strain capability, see Large Strain (p. 29).

3.3.8. Consistent Tangent Stiffness Matrix and Finite Rotation

It has been found in many situations that the use of consistent tangent stiffness in a nonlinear analysis
can speed up the rate of convergence greatly. It normally results in a quadratic rate of convergence. A
consistent tangent stiffness matrix is derived from the discretized finite element equilibrium equations
without the introduction of various approximations. The terminology of finite rotation in the context
of geometrical nonlinearity implies that rotations can be arbitrarily large and can be updated accurately.
A consistent tangent stiffness accounting for finite rotations derived by Nour-Omid and
Rankin([175] (p. 930)) for beam/shell elements is used. The technology of consistent tangent matrix and
finite rotation makes the buckling and postbuckling analysis a relatively easy task. The theory of finite
rotation representation and update has been described in Large Rotation (p. 35) using a pseudovector
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representation. The following will outline the derivations of a consistent tangent stiffness matrix used
for the corotational approach.

The nonlinear static finite element equations solved can be characterized by at the element level by:

(3.45)
int

n
T

e e
a

e

N

− =
=
∑
1

where:

N = number of total elements

���
�  = element internal force vector in the element coordinate system, generally see Equa-

tion 3.46 (p. 40)

[Tn]T = transform matrix transferring the local internal force vector into the global coordinate

system

�
�

 = applied load vector at the element level in the global coordinate system

(3.46)���
	 v



	= ∫ σ

Hereafter, we shall focus on the derivation of the consistent tangent matrix at the element level without
introducing an approximation. The consistent tangent matrix is obtained by differentiating Equa-
tion 3.45 (p. 40) with respect to displacement variables {ue}:

(3.47)
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It can be seen that Part I is the main tangent matrix Equation 3.38 (p. 36) and Part II is the stress stiff-
ening matrix (Equation 3.34 (p. 34), Equation 3.61 (p. 45) or Equation 3.64 (p. 45)). Part III is another
part of the stress stiffening matrix (see Nour-Omid and Rankin([175] (p. 930))) traditionally neglected in

the past. However, many numerical experiments have shown that Part III of �
�

 is essential to the

faster rate of convergence. In some cases, Part III of �
�

 is unsymmetric; when this occurs, a procedure

of symmetrizing �
�

 is invoked.

As Part III of the consistent tangent matrix utilizes the internal force vector 
���
�  to form the matrix,

it is required that the internal vector 
���
�  not be so large as to dominate the main tangent matrix
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(Part I). This can normally be guaranteed if the realistic material and geometry are used, that is, the
element is not used as a rigid link and the actual thicknesses are input.

It is also noted that the consistent tangent matrix Equation 3.47 (p. 40) is very suitable for use with the
arc-length solution method.

3.4. Stress Stiffening

3.4.1. Overview and Usage

Stress stiffening (also called geometric stiffening, incremental stiffening, initial stress stiffening, or differ-
ential stiffening by other authors) is the stiffening (or weakening) of a structure due to its stress state.
This stiffening effect normally needs to be considered for thin structures with bending stiffness very
small compared to axial stiffness, such as cables, thin beams, and shells and couples the in-plane and
transverse displacements. This effect also augments the regular nonlinear stiffness matrix produced by
large-strain or large-deflection effects (NLGEOM,ON). The effect of stress stiffening is accounted for by
generating and then using an additional stiffness matrix, hereinafter called the “stress stiffness matrix”.
The stress stiffness matrix is added to the regular stiffness matrix in order to give the total stiffness.
Stress stiffening may be used for static (ANTYPE,STATIC) or transient (ANTYPE,TRANS) analyses. Working
with the stress stiffness matrix is the pressure load stiffness, discussed in Pressure Load Stiffness (p. 46).

The stress stiffness matrix is computed based on the stress state of the previous equilibrium iteration.
Thus, to generate a valid stress-stiffened problem, at least two iterations are normally required, with
the first iteration being used to determine the stress state that will be used to generate the stress
stiffness matrix of the second iteration. If this additional stiffness affects the stresses, more iterations
need to be done to obtain a converged solution.

In some linear analyses, the static (or initial) stress state may be large enough that the additional stiffness
effects must be included for accuracy. Modal (ANTYPE,MODAL) and substructure (ANTYPE,SUBSTR)
analyses are linear analyses for which the prestressing effects can be requested to be included
(PSTRES,ON command). Note that in these cases the stress stiffness matrix is constant, so that the
stresses computed in the analysis are assumed small compared to the prestress stress.

If membrane stresses should become compressive rather than tensile, then terms in the stress stiffness
matrix may “cancel” the positive terms in the regular stiffness matrix and therefore yield a nonpositive-
definite total stiffness matrix, which indicates the onset of buckling. If this happens, it is indicated with
the message: “Large negative pivot value ___, at node ___ may be because buckling load has been exceeded”.
It must be noted that a stress stiffened model with insufficient boundary conditions to prevent rigid
body motion may yield the same message.

The linear buckling load can be calculated directly by adding an unknown multiplier of the stress stiffness
matrix to the regular stiffness matrix and performing an eigenvalue buckling problem (ANTYPE,BUCKLE)
to calculate the value of the unknown multiplier. This is discussed in more detail in Buckling Analys-
is (p. 792).

3.4.2. Theory

The strain-displacement equations for the general motion of a differential length fiber are derived below.
Two different results have been obtained and these are both discussed below. Consider the motion of
a differential fiber, originally at dS, and then at ds after deformation.
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Figure 3.5:  General Motion of a Fiber
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One end moves {u}, and the other end moves {u + du}, as shown in Figure 3.5: General Motion of a
Fiber (p. 42). The motion of one end with the rigid body translation removed is {u + du} - {u} = {du}.
{du} may be expanded as

(3.48)u =

















where u is the displacement parallel to the original orientation of the fiber. This is shown in Figure 3.6: Mo-
tion of a Fiber with Rigid Body Motion Removed (p. 43). Note that X, Y, and Z represent global Cartesian
axes, and x, y, and z represent axes based on the original orientation of the fiber. By the Pythagorean
theorem,

(3.49)= + + +2 2 2

The stretch, Λ, is given by dividing ds by the original length dS:

(3.50)Λ = = +








 +









 +











� � �

Release 15.0 - © SAS IP, Inc. All rights reserved. - Contains proprietary and confidential information
of ANSYS, Inc. and its subsidiaries and affiliates.42

Structures with Geometric Nonlinearities



Figure 3.6:  Motion of a Fiber with Rigid Body Motion Removed
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As dS is along the local x axis,

(3.51)Λ = +
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 +











2 2 2

Next, Λ is expanded and converted to partial notation:

(3.52)Λ = +
∂
∂
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∂









 +
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 +

∂
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� � �

The binominal theorem states that:

(3.53)
� 3

+ = + − +

when A2 < 1. One should be aware that using a limited number of terms of this series may restrict its
applicability to small rotations and small strains. If the first two terms of the series in Equation 3.53 (p. 43)
are used to expand Equation 3.52 (p. 43),

(3.54)Λ = +
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The resultant strain (same as extension since strains are assumed to be small) is then

(3.55)εx = − =
∂
∂

+
∂
∂








 +

∂
∂








 +

∂
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Λ
� � �

If, more accurately, the first three terms of Equation 3.53 (p. 43) are used and displacement derivatives
of the third order and above are dropped, Equation 3.53 (p. 43) reduces to:
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(3.56)Λ = +
∂
∂

+
∂
∂








 +

∂
∂

























2 2

The resultant strain is:

(3.57)εx = − =
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� �

For most 2-D and 3-D elements, Equation 3.55 (p. 43) is more convenient to use as no account of the
loaded direction has to be considered. The error associated with this is small as the strains were assumed
to be small. For 1-D structures, and some 2-D elements, Equation 3.57 (p. 44) is used for its greater ac-
curacy and causes no difficulty in its implementation.

3.4.3. Implementation

The stress-stiffness matrices are derived based on Equation 3.34 (p. 34), but using the nonlinear strain-
displacement relationships given in Equation 3.55 (p. 43) or Equation 3.57 (p. 44) (Cook([5] (p. 921))).

For a spar, the stress-stiffness matrix is given as:

(3.58)ℓ[ ]=
−

−

−
−





















The stress stiffness matrix for a 2-D beam is given in Equation 3.59 (p. 44), which is the same as reported
by Przemieniecki([28] (p. 922)). All beam and straight pipe elements use the same type of matrix. Forces
used by straight pipe elements are based on not only the effect of axial stress with pipe wall, but also
internal and external pressures on the "end-caps" of each element. This force is sometimes referred to
as effective tension.

(3.59)ℓ =

− −

−

�

�

Symmetric

−−





































�

where:

F = force in member
L = length of member
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The stress stiffness matrix for 2-D and 3-D solid elements is generated by the use of numerical integration.
A 3-D solid element (SOLID185) is used here as an example:

(3.60)
o

o

o

ℓ =












where the matrices shown in Equation 3.60 (p. 45) have been reordered so that first all x-direction DOF
are given, then y, and then z. [So] is an 8 by 8 matrix given by:

(3.61)� g
T

m g
v�l

= ∫

The matrices used by this equation are:
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where σx, σxy etc. are stress based on the displacements of the previous iteration, and,
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where Ni represents the ith shape function. This is the stress stiffness matrix for small strain analyses.

For large-strain elements in a large-strain analysis (NLGEOM,ON), the stress stiffening contribution is
computed using the actual strain-displacement relationship (Equation 3.6 (p. 31)).

One further case requires some explanation: axisymmetric structures with nonaxisymmetric deformations.
As any stiffening effects may only be axisymmetric, only axisymmetric cases are used for the prestress

case. Axisymmetric cases are defined as ℓ  (input as MODE on MODE command) = 0. Then, any sub-

sequent load steps with any value of ℓ  (including 0 itself ) uses that same stress state, until another,

more recent, ℓ  = 0 case is available. Also, torsional stresses are not incorporated into any stress stiffening
effects.

Specializing this to SHELL61 (Axisymmetric-Harmonic Structural Shell), only two stresses are used for
prestressing: σs, σθ, the meridional and hoop stresses, respectively. The element stress stiffness matrix

is:

(3.64)�
�

� �
���

ℓ = ∫

(3.65)
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θ
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where [As] is defined below and [N] is defined by the element shape functions. [As] is an operator

matrix and its terms are:

(3.66)s =
− −
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=
=

>





ℓ

ℓ

The three columns of the [As] matrix refer to u, v, and w motions, respectively. As suggested by the

definition for [Sm], the first two rows of [As] relate to σs and the second two rows relate to σθ. The first

row of [As] is for motion normal to the shell varying in the s direction and the second row is for hoop

motions varying in the s direction. Similarly, the third row is for normal motions varying in the hoop
direction. Thus Equation 3.57 (p. 44), rather than Equation 3.55 (p. 43), is the type of nonlinear strain-
displacement expression that has been used to develop Equation 3.66 (p. 46).

3.4.4. Pressure Load Stiffness

Quite often concentrated forces are treated numerically by equivalent pressure over a known area. This
is especially common in the context of a linear static analysis. However, it is possible that different
buckling loads may be predicted from seemingly equivalent pressure and force loads in an eigenvalue
buckling analysis. The difference can be attributed to the fact that pressure is considered as a “follower”
load. The force on the surface depends on the prescribed pressure magnitude and also on the surface
orientation. Concentrated loads are not considered as follower loads. The follower effects is a preload
stiffness and plays a significant role in nonlinear and eigenvalue buckling analysis. The follower effects
manifest in the form of a “load stiffness matrix” in addition to the normal stress stiffening effects. As
with any numerical analysis, it is recommended to use the type of loading which best models the in-
service component.

The effect of change of direction and/or area of an applied pressure is responsible for the pressure load

stiffness matrix ([Spr]) (see section 6.5.2 of Bonet and Wood([236] (p. 934))). It is used either for a large-
deflection analysis (NLGEOM,ON), for an eigenvalue buckling analysis, or for a modal, linear transient,
or harmonic analysis that has prestressing flagged (PSTRES,ON command).

The need of [Spr] is most dramatically seen when modelling the collapse of a ring due to external
pressure using eigenvalue buckling. The expected answer is:

(3.67)cr = 3

where:
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Pcr = critical buckling load

E = Young's modulus
I = moment of inertia
R = radius of the ring
C = 3.0

This value of C = 3.0 is achieved when using [Spr], but when it is missing, C = 4.0, a 33% error.

For eigenvalue buckling analyses, all elements with pressure load stiffness capability use that capability.
Otherwise, its use is controlled by KEY3 on the SOLCONTROL command.

[Spr] is derived as an unsymmetric matrix. Symmetricizing is done, unless the command NROPT,UNSYM
is used. Processing unsymmetric matrices takes more running time and storage, but may be more
convergent.

3.4.5. Applicable Input

In a nonlinear analysis (ANTYPE,STATIC or ANTYPE,TRANS), the stress stiffness contribution is activated
and then added to the stiffness matrix. When not using large deformations (NLGEOM,OFF), the rotations
are presumed to be small and the additional stiffness induced by the stress state is included. When
using large deformations (NLGEOM,ON), the stress stiffness augments the tangent matrix, affecting the
rate of convergence but not the final converged solution.

The stress stiffness contribution in the prestressed analysis is activated by the prestress flag (PSTRES,ON)
and directs the preceding analysis to save the stress state.

3.4.6. Applicable Output

In a small deflection/small strain analysis (NLGEOM,OFF), the 2-D and 3-D elements compute their
strains using Equation 3.55 (p. 43). The strains (output as EPEL, EPPL, etc.) therefore include the higher-

order terms (e.g.

2∂
∂











 in the strain computation. Also, nodal and reaction loads (output quantities
F and M) will reflect the stress stiffness contribution, so that moment and force equilibrium include the
higher order (small rotation) effects.

3.5. Spin Softening

The vibration of a spinning body will cause relative circumferential motions, which will change the dir-
ection of the centrifugal load which, in turn, will tend to destabilize the structure. As a small deflection
analysis cannot directly account for changes in geometry, the effect can be accounted for by an adjust-
ment of the stiffness matrix, called spin softening. When large deformations are active (NLGEOM,ON),
or pres-stress effects are active (PSTRES,ON), the spin softening contribution is automatically included
as an additional contribution to the tangent matrix (Equation 3.32 (p. 34)).

Consider a simple spring-mass system, with the spring oriented radially with respect to the axis of rota-
tion, as shown in Figure 3.7: Spinning Spring-Mass System (p. 48). Equilibrium of the spring and centri-
fugal forces on the mass using small deflection logic requires:

(3.68)
s= ω�

where:
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u = radial displacement of the mass from the rest position
r = radial rest position of the mass with respect to the axis of rotation
ωs = angular velocity of rotation

Figure 3.7:  Spinning Spring-Mass System
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However, to account for large-deflection effects, Equation 3.68 (p. 47) must be expanded to:

(3.69)
s= +ω2

Rearranging terms,

(3.70)
� �− =ω ω� �

Defining:

(3.71)
�= − ω�

and

(3.72)
�= ω�

Equation 3.70 (p. 48) becomes simply,

(3.73)=

 is the stiffness needed in a small deflection solution to account for large-deflection effects.  is the
same as that derived from small deflection logic. This decrease in the effective stiffness matrix is called
spin (or centrifugal) softening. See also Carnegie([104] (p. 926)) for additional development.

Extension of Equation 3.71 (p. 48) into three dimensions is illustrated for a single noded element here:

(3.74)= + Ω�

with

(3.75)Ω�

� �
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� �

=

− +

− +

− +
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where:
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ωx, ωy, ωz = x, y, and z components of the angular velocity (input with OMEGA or CMOMEGA

command)

It can be seen from Equation 3.74 (p. 48)and Equation 3.75 (p. 48) that if there are more than one non-
zero component of angular velocity of rotation, the stiffness matrix may become unsymmetric. For ex-

ample, for a diagonal mass matrix with a different mass in each direction, the  matrix becomes non-
symmetric with the expression in Equation 3.74 (p. 48) expanded as:

(3.76)xx xx y z xx= − +ω ω2 2

(3.77)�� �� � � ��= − +ω ω� �

(3.78)�� �� � � ��= − +ω ω� �

(3.79)�	 �	 � 	 		= + ω ω

(3.80)
� 
� � 
 ��= + ω ω

(3.81)� � �  = + ω ω

(3.82)�� �� � � ��= + ω ω

(3.83)�� �� � � ��= + ω ω

(3.84)�� �� � � ��= + ω ω

where:

Kxx, Kyy, Kzz = x, y, and z components of stiffness matrix as computed by the element

Kxy, Kyx, Kxz, Kzx, Kyz, Kzy = off-diagonal components of stiffness matrix as computed by the
element

�� �� �� = �, �, and � components of stiffness matri� adjuusted for spin softening

Mxx, Myy, Mzz = x, y, and z components of mass matrix

�� �� �� �� �� �� = ���-� !"�#!l $�%&�#'#() �� )( ��#'))) %!(* + !�./)('� ��* )& # )��('# #"

From Equation 3.76 (p. 49) thru Equation 3.84 (p. 49), it may be seen that there are spin softening effects
only in the plane of rotation, not normal to the plane of rotation. Using the example of a modal analysis,
Equation 3.71 (p. 48) can be combined with Equation 15.49 (p. 779) to give:

(3.85)− =ω0

or

(3.86)1− − =ω ω3 3

where:

ω = the natural circular frequencies of the rotating body.

If stress stiffening is added to Equation 3.86 (p. 49), the resulting equation is:
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(3.87)s+ − − =ω ω2 2

Stress stiffening is normally applied whenever spin softening is activated, even though they are inde-
pendent theoretically. The modal analysis of a thin fan blade is shown in Figure 3.8: Effects of Spin
Softening and Stress Stiffening (p. 50).

Figure 3.8:  Effects of Spin Softening and Stress Stiffening
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3.6. General Element Formulations

Element formulations developed in this section are applicable for general finite strain deformation.
Naturally, they are applicable to small deformations, small deformation with large rotations, and stress
stiffening as particular cases. The formulations are based on the principle of virtual work. Minimal as-
sumptions are used in arriving at the slope of nonlinear force-displacement relationship, i.e., the element
tangent stiffness. Hence, they are also called consistent formulations. These formulations have been
implemented in PLANE182, PLANE183, SOLID185, and SOLID186. SOLID187, SOLID272, SOLID273, SOL-

Release 15.0 - © SAS IP, Inc. All rights reserved. - Contains proprietary and confidential information
of ANSYS, Inc. and its subsidiaries and affiliates.50

Structures with Geometric Nonlinearities



ID285, SOLSH190, LINK180, SHELL181, BEAM188, BEAM189, SHELL208, SHELL209, REINF264, REINF265,
SHELL281, PIPE288, PIPE289, and ELBOW290 are further specializations of the general theory.

In this section, the convention of index notation will be used. For example, repeated subscripts imply
summation on the possible range of the subscript, usually the space dimension, so that σii = σ11 + σ22

+ σ33, where 1, 2, and 3 refer to the three coordinate axes x1, x2, and x3, otherwise called x, y, and z.

3.6.1. Fundamental Equations

General finite strain deformation has the following characteristics:

• Geometry changes during deformation. The deformed domain at a particular time is generally different
from the undeformed domain and the domain at any other time.

• Strain is no longer infinitesimal so that a large-strain definition has to be employed.

• Cauchy stress cannot be updated simply by adding its increment. It has to be updated by a particular al-
gorithm in order to take into account the finite deformation.

• Incremental analysis is necessary to simulate the nonlinear behaviors.

The updated Lagrangian method is applied to simulate geometric nonlinearities (accessed with
NLGEOM,ON). Assuming all variables, such as coordinates xi, displacements ui, strains εij, stresses σij,

velocities vi, volume V and other material variables have been solved for and are known at time t; one

solves for a set of linearized simultaneous equations having displacements (and hydrostatic pressures
in the mixed u-P formulation) as primary unknowns to obtain the solution at time t + ∆t. These simul-
taneous equations are derived from the element formulations which are based on the principle of vir-
tual work:

(3.88)σ δ δ δij ij

v

i
B

i

v

i
s

i

s

∫ ∫ ∫= +

where:

σij = Cauchy stress component

��
�

�

�

�

=
∂
∂

+
∂

∂












= deformat�on ten�or (�athe(2))

ui = displacement

xi = current coordinate

�
� = c��p�	
	� �� b�y ���c


�

S = ��������� �� �u����� ��������

V = volume of deformed body
S = surface of deformed body on which tractions are prescribed

The internal virtual work can be indicated by:

(3.89)δ σ δ�� ��

�

= ∫

where:
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W = internal virtual work

Element formulations are obtained by differentiating this virtual work expression (Bonet and
Wood([236] (p. 934)) and Gadala and Wang([292] (p. 937))). In derivation, only linear differential terms
are kept and all higher order terms are ignored so that finally a linear set of equations can be obtained.

In element formulation, material constitutive law is used to create the relation between stress increment
and strain increment. The constitutive law only reflects the stress increment due to straining. However,
the Cauchy stress is affected by the rigid body rotation and is not objective (not frame invariant). An
objective stress is needed, therefore, to be able to be applied in constitutive law. One of these is Jaumann
rate of Cauchy stress expressed by McMeeking and Rice([293] (p. 937))

(3.90)ɺ ɺ ɺ ɺσ σ σ ω σ ω
ij

J
ij ik jk jk ik= − −

where:

ɺσ
��

�

 = Jaumann rate of Cauchy stress

ɺω
υ υ

��
�

�

�

�

=
∂
∂

−
∂

∂












= sp�n tensor

ɺσ��  = time rate of Cauchy stress

Therefore, the Cauchy stress rate is:

(3.91)ɺ ɺ ɺ ɺσ σ σ ω σ ω�	 �	



�� 	� 	� ��= + +

Using the constitutive law, the stress change due to straining can be expressed as:

(3.92)ɺσ
�

�
��l �l=

where:

cijkl = material constitutive tensor

��
�

�

�

�

=
∂
∂

+
∂

∂












= �a�� �f d�f��ma���� ������

vi = velocity

The Cauchy stress rate can be written as:

(3.93)ɺ ɺ ɺσ σ ω σ ω�� ���� �� �� �� �� ��= + +

3.6.2. Classical Pure Displacement Formulation

Pure displacement formulation only takes displacements or velocities as primary unknown variables.
All other quantities such as strains, stresses and state variables in history-dependent material models
are derived from the displacements. It is the most widely used formulation and is able to handle most
nonlinear deformation problems.

The differentiation of δW:
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(3.94)ij ij ij ij ij ij

v

δ σ δ σ δ σ δ= + +∫

From Equation 3.93 (p. 52), the stress differentiation can be derived as:

(3.95)�� ��kl kl �k �k �k �kσ σ ω σ ω= + +

where:

D D
u

x

u

x
��

�

�

�

�

ω =
∂

∂
−
∂

∂











1

2

The differentiation of dV is:

(3.96)
�

�
�=

∂
∂

=

where:

ev = eii

Substitution of Equation 3.95 (p. 53) and Equation 3.96 (p. 53) into Equation 3.94 (p. 53) yields:

(3.97)

�� ���	 �	




��
�

�

�

�
�� ��

δ δ

σ
δ

δ

=

+
∂
∂

∂
∂

−












∫




�� ��
�

�


∫

∫+
∂
∂

δ σ

The third term is unsymmetric and is usually insignificant in most of deformation cases. Hence, it is ig-
nored. The final pure displacement formulation is:

(3.98)

�� ��� �

�

��


�



�
� �

δ δ

σ
δ

δ

=

+
∂
∂

∂
∂

−












∫

��

∫

The above equation is a set of linear equations in terms of Dui or displacement change, which can be

solved by standard linear solvers. This formulation is exactly the same as the one published by
McMeeking and Rice([293] (p. 937)). The stiffness has two terms: the first one is material stiffness due to
straining; the second one is stiffness due to geometric nonlinearity (stress stiffness).

Since no other assumption is made on the size or type of deformation, the formulation can be applied
to any deformation problems (small deformation, finite deformation, small deformation with large rota-
tion, stress stiffening, etc.) so it is called a general element formulation.

To achieve higher efficiency, the second term or stress stiffness is included only if requested for analyses
with geometric nonlinearities (NLGEOM,ON, or PSTRES,ON) or buckling analysis (ANTYPE,BUCKLE).
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3.6.3. Mixed u-P Formulations

The above pure displacement formulation is computationally efficient. However, the accuracy of any
displacement formulation is dependent on Poisson's ratio or the bulk modulus. In such formulations,
volumetric strain is determined from derivatives of displacements, which are not as accurately predicted
as the displacements themselves. Under nearly incompressible conditions (Poisson's ratio is close to 0.5
or bulk modulus approaches infinity), any small error in the predicted volumetric strain will appear as
a large error in the hydrostatic pressure and subsequently in the stresses. This error will, in turn, also
affect the displacement prediction since external loads are balanced by the stresses, and may result in
displacements very much smaller than they should be for a given mesh--this is called locking-- or, in
some cases, in no convergence at all.

Another disadvantage of pure displacement formulation is that it is not to be able to handle fully in-
compressible deformation, such as fully incompressible hyperelastic materials.

To overcome these difficulties, mixed u-P formulations were developed. In these u-P formulations of

the current-technology elements, the hydrostatic pressure  or volume change rate is interpolated on
the element level and solved on the global level independently in the same way as displacements. The
final stiffness matrix has the format of:

(3.99)
uu uP

Pu PP

















=








∆

∆

∆

where:

∆u = displacement increment

∆  = hydrostatic pressure increment

Since hydrostatic pressure is obtained on a global level instead of being calculated from volumetric
strain, the solution accuracy is independent of Poisson's ratio and bulk modulus. Hence, it is more robust
for nearly incompressible material. For fully incompressible material, mixed u-P formulation has to be
employed in order to get solutions.

The pressure DOFs are brought to global level by using internal or external nodes. The internal nodes
are different from the regular (external) nodes in the following aspects:

• Each internal node is associated with only one element.

• The location of internal nodes is not important. They are used only to bring the pressure DOFs into the
global equations.

• Internal nodes are created automatically and are not accessible by users.

The interpolation function of pressure is determined according to the order of elements. To remedy
the locking problem, they are one order less than the interpolation function of strains or stresses. For
most current-technology elements, the hydrostatic pressure degrees of freedom are introduced by the
internal nodes. The number of pressure degrees of freedom, number of internal nodes, and interpolation
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functions are shown in Table 3.1: Interpolation Functions of Hydrostatic Pressure of Current-Technology
Elements (p. 55).

Table 3.1:  Interpolation Functions of Hydrostatic Pressure of Current-Technology Elements

Functions
Internal

nodes

KEY-

OPT(6)
Element

= 1111

PLANE182

 selective re-
duced integra-
tion and uni-
form reduced

integration

s t= + +� 2 3321

PLANE182

Enhanced strain
formulation

PLANE183

= �111

SOLID185

 selective re-
duced integra-
tion and uni-
form reduced

integration

� � r= + + +� � � 4421

SOLID185

Enhanced strain
formulation

SOLID186

Uniform re-
duced integra-
tion and full in-

tegration

= �111SOLID187

� 	 
= + + +� �  �422SOLID187

= �  on r-z plane and
Fourier interpolation in

KEY-
OPT(2)

KEY-
OPT(2) /

3
1

SOLID272

the circumferential (θ)
direction

� �= + +� � �  on r-z
plane and Fourier inter-

KEY-
OPT(2) x

3

KEY-
OPT(2)

1

SOLID273

polation in the circumfer-
ential (θ) direction
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In Table 3.1: Interpolation Functions of Hydrostatic Pressure of Current-Technology Elements (p. 55),

i , 1, 2 , 3 , and 4  are the pressure degrees of freedom at internal node i. s, t, and r are the natural
coordinates.

For SOLID285, the hydrostatic pressure degrees of freedom are introduced by extra degrees of freedom
(HDSP) at each node. The total number of pressures and interpolation function of hydrostatic pressure
are shown in Table 3.2: Interpolation Functions of Hydrostatic Pressure for SOLID285 (p. 56).

Table 3.2:  Interpolation Functions of Hydrostatic Pressure for SOLID285

FunctionsElement

s t r= + + +� � � �
4285

�, � , � , and �  are the pressure degrees of freedom at each element node i. s, t, and r are the
natural coordinates.

3.6.4. u-P Formulation I

This formulation is for nearly incompressible materials other than hyperelastic materials. For these ma-
terials, the volumetric constraint equations or volumetric compatibility can be defined as (see
Bathe([2] (p. 921)) for details):

(3.100)
−

=

where:

m ��= − = − =σ σ hyd	o
�a��c p	e

u	e f	o a�e	�al con
���u��vve law

K = bulk modulus

P can also be defined as:

(3.101)�= −

In mixed formulation, stress is updated and reported by:

(3.102)σ σ δ σ δ δ�j �j �j �j �j �j= − = + −′

where:

δij = Kronecker delta

σij = Cauchy stress from constitutive law

so that the internal virtual work Equation 3.89 (p. 51) can be expressed as:

(3.103)δ σ δ� �� ��

�

= ∫

Introduce the constraint Equation 3.100 (p. 56) by Lagrangian multiplier , the augmented internal
virtual work is:
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(3.104)δ σ δ δa ij ij

v v

= +
−







∫ ∫

Substitute Equation 3.102 (p. 56) into above; it is obtained:

(3.105)δ σ δ δ δ� �� ��

�

�

� �

= + − +
−







∫ ∫ ∫

where:

ev = δij eij = eii

Take differentiation of Equation 3.104 (p. 57), ignore all higher terms of Dui and D  than linear term,

the final formulation can be expressed as:

(3.106)

� �� ��kl kl

�

� �

�

��
k

�

k

�

�k

δ δ δ

σ
δ

δ

= −

+
∂
∂

∂
∂

−

∫ ∫

k�

�

� �

�













− + −

∫

∫ ∫δ δ δ

This is a linear set of equations of Dui and D  (displacement and hydrostatic pressure changes). In the

final mixed u-P formulation, the third term is the stress stiffness and is included only if requested
(NLGEOM,ON or PSTRES,ON). The rest of the terms are based on the material stiffness. The first term
is from material constitutive law directly or from straining; the second term is because of the stress
modification (Equation 3.102 (p. 56)); the fourth and fifth terms are the extra rows and columns in
stiffness matrix due to the introduction of the extra DOF: pressure, i.e., KuP, KPu and KPP as in Equa-

tion 3.99 (p. 54).

The stress stiffness in the above formulation is the same as the one in pure displacement formulation.
All other terms exist even for small deformation and are the same as the one derived by Bathe([2] (p. 921))
for small deformation problems.

It is worthwhile to indicate that in the mixed formulation of the higher order elements (PLANE183 ,
SOLID186 and SOLID187 with KEYOPT(6) = 1), elastic strain only relates to the stress in the element on
an averaged basis, rather than pointwise. The reason is that the stress is updated by Equation 3.102 (p. 56)

and pressure  is interpolated independently in an element with a function which is one order lower
than the function for volumetric strain. For lower order elements (PLANE182, SOLID185), this problem
is eliminated since either B-bar technology or uniform reduced integration is used; volumetric strain is

constant within an element, which is consistent with the constant pressure  interpolation functions
(see Table 3.1: Interpolation Functions of Hydrostatic Pressure of Current-Technology Elements (p. 55)).

In addition, this problem will not arise in element SOLID187 with linear interpolation function of 

(KEYOPT(6) = 2). This is because the order of interpolation function of  is the same as the one for

volumetric strain. In other words, the number of DOF  in one element is large enough to make 
consistent with the volumetric strain at each integration point. Therefore, when mixed formulation of
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element SOLID187 is used with nearly incompressible material, the linear interpolation function of 
or KEYOPT(6) = 2 is recommended.

3.6.5. u-P Formulation II

A special formulation is necessary for fully incompressible hyperelastic material since the volume con-
straint equation is different and hydrostatic pressure can not be obtained from material constitutive
law. Instead, it has to be calculated separately. For these kinds of materials, the stress has to be updated
by:

(3.107)σ σ δij ij ij= −′

where:

σ��
′

 = deviatoric component of Cauchy stress tensor

The deviatoric component of deformation tensor defined by the eij term of Equation 3.88 (p. 51) can

be expressed as:

(3.108)�� �� �� v
′ = − δ

The internal virtual work (Equation 3.89 (p. 51)) can be shown using 
σ��
′

 and ��
′

:

(3.109)δ σ δ δ�	 �	 





= −′ ′∫

The volume constraint is the incompressible condition. For a fully incompressible hyperelastic material,
it can be as defined by Sussman and Bathe([124] (p. 927)), Bonet and Wood([236] (p. 934)), Cris-
field([294] (p. 937)):

(3.110)− =

where:

��
�

� o

= =
∂
∂

=

�  = determinant of deformation gradient tensor
Xi = original coordinate

Vo = original volume

As in the mixed u-P formulation I (u-P Formulation I (p. 56)), the constraint Equation 3.110 (p. 58) was

introduced to the internal virtual work by the Lagrangian multiplier . Then, differentiating the aug-
mented internal virtual work, the final formulation is obtained.

This formulation is similar to the formulation for nearly incompressible materials, i.e. Equa-
tion 3.106 (p. 57). The only major difference is that [KPP] = [0] in this formulation. This is because mater-

ial in this formulation is fully incompressible.
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3.6.6. u-P Formulation III

When material behavior is almost incompressible, the pure displacement formulation may be applicable.
The bulk modulus of material, however, is usually very large and thus often results in an ill-conditioned
matrix. To avoid this problem, a special mixed u-P formulation is therefore introduced. The almost in-
compressible material usually has small volume changes at all material integration points. A new variable

 is introduced to quantify this small volume change, and the constraint equation

(3.111)− =

is enforced by introduction of the modified potential:

(3.112)+ = −
∂

∂
−

where:

W = hyperelastic strain energy potential
Q = energy augmentation due to volume constraint condition

3.6.7. Volumetric Constraint Equations in u-P Formulations

The final set of linear equations of mixed formulations (see Equation 3.99 (p. 54)) can be grouped into
two:

(3.113)uu uP∆ ∆ ∆+ =

(3.114)�� ��∆ ∆+ =

Equation 3.113 (p. 59) are the equilibrium equations and Equation 3.114 (p. 59) are the volumetric
constraint equations. The total number of active equilibrium equations on a global level (indicated by
Nd) is the total number of displacement DOFs without any prescribed displacement boundary condition.

The total number of volumetric constraint equations (indicated by Np) is the total number of pressure

DOFs in all mixed u-P elements. The optimal ratio of Nd/Np is 2 for 2-D elements and 3 for 3-D elements.

When Nd/Np is too small, the system may have too many constraint equations which may result in a

severe locking problem. On the other hand, when Nd/Np is too large, the system may have too few

constraint equations which may result in too much deformation and loss of accuracy.

When Nd/Np < 1, the system has more volumetric constraint equations than equilibrium equations, thus

the system is over-constrained. In this case, if the u-P formulation I is used, the system equations will
be very ill-conditioned so that it is hard to keep accuracy of solution and may cause divergence. If the
u-P formulation II is used, the system equation will be singular because [KPP] = [0] in this formulation

so that the system is not solvable. Therefore, over-constrained models should be avoided as described
in the Element Reference.

Volumetric constraint is incorporated into the final equations as extra conditions. A check is made at
the element level for elements with internal nodes for pressure degrees of freedom and at degrees of
freedom (HDSP) at global level for SOLID285 to see if the constraint equations are satisfied. The number
of elements in which constraint equations have not been satisfied is reported for current-technology
elements if the check is done at element level.

For u-P formulation I, the volumetric constraint is met if:
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(3.115)V
V

−

≤
∫

and for u-P formulation II, the volumetric constraint is met if:

(3.116)
�

�

−

≤
∫

and for u-P formulation III, the volumetric constraint is met if:

(3.117)�
�

−

≤
∫

where:

tolV = tolerance for volumetric compatibility (input as Vtol on SOLCONTROL command)

3.7. Constraints and Lagrange Multiplier Method

Constraints are generally implemented using the Lagrange Multiplier Method (See Belytsch-
ko([348] (p. 940))). This formulation has been implemented in MPC184 as described in the Element Refer-

ence. In this method, the internal energy term given by Equation 3.89 (p. 51) is augmented by a set of
constraints, imposed by the use of Lagrange multipliers and integrated over the volume leading to an
augmented form of the virtual work equation:

(3.118)δ δ δλ λ δ′ = + + ∫∫ T TΦ Φ

where:

W' = augmented potential

and

(3.119)Φ =

is the set of constraints to be imposed.

The variation of the augmented potential is zero provided Φ =  (and, hence δΦ = ) and, simultan-
eously:

(3.120)δ =

The equation for augmented potential (Equation 3.118 (p. 60)) is a system of ntot equations, where:

(3.121)tot dof c= +
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where:

ndof = number of degrees of freedom in the model

nc = number of Lagrange multipliers

The solution vector consists of the displacement degrees of freedom  and the Lagrange multipliers.

The stiffness matrix is of the form:

(3.122)
T T+


















= − −











λ
λ

λ∆

∆ Φ

where:

ext

ij ij i
B

i

v
i

s
i

s

= −

= − −∫∫ ∫

int

σ δ δ δ

= δ

=
∂
∂
Φ

=
∂
∂

∆ ∆λ  = increments in displacements and Lagrange multiplier, respectively.
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Chapter 4: Structures with Material Nonlinearities

This chapter discusses the structural material nonlinearities of plasticity, creep, nonlinear elasticity, hy-
perelasticity, viscoelasticity, concrete and swelling. Not included in this section are the slider, frictional,
or other nonlinear elements (discussed in Element Library (p. 411)) that can represent other nonlinear
material behavior.

The following topics are available:
4.1. Understanding Material Nonlinearities
4.2. Rate-Independent Plasticity
4.3. Rate-Dependent Plasticity (Including Creep and Viscoplasticity)
4.4. Gasket Material
4.5. Nonlinear Elasticity
4.6. Hyperelasticity
4.7. Bergstrom-Boyce
4.8. Mullins Effect
4.9.Viscoelasticity
4.10. Concrete
4.11. Swelling
4.12. Cohesive Zone Material (CZM) Model
4.13. Fluid Material Models

4.1. Understanding Material Nonlinearities

Material nonlinearities occur because of the nonlinear relationship between stress and strain; that is,
the stress is a nonlinear function of the strain. The relationship is also path-dependent (except for the
case of nonlinear elasticity and hyperelasticity), so that the stress depends on the strain history as well
as the strain itself.

The program can account for many material nonlinearities, as follows:

1. Rate-independent plasticity is characterized by the irreversible instantaneous straining that occurs in a
material.

2. Rate-dependent plasticity allows the plastic-strains to develop over a time interval. This is also termed
viscoplasticity.

3. Creep is also an irreversible straining that occurs in a material and is rate-dependent so that the strains
develop over time. The time frame for creep is usually much larger than that for rate-dependent plasticity.

4. Gasket material may be modelled using special relationships.

5. Nonlinear elasticity allows a nonlinear stress-strain relationship to be specified. All straining is reversible.

6. Hyperelasticity is defined by a strain-energy density potential that characterizes elastomeric and foam-
type materials. All straining is reversible.
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7. Viscoelasticity is a rate-dependent material characterization that includes a viscous contribution to the
elastic straining.

8. Concrete materials include cracking and crushing capability.

9. Swelling allows materials to enlarge in the presence of neutron flux.

Llisted in this table are the number of stress and strain components involved. One component uses X
(e.g., SX, EPELX, etc.), four components use X, Y, Z, XY, and six components use X, Y, Z, XY, YZ, XZ.

Strain Definitions

For the case of nonlinear materials, the definition of elastic strain given with Equation 2.1 (p. 5) has
the form of:

(4.1)ε ε ε ε ε εel th pl cr sw= − − − −

where:

ε
el = elastic strain vector (output as EPEL)
ε = total strain vector

ε
th = thermal strain vector (output as EPTH)

ε
pl = plastic strain vector (output as EPPL)

ε
cr = creep strain vector (output as EPCR)

ε
sw = swelling strain vector (output as EPSW)

In this case, {ε} is the strain measured by a strain gauge. Equation 4.1 (p. 64) is only intended to show
the relationships between the terms. See subsequent sections for more detail).

In POST1, total strain is reported as:

(4.2)ε ε ε ε�o� �� �� ��= + +

where:

ε
tot = component total strain (output as EPTO)

Comparing the last two equations,

(4.3)ε ε ε ε��� �� 	
= − −

The difference between these two “total” strains stems from the different usages: {ε} can be used to

compare strain gauge results and εtot can be used to plot nonlinear stress-strain curves.

4.2. Rate-Independent Plasticity

Rate-independent plasticity is characterized by the irreversible straining that occurs in a material once
a certain level of stress is reached. The plastic strains are assumed to develop instantaneously, that is,
independent of time. Several options are available to characterize different types of material behaviors:

• Material Behavior Option

• Bilinear Isotropic Hardening
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• Multilinear Isotropic Hardening

• Nonlinear Isotropic Hardening

• Classical Bilinear Kinematic Hardening

• Multilinear Kinematic Hardening

• Nonlinear Kinematic Hardening

• Anisotropic

• Drucker-Prager

• Cast Iron

• User-specified behavior (as described in User Routines and Non-Standard Uses in the Advanced Ana-

lysis Guide and in the Guide to ANSYS User Programmable Features)

Except for user-specified behavior (TB,USER), each material-behavior option is explained in greater detail
later in this chapter. Figure 4.1: Stress-Strain Behavior of Each of the Plasticity Options (p. 67) represents
the stress-strain behavior of each of the options.

4.2.1. Theory

Plasticity theory provides a mathematical relationship that characterizes the elastoplastic response of
materials. There are three ingredients in the rate-independent plasticity theory: the yield criterion, flow
rule and the hardening rule. These will be discussed in detail subsequently. Table 4.1: Notation (p. 65)
summarizes the notation used in the remainder of this chapter.

4.2.2. Yield Criterion

The yield criterion determines the stress level at which yielding is initiated. For multi-component stresses,
this is represented as a function of the individual components, f({σ}), which can be interpreted as an
equivalent stress σe:

(4.4)σ σe =

where:

{σ} = stress vector

Table 4.1:  Notation

ANSYS Output La-

bel
DefinitionVariable

EPELelastic strains{εel}

EPPLplastic strains{εpl}

trial strain{εtr}

EPEQequivalent plastic strain

ε^pl

Sstresses{σ}
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ANSYS Output La-

bel
DefinitionVariable

equivalent stressσe

material yield parameterσy

HPRESmean or hydrostatic stressσm

SEPLequivalent stress parameter

σ^ e
pl

plastic multiplierλ

yield surface translation{α}

plastic workκ

translation multiplierC

stress-strain matrix[D]

tangent modulusET

yield criterionF

SRATstress ratioN

plastic potentialQ

deviatoric stress{S}

When the equivalent stress is equal to a material yield parameter σy,

(4.5)yσ σ=

the material will develop plastic strains. If σe is less than σy, the material is elastic and the stresses will

develop according to the elastic stress-strain relations. Note that the equivalent stress can never exceed
the material yield since in this case plastic strains would develop instantaneously, thereby reducing the
stress to the material yield. Equation 4.5 (p. 66) can be plotted in stress space as shown in Figure 4.2: Vari-
ous Yield Surfaces (p. 68) for some of the plasticity options. The surfaces in Figure 4.2: Various Yield
Surfaces (p. 68) are known as the yield surfaces and any stress state inside the surface is elastic, that
is, they do not cause plastic strains.
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Figure 4.1:  Stress-Strain Behavior of Each of the Plasticity Options
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Figure 4.2: Various Yield Surfaces
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4.2.3. Flow Rule

The flow rule determines the direction of plastic straining and is given as:

(4.6)
plε λ

σ
=

∂
∂









where:

λ = plastic multiplier (which determines the amount of plastic straining)
Q = function of stress termed the plastic potential (which determines the direction of plastic
straining)

If Q is the yield function (as is normally assumed), the flow rule is termed associative and the plastic
strains occur in a direction normal to the yield surface.

4.2.4. Hardening Rule

The hardening rule describes the changing of the yield surface with progressive yielding, so that the
conditions (i.e. stress states) for subsequent yielding can be established. Two hardening rules are
available: work (or isotropic) hardening and kinematic hardening. In work hardening, the yield surface
remains centered about its initial centerline and expands in size as the plastic strains develop. For ma-
terials with isotropic plastic behavior this is termed isotropic hardening and is shown in Figure 4.3: Types
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of Hardening Rules (p. 69) (a). Kinematic hardening assumes that the yield surface remains constant in
size and the surface translates in stress space with progressive yielding, as shown in Figure 4.3: Types
of Hardening Rules (p. 69) (b).

The yield criterion, flow rule and hardening rule for each option are summarized in Table 4.2: Summary
of Plasticity Options (p. 69) and are discussed in detail later in this chapter.

Figure 4.3: Types of Hardening Rules

σ2

σ1

σ2

σ1

Initial yield surface
Subsequent
yield surface

Initial yield surface
Subsequent
yield surface

(a) Isotropic Work Hardening (b) Kinematic Hardening

Table 4.2:  Summary of Plasticity Options

Material Re-

sponse

Hardening

Rule

Flow RuleYield Cri-

terion

TB LabName

bilinearwork
hardening

associativevon
Mises/Hill

BISOBilinear Isotropic
Hardening

multilinearwork
hardening

associativevon
Mises/Hill

MISOMultilinear Iso-
tropic Harden-
ing

nonlinearwork
hardening

associativevon
Mises/Hill

NLISONonlinear Iso-
tropic Harden-
ing

bilinearkinematic
hardening

associative
(Prandtl- Re-

von
Mises/Hill

BKINClassical Bilinear
Kinematic
Hardening uss equa-

tions)

multilinearkinematic
hardening

associativevon
Mises/Hill

MKIN/KINHMultilinear Kin-
ematic Harden-
ing

nonlinearkinematic
hardening

associativevon
Mises/Hill

CHABNonlinear Kin-
ematic Harden-
ing

bilinear, each
direction and

work
hardening

associativemodified
von Mises

ANISOAnisotropic

tension and
compression dif-
ferent
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Material Re-

sponse

Hardening

Rule

Flow RuleYield Cri-

terion

TB LabName

elastic- perfectly
plastic

noneassociative
or non- asso-
ciative

von Mises
with depend-
ence on hy-

DPDrucker- Prager

drostatic
stress

multilinearwork
hardening

associative
or non- asso-
ciative

von MIses
with depend-
ence on hy-

EDPExtended Druck-
er-Prager

drostatic
stress

multilinearwork
hardening

non- associ-
ative

von Mises
with depend-

CASTCast Iron

ence on hy-
drostatic
stress

multilinearwork
hardening

associativevon Mises
with depend-

GURSGurson

ence pres-
sure and
porosity

4.2.5. Plastic Strain Increment

If the equivalent stress computed using elastic properties exceeds the material yield, then plastic
straining must occur. Plastic strains reduce the stress state so that it satisfies the yield criterion, Equa-
tion 4.5 (p. 66). Based on the theory presented in the previous section, the plastic strain increment is
readily calculated.

The hardening rule states that the yield criterion changes with work hardening and/or with kinematic
hardening. Incorporating these dependencies into Equation 4.5 (p. 66), and recasting it into the following
form:

(4.7)σ κ α =

where:

κ = plastic work
{α} = translation of yield surface

κ and {α} are termed internal or state variables. Specifically, the plastic work is the sum of the plastic
work done over the history of loading:

(4.8)κ σ ε= ∫ T pl

where:
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=



























and translation (or shift) of the yield surface is also history dependent and is given as:

(4.9)α ε= ∫ pl

where:

C = material parameter
{α} = back stress (location of the center of the yield surface)

Equation 4.7 (p. 70) can be differentiated so that the consistency condition is:

(4.10)
T T

=
∂
∂








+
∂
∂

+
∂
∂








=
σ

σ
κ

κ
α

α

Noting from Equation 4.8 (p. 70) that

(4.11)� ��κ σ ε=

and from Equation 4.9 (p. 71) that

(4.12)��α ε=

Equation 4.10 (p. 71) becomes

(4.13)
∂
∂








+
∂
∂

+
∂
∂








�

� ��

�

��

σ
σ

κ
σ ε

α
ε ==

The stress increment can be computed via the elastic stress-strain relations

(4.14)e�σ ε=

where:

[D] = stress-strain matrix

with

(4.15)	
 �
ε ε ε= −

since the total strain increment can be divided into an elastic and plastic part. Substituting Equa-
tion 4.6 (p. 68) into Equation 4.13 (p. 71) and Equation 4.15 (p. 71) and combining Equation 4.13 (p. 71),
Equation 4.14 (p. 71), and Equation 4.15 (p. 71) yields
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(4.16)λ
σ

ε

κ
σ

σ α

=

∂
∂








−
∂
∂









∂
∂








−

∂
∂


T

T







∂
∂








+

∂
∂








∂
∂









T T

σ σ σ

The size of the plastic strain increment is therefore related to the total increment in strain, the current
stress state, and the specific forms of the yield and potential surfaces. The plastic strain increment is
then computed using Equation 4.6 (p. 68):

(4.17)
plε λ

σ
=

∂
∂









4.2.6. Implementation

An Euler backward scheme is used to enforce the consistency condition Equation 4.10 (p. 71). This ensures
that the updated stress, strains and internal variables are on the yield surface. The algorithm proceeds
as follows:

1. The material parameter σy Equation 4.5 (p. 66) is determined for this time step (e.g., the yield stress at

the current temperature).

2. The stresses are computed based on the trial strain {εtr}, which is the total strain minus the plastic strain
from the previous time point (thermal and other effects are ignored):

(4.18)ε ε εn
tr

n n

��= − −1

where the superscripts are described with Understanding Theory Reference Notation (p. 2) and
subscripts refer to the time point. Where all terms refer to the current time point, the subscript is
dropped. The trial stress is then

(4.19)σ ε�� ��−

3. The equivalent stress σe is evaluated at this stress level by Equation 4.4 (p. 65). If σe is less than σy the

material is elastic and no plastic strain increment is computed.

4. If the stress exceeds the material yield, the plastic multiplier λ is determined by a local Newton-Raphson
iteration procedure (Simo and Taylor([155] (p. 929))).

5. {∆εpl} is computed via Equation 4.17 (p. 72).

6. The current plastic strain is updated

(4.20)ε ε ε�
��

�

�� ��= +−� ∆

where:

ε�
	


 = current plastic strains (output as EPPL)

and the elastic strain computed

(4.21)ε ε εe� � ��= − ∆
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where:

ε
el = elastic strains (output as EPEL)

The stress vector is:

(4.22)σ ε= el

where:

{σ} = stresses (output as S)

7. The increments in the plastic work ∆κ and the center of the yield surface {∆α} are computed via Equa-
tion 4.11 (p. 71) and Equation 4.12 (p. 71) and the current values updated

(4.23)κ κ κn n= +−1 ∆

and

(4.24)α α α� �= +−� ∆

where the subscript n-1 refers to the values at the previous time point.

8. For output purposes, an equivalent plastic strain ε
^p�

 (output as EPEQ), equivalent plastic strain increment

∆ ε
���

 (output with the label “MAX PLASTIC STRAIN STEP”), equivalent stress parameter 
σ� �
�	

 (output as
SEPL) and stress ratio N (output as SRAT) are computed. The stress ratio is given as

(4.25)



y

=
σ

σ

where σe is evaluated using the trial stress . N is therefore greater than or equal to one when

yielding is occurring and less than one when the stress state is elastic. The equivalent plastic strain
increment is given as:

(4.26)∆ ∆ ∆ε ε ε�� � T �=










�

2

The equivalent plastic strain and equivalent stress parameters are developed for each option in the
next sections.

Note that the Euler backward integration scheme in step 4 is the radial return algorithm
(Krieg([46] (p. 923))) for the von Mises yield criterion.

4.2.7. Elastoplastic Stress-Strain Matrix

The tangent or elastoplastic stress-strain matrix is derived from the local Newton-Raphson iteration
scheme used in step 4 above (Simo and Taylor([155] (p. 929))). It is therefore the consistent (or algorithmic)
tangent. If the flow rule is nonassociative (F ≠ Q), then the tangent is unsymmetric. To preserve the
symmetry of the matrix, for analyses with a nonassociative flow rule (Drucker-Prager only), the matrix
is evaluated using F only and again with Q only and the two matrices averaged.
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4.2.8. Specialization for Hardening

Multilinear Isotropic Hardening and Bilinear Isotropic Hardening

These options use the von Mises yield criterion with the associated flow rule and isotropic (work)
hardening (accessed with TB,MISO and TB,BISO).

The equivalent stress Equation 4.4 (p. 65) is:

(4.27)σe
T=








1

2

where {s} is the deviatoric stress Equation 4.37 (p. 76). When σe is equal to the current yield stress σk

the material is assumed to yield. The yield criterion is:

(4.28)�
k=







− =

�

�
σ

For work hardening, σk is a function of the amount of plastic work done. For the case of isotropic

plasticity assumed here, σk can be determined directly from the equivalent plastic strain ε
^pl

 of Equa-

tion 4.42 (p. 77) (output as EPEQ) and the uniaxial stress-strain curve as depicted in Figure 4.4: Uniaxial
Behavior (p. 74). σk is output as the equivalent stress parameter (output as SEPL). For temperature-de-

pendent curves with the MISO option, σk is determined by temperature interpolation of the input curves

after they have been converted to stress-plastic strain format.

Figure 4.4:  Uniaxial Behavior
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4.2.9. Specification for Nonlinear Isotropic Hardening

Both the Voce([253] (p. 935)) hardening law, and the nonlinear power hardening law can be used to
model nonlinear isotropic hardening. The Voce hardening law for nonlinear isotropic hardening beha-
vior (accessed with TB,NLISO,,,,VOCE) is specified by the following equation:

(4.29)
o

pl b ��= + + −∞
−ε ε^ ( )

�

where:

k = elastic limit

Ro, ∞ , b = material parameters characterizing the isotropic hardening behavior of materials

ε���  = equivalent plastic strain

The constitutive equations are based on linear isotropic elasticity, the von Mises yield function and the
associated flow rule. The yield function is:

(4.30)T=






− =

1

2

The plastic strain increment is:

(4.31)∆ε λ
σ

λ
σ

λ
σ

��

e

=
∂
∂








=

∂
∂







=

where:

λ = plastic multiplier

The equivalent plastic strain increment is then:

(4.32)∆ ∆ ∆ε ε ε λ�	
 	
 � 	
= =

The accumulated equivalent plastic strain is:

(4.33)ε ε� �= ∑ ∆�

The power hardening law for nonlinear isotropic hardening behavior (accessed with TB,NLISO,,,,POWER)
which is used primarily for ductile plasticity and damage is developed in the Gurson's Model (p. 96):

(4.34)
σ
σ

σ
σ σ

εY Y �

N

0 0 0

= +










where:

σY = current yield strength

σ0 = initial yield strength
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G = shear modulus

εp  is the microscopic equivalent plastic strain and is defined by:

(4.35)ɺ
ɺ

ε
σ ε

σ
�

�

Y

=
−

where:

ε
p = macroscopic plastic strain tensor
⋅  = rate change of variables
σ = Cauchy stress tensor
: = inner product operator of two second order tensors
f = porosity

4.2.10. Specialization for Bilinear Kinematic Hardening

This option uses the von Mises yield criterion with the associated flow rule and kinematic hardening
(accessed with TB,BKIN).

The equivalent stress Equation 4.4 (p. 65) is therefore

(4.36)σ α αe
T= − −








1

2

where: {s} = deviatoric stress vector

(4.37)m
�= −  σ σ

where:

σ σ σ σ� x y z= = + +��an or h�drostatic str�ss

{α} = yield surface translation vector Equation 4.9 (p. 71)

Note that since Equation 4.36 (p. 76) is dependent on the deviatoric stress, yielding is independent of
the hydrostatic stress state. When σe is equal to the uniaxial yield stress, σy, the material is assumed to

yield. The yield criterion Equation 4.7 (p. 70) is therefore,

(4.38)�
�= − −







− =

�

	α α σ

The associated flow rule yields

(4.39)
∂
∂








=

∂
∂







= −


σ σ σ

so that the increment in plastic strain is normal to the yield surface. The associated flow rule with the
von Mises yield criterion is known as the Prandtl-Reuss flow equation.

The yield surface translation is defined as:
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(4.40)α ε= sh

where:

G = shear modulus = E/(2 (1+ν))
E = Young's modulus (input as EX on MP command)
ν = Poisson's ratio (input as PRXY or NUXY on MP command)

The shift strain is computed analogously to Equation 4.24 (p. 73):

(4.41)ε ε εn
��

n

�� ��= +−1 ∆

where:

∆ ∆ε ε�� pl=

(4.42)
T

T

=
−

where:

E = Young's modulus (input as EX on MP command)
ET = tangent modulus from the bilinear uniaxial stress-strain curve

The yield surface translation {εsh} is initially zero and changes with subsequent plastic straining.

The equivalent plastic strain is dependent on the loading history and is defined to be:

(4.43)ε ε ε^ ^ ^
�
��

�
�� ��= +−� ∆

where:

ε�	

�

 = equivalent plastic strain for this time point (output as EPEQ)

ε�
��
−�  = equivalent plastic strain from the previous time point

The equivalent stress parameter is defined to be:

(4.44)σ σ ε� �
e
��

y
�

�

�
��= +

−

where:

σ� �
��

 = equivalent stress parameter (output as SEPL)
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Note that if there is no plastic straining ( ε
^pl

 = 0), then
σ� e
��

 is equal to the yield stress.
σ� �
��

 only has
meaning during the initial, monotonically increasing portion of the load history. If the load were to be

reversed after plastic loading, the stresses and therefore σe would fall below yield but 
σ� �
	


 would register

above yield (since ε
��

 is nonzero).

4.2.11. Specialization for Multilinear Kinematic Hardening

This option (accessed with TB,MKIN and TB,KINH) uses the Besseling([53] (p. 923)) model also called the
sublayer or overlay model (Zienkiewicz([54] (p. 923))) to characterize the material behavior. The material
behavior is assumed to be composed of various portions (or subvolumes), all subjected to the same
total strain, but each subvolume having a different yield strength. (For a plane stress analysis, the ma-
terial can be thought to be made up of a number of different layers, each with a different thickness
and yield stress.) Each subvolume has a simple stress-strain response but when combined the model
can represent complex behavior. This allows a multilinear stress-strain curve that exhibits the Bauschinger
(kinematic hardening) effect (Figure 4.1: Stress-Strain Behavior of Each of the Plasticity Options (p. 67)
(b)).

The following steps are performed in the plasticity calculations:

1. The portion of total volume for each subvolume and its corresponding yield strength are determined.

2. The increment in plastic strain is determined for each subvolume assuming each subvolume is subjected
to the same total strain.

3. The individual increments in plastic strain are summed using the weighting factors determined in step
1 to compute the overall or apparent increment in plastic strain.

4. The plastic strain is updated and the elastic strain is computed.

The portion of total volume (the weighting factor) and yield stress for each subvolume is determined
by matching the material response to the uniaxial stress-strain curve. A perfectly plastic von Mises ma-
terial is assumed and this yields for the weighting factor for subvolume k

(4.45)k
Tk

Tk

i
i

k

=
−

−
−

−
=

−
∑
1

1

ν

where:

wk = the weighting factor (portion of total volume) for subvolume k and is evaluated sequentially

from 1 to the number of subvolumes
ETk = the slope of the kth segment of the stress-strain curve (see Figure 4.5: Uniaxial Behavior

for Multilinear Kinematic Hardening (p. 79))
Σwi = the sum of the weighting factors for the previously evaluated subvolumes
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Figure 4.5:  Uniaxial Behavior for Multilinear Kinematic Hardening
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The yield stress for each subvolume is given by

(4.46)σ
ν

ε ν σyk k k=
+

− −

where (εk, σk) is the breakpoint in the stress-strain curve. The number of subvolumes corresponds to

the number of breakpoints specified.

The increment in plastic strain 
∆ε

�

pl

 for each subvolume is computed using a von Mises yield criterion
with the associated flow rule. The section on specialization for bilinear kinematic hardening is followed
but since each subvolume is elastic-perfectly plastic, C and therefore {α} is zero.

The plastic strain increment for the entire volume is the sum of the subvolume increments:

(4.47)∆ ∆ε ε��
i i

��

i

Nsv

=
=
∑
1

where:

Nsv = number of subvolumes

The current plastic strain and elastic strain can then be computed for the entire volume via Equa-
tion 4.20 (p. 72) and Equation 4.21 (p. 72).

The equivalent plastic strain ε
^��

 (output as EPEQ) is defined by Equation 4.43 (p. 77) and equivalent

stress parameter 
σ� e
��

 (output as SEPL) is computed by evaluating the input stress-strain curve at ε
�	


(after adjusting the curve for the elastic strain component). The stress ratio N (output as SRAT, Equa-
tion 4.25 (p. 73)) is defined using the σe and σy values of the first subvolume.
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4.2.12. Specialization for Nonlinear Kinematic Hardening

The material model considered is a rate-independent version of the nonlinear kinematic hardening
model proposed by Chaboche([244] (p. 934), [245] (p. 934)) (accessed with TB,CHAB). The constitutive
equations are based on linear isotropic elasticity, a von Mises yield function and the associated flow
rule. Like the bilinear and multilinear kinematic hardening options, the model can be used to simulate
the monotonic hardening and the Bauschinger effect. The model is also applicable to simulate the
ratcheting effect of materials. In addition, the model allows the superposition of several kinematic
models as well as isotropic hardening models. It is thus able to model the complicated cyclic plastic
behavior of materials, such as cyclic hardening or softening and ratcheting or shakedown.

The model uses the von Mises yield criterion with the associated flow rule, the yield function is:

(4.48)T= − −






− =

1

2
α

where:

R = isotropic hardening variable

According to the normality rule, the flow rule is written:

(4.49)∆ε λ
σ

pl =
∂
∂









where:

λ = plastic multiplier

The back stress {α} is superposition of several kinematic models as:

(4.50)α α=
=
∑ i
i

n

�

where:

n = number of kinematic models to be superposed.

The evolution of the back stress (the kinematic hardening rule) for each component is defined as:

(4.51)^∆ ∆α ε γ α ε
θ

θ α� �
��

� �
��

�

�= − ∆ + ∆ { }

where:

Ci, γi, i = 1, 2, ... n = material constants for kinematic hardening

The associated flow rule yields:

(4.52)
∂
∂








=

∂
∂







=

−

eσ σ
α

σ

The plastic strain increment, Equation 4.49 (p. 80) is rewritten as:
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(4.53)∆ε λ
α

σ
pl

e

=
−

The equivalent plastic strain increment is then:

(4.54)∆ ∆ ∆ε ε ε λ^�� �� T ��= =

The accumulated equivalent plastic strain is:

(4.55)ε ε� ��� ��= ∑∆

The isotropic hardening variable, R, can be defined by:

(4.56)
o

�� b ��= + + −∞
−ε ε	 ( )




where:

k = elastic limit

Ro, ∞ , b = material constants characterizing the material isotropic hardening behavior.

The material hardening behavior, R, in Equation 4.48 (p. 80) can also be defined through bilinear or
multilinear isotropic hardening options, which have been discussed early in Specialization for Harden-
ing (p. 74).

The return mapping approach with consistent elastoplastic tangent moduli that was proposed by Simo
and Hughes([252] (p. 935)) is used for numerical integration of the constitutive equation described above.

4.2.13. Specialization for Anisotropic Plasticity

There are two anisotropic plasticity options in ANSYS. The first option uses Hill's([50] (p. 923)) potential
theory (accessed by TB,HILL command). The second option uses a generalized Hill potential theory
(Shih and Lee([51] (p. 923))) (accessed by TB, ANISO command).

4.2.14. Hill Potential Theory

The anisotropic Hill potential theory (accessed by TB,HILL) uses Hill's([50] (p. 923)) criterion. Hill's criterion
is an extension to the von Mises yield criterion to account for the anisotropic yield of the material. When
this criterion is used with the isotropic hardening option, the yield function is given by:

(4.57)� �σ σ σ σ ε= − 0

where:

σ0 = reference yield stress

ε  = equivalent plastic strain

and when it is used with the kinematic hardening option, the yield function takes the form:
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(4.58)Tσ σ α σ α σ= − [ ] − − 0

The material is assumed to have three orthogonal planes of symmetry. Assuming the material coordinate
system is perpendicular to these planes of symmetry, the plastic compliance matrix [M] can be written
as:

(4.59)=

+ − −

− + −

− − +



























F, G, H, L, M and N are material constants that can be determined experimentally. They are defined as:

(4.60)
yy zz xx

= + −












2 2 2

(4.61)
�� �� ��

= + −












� � �

(4.62)
�� �� ��

= + −












� � �

(4.63)
�	

=















(4.64)
��

=












(4.65)
��

=












�

The yield stress ratios Rxx, Ryy, Rzz, Rxy, Ryz and Rxz are specified by the user and can be calculated as:

(4.66)��
��
�

=
σ
σ�

(4.67)
��

��
�

=
σ

σ�

(4.68)��
��
�

=
σ
σ�

(4.69)
��

��
�

=
�

σ

σ
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(4.70)
yz

yz
y

=
0

σ

σ

(4.71)x�
x�
�

=
�

σ
σ

where:

σ
ij

�

 = yield stress values

Two notes:

• The inelastic compliance matrix should be positive definite in order for the yield function to exist.

• The plastic slope (see also Equation 4.42 (p. 77)) is calculated as:

(4.72)
pl � t

� t

=
−

where:

Ex = elastic modulus in x-direction

Et = tangent modulus defined by the hardening input

4.2.15. Generalized Hill Potential Theory

The generalized anisotropic Hill potential theory (accessed by TB,ANISO) uses Hill's([50] (p. 923)) yield
criterion, which accounts for differences in yield strengths in orthogonal directions, as modified by Shih
and Lee([51] (p. 923)) accounting for differences in yield strength in tension and compression. An asso-
ciated flow rule is assumed and work hardening as presented by Valliappan et al.([52] (p. 923)) is used
to update the yield criterion. The yield surface is therefore a distorted circular cylinder that is initially
shifted in stress space which expands in size with plastic straining as shown in Figure 4.2: Various Yield
Surfaces (p. 68) (b).

The equivalent stress for this option is redefined to be:

(4.73)σ σ σ σe
T T= −











1

2

where [M] is a matrix which describes the variation of the yield stress with orientation and {L} accounts
for the difference between tension and compression yield strengths. {L} can be related to the yield
surface translation {α} of Equation 4.36 (p. 76) (Shih and Lee([51] (p. 923))) and hence the equivalent
stress function can be interpreted as having an initial translation or shift. When σe is equal to a material

parameter K, the material is assumed to yield. The yield criterion Equation 4.7 (p. 70) is then

(4.74)� �= − − =σ σ σ

The material is assumed to have three orthogonal planes of symmetry. The plastic behavior can then
be characterized by the stress-strain behavior in the three element coordinate directions and the cor-
responding shear stress-shear strain behavior. Therefore [M] has the form:
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(4.75)=
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By evaluating the yield criterion Equation 4.74 (p. 83) for all the possible uniaxial stress conditions the
individual terms of [M] can be identified:

(4.76)jj

j j

= =
+ −σ σ

where:

σ+j and σ-j = tensile and compressive yield strengths in direction j (j = x, y, z, xy, yz, xz)

The compressive yield stress is handled as a positive number here. For the shear yields, σ+j = σ-j. Letting

M11 = 1 defines K to be

(4.77)x x= + −σ σ

The strength differential vector {L} has the form

(4.78)
T=  � � �

and from the uniaxial conditions {L} is defined as

(4.79)� �� � �= − =+ −σ σ

Assuming plastic incompressibility (i.e. no increase in material volume due to plastic straining) yields
the following relationships

(4.80)

�� �� ��

�� �� ��

�� �� ��

+ + =

+ + =

+ + =

and

(4.81)� � 	+ + =

The off-diagonals of [M] are therefore

(4.82)


� 

 �� ��


� 

 �� ��

�� 

 ��

= − + −

= − − +

= − − + + ���

Note that Equation 4.81 (p. 84) (by means of Equation 4.76 (p. 84) and Equation 4.79 (p. 84)) yields the
consistency equation
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(4.83)
σ σ
σ σ

σ σ
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+ −

+ −

+ −
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−
+

−
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x x
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z z

z z

that must be satisfied due to the requirement of plastic incompressibility. Therefore the uniaxial yield
strengths are not completely independent.

The yield strengths must also define a closed yield surface, that is, elliptical in cross section. An elliptical
yield surface is defined if the following criterion is met:

(4.84)11
2

22
2

33
2

11 22 22 33 11 33+ + − + + <

Otherwise, the following message is output: “THE DATA TABLE DOES NOT REPRESENT A CLOSED YIELD
SURFACE. THE YIELD STRESSES OR SLOPES MUST BE MADE MORE EQUAL”. This further restricts the in-
dependence of the uniaxial yield strengths. Since the yield strengths change with plastic straining (a
consequence of work hardening), this condition must be satisfied throughout the history of loading.
The program checks this condition through an equivalent plastic strain level of 20% (.20).

For an isotropic material,

(4.85)

�� �� ��

�� �� ��

44 55 66

= = =

= = = −

= = =

and

(4.86)� � �= = =

and the yield criterion (Equation 4.74 (p. 83) reduces down to the von Mises yield criterion

Equation 4.38 (p. 76) with {α} = 0).

Work hardening is used for the hardening rule so that the subsequent yield strengths increase with
increasing total plastic work done on the material. The total plastic work is defined by Equa-
tion 4.23 (p. 73) where the increment in plastic work is

(4.87)∆ ∆κ σ ε= * pl

where:

�σ  = average stress over the increment
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Figure 4.6:  Plastic Work for a Uniaxial Case
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For the uniaxial case the total plastic work is simply

(4.88)κ ε σ σ= +pl
o

where the terms are defined as shown in Figure 4.6: Plastic Work for a Uniaxial Case (p. 86).

For bilinear stress-strain behavior,

(4.89)σ σ ε= +�
�� ��

where:

�� T

T

=
−  = plastic slope (see also Equation 4.42 (p. 77))

E = elastic modulus
ET = tangent moulus

(4.90)
�� �

�

=
−

Combining Equation 4.89 (p. 86) with Equation 4.88 (p. 86) and solving for the updated yield stress σ:

(4.91)σ κ σ= + 2

1

2�	



Extending this result to the anisotropic case gives,

(4.92)σ κ σj j

��
j= + �

�

�

where j refers to each of the input stress-strain curves. Equation 4.92 (p. 86) determines the updated
yield stresses by equating the amount of plastic work done on the material to an equivalent amount
of plastic work in each of the directions.
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The parameters [M] and {L} can then be updated from their definitions Equation 4.76 (p. 84) and
Equation 4.79 (p. 84) and the new values of the yield stresses. For isotropic materials, this hardening
rule reduces to the case of isotropic hardening.

The equivalent plastic strain ε̂
pl

 (output as EPEQ) is computed using the tensile x direction as the refer-
ence axis by substituting Equation 4.89 (p. 86) into Equation 4.88 (p. 86):

(4.93)ε
σ σ κ��� x x x

��

x
��

=
− + ++ + +

+

2

1

2

where the yield stress in the tensile x direction σ+x refers to the initial (not updated) yield stress. The

equivalent stress parameter 
σ� e
��

 (output as SEPL) is defined as

(4.94)σ σ ε� �
�
�	



�	



�	= ++ +

where again σ+x is the initial yield stress.

4.2.16. Specialization for Drucker-Prager

The following topics concerning Drucker-Prager are available:
4.2.16.1. Classic Drucker-Prager Model
4.2.16.2. Extended Drucker-Prager Model

4.2.16.1. Classic Drucker-Prager Model

This option uses the Drucker-Prager yield criterion with either an associated or nonassociated flow rule
(accessed with TB,DP). The yield surface does not change with progressive yielding, hence there is no
hardening rule and the material is elastic- perfectly plastic (Figure 4.1: Stress-Strain Behavior of Each of
the Plasticity Options (p. 67) (f ) Drucker-Prager). The equivalent stress for Drucker-Prager is

(4.95)σ βσ� m
T= +








�



where:

σ σ σ σ� � y z= = + +��an or h�drostatic str�ss

{s} = deviatoric stress Equation 4.37 (p. 76)
β = material constant
[M] = as defined with Equation 4.36 (p. 76)

This is a modification of the von Mises yield criterion (Equation 4.36 (p. 76) with {α} = {0}) that accounts
for the influence of the hydrostatic stress component: the higher the hydrostatic stress (confinement
pressure) the higher the yield strength. β is a material constant which is given as

(4.96)β
φ

φ
=

−
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where:

φ = input angle of internal friction

The material yield parameter is defined as

(4.97)σ
φ

φ
y =

−

where:

c = input cohesion value

The yield criterion Equation 4.7 (p. 70) is then

(4.98)
m

T
�= +







− =

1

2
βσ σ

This yield surface is a circular cone (Figure 4.2: Various Yield Surfaces (p. 68)-c) with the material para-
meters Equation 4.96 (p. 87) and Equation 4.97 (p. 88) chosen such that it corresponds to the outer
aspices of the hexagonal Mohr-Coulomb yield surface, Figure 4.7: Drucker-Prager and Mohr-Coulomb
Yield Surfaces (p. 88).

Figure 4.7:  Drucker-Prager and Mohr-Coulomb Yield Surfaces

σ    = σ    = σ31 2

−σ3

−σ1

−σ2

C cot φ

∂
∂σ  is readily computed as

(4.99)

∂
∂







=   +








�

�

σ
β

�

�

∂
∂σ  is similar, however β is evaluated using φf (the input “dilatancy” constant). When φf = φ, the flow

rule is associated and plastic straining occurs normal to the yield surface and there will be a volumetric
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expansion of the material with plastic strains. If φf is less than φ there will be less volumetric expansion

and if φf is zero, there will be no volumetric expansion.

The equivalent plastic strain ε̂
pl

 (output as EPEQ) is defined by Equation 4.43 (p. 77) and the equivalent

stress parameter 
σ� e
��

 (output as SEPL) is defined as

(4.100)σ σ βσ�
��

y m= −

The equivalent stress parameter is interpreted as the von Mises equivalent stress at yield at the current
hydrostatic stress level. Therefore for any integration point undergoing yielding (stress ratio (output as

SRAT) >1),
σ� �
�	

 should be close to the actual von Mises equivalent stress (output as SIGE) at the converged
solution.

4.2.16.2. Extended Drucker-Prager Model

This option is an extension of the linear Drucker-Prager yield criterion (input with TB,EDP). Both yield
surface and the flow potential, (input with TBOPT on TB,EDP command) can be taken as linear, hyper-
bolic and power law independently, and thus results in either an associated or nonassociated flow rule.
The yield surface can be changed with progressive yielding of the isotropic hardening plasticity mater-
ial options, see hardening rule Figure 4.1: Stress-Strain Behavior of Each of the Plasticity Options (p. 67)
(c) Bilinear Isotropic and (d) Multilinear Isotropic.

The yield function with linear form (input with TBOPT = LYFUN) is:

(4.101)

 Y ��= + − =ασ σ ε

where:

α = material parameter referred to pressure sensitive parameter (input as C1 on TBDATA

command using TB,EDP)

=

σ ε� ��
� = �i��d str�ss of �at�ria� (in�ut as C2 on cTBDATA oo��and or

in�ut using ,MISO; ,�ISO; ,NLISO; orTB TB TB TB,,PL�S�)

The yield function with hyperbolic form (input with TBOPT = HYFUN) is:

(4.102)
� � ��

� �+ + − =ασ σ ε�

where:

a = material parameter characterizing the shape of yield surface (input as C2 on TBDATA

command using TB,EDP)
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The yield function with power law form (input with TBOPT = PYFUN) is:

(4.103)b
m Y

b
pl+ − =ασ σ ε̂

where:

b = material parameter characterizing the shape of yield surface (input as C2 on TBDATA

command using TB,EDP):

Similarly, the flow potential Q for linear form (input with TBOPT = LFPOT) is:

(4.104)
� � ��= + −ασ σ ε�

The flow potential Q for hyperbolic form (input with TBOPT = HFPOT) is:

(4.105)
� � ��= + + −2 2 ασ σ ε	

The flow potential Q for power law form (input with TBOPT = PFPOT) is:

(4.106)

� �



�= + −ασ σ ε�

The plastic strain is defined as:

(4.107)ɺ ɺε λ
σ�� =
∂
∂

where:

ɺλ = ��astic �u�ti��ier

When the flow potential is the same as the yield function, the plastic flow rule is associated, which in
turn results in a symmetric stiffness matrix. When the flow potential is different from the yield function,
the plastic flow rule is nonassociated, and this results in an unsymmetric material stiffness matrix. By
default, the unsymmetric stiffness matrix (accessed by NROPT,UNSYM) will be symmetricized.

4.2.17. Extended Drucker-Prager Cap Model

The cap model focuses on geomaterial plasticity resulting from compaction at low mean stresses followed
by significant dilation before shear failure ([386] (p. 942)). A three-invariant cap plasticity model with
three smooth yielding surfaces including a compaction cap, an expansion cap, and a shear envelope
proposed by Pelessone ([387] (p. 942)) is described here.

Geomaterials typically have much higher triaxial strength in compression than in tension. The cap
model accounts for this by incorporating the third-invariant of stress tensor (J3) into the yielding functions.

Introduced first are functions to be used in the cap model, including shear failure envelope function,
compaction cap function, expansion cap function, the Lode angle function, and hardening functions.
Then, a unified yielding function for the cap model that is able to describe all the behaviors of shear,
compaction, and expansion yielding surfaces is derived using the shear failure envelope and cap functions.

The following topics are covered:
4.2.17.1. Shear Failure Envelope Function
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4.2.17.2. Compaction Cap Function
4.2.17.3. Expansion Cap Function
4.2.17.4. Lode Angle Function
4.2.17.5. Hardening Functions

4.2.17.1. Shear Failure Envelope Function

A typical geomaterial shear envelope function is based on the exponential format given below:

(4.108)
s

I y
�( )

1 0 0 1
�σ σ αβ= − −

where:

I1 = first invariant of Cauchy stress tensor

subscript "s" = shear envelope function
superscript "y" = yielding related material constants
σ0 = current cohesion-related material constant (input using TB,EDP with TBOPT = CYFUN)

A, βy, αy = material constants (input using TB,EDP with TBOPT = CYFUN)

Equation 4.108 (p. 91) reduces to the Drucker-Prager yielding function if parameter "A" is set to zero.
It should be noted that all material constants in Equation 4.108 (p. 91) are defined based on I1 and J2

, which are different from those in the previous sections. The effect of hydrostatic pressure on material
yielding may be exaggerated at high pressure range by only using the linear term (Drucker-Prager) in
Equation 4.108 (p. 91). Such an exaggeration is reduced by using both the exponential term and linear
term in the shear function. Figure 4.8: Shear Failure Envelope Functions (p. 91) shows the configuration
of the shear function. In Figure 4.8: Shear Failure Envelope Functions (p. 91) the dots are the testing
data points, the finer dashed line is the fitting curve based on the Drucker-Prager linear yielding function,
the solid curved line is the fitting curve based on Equation 4.108 (p. 91), and the coarser dashed line

is the limited state of Equation 4.108 (p. 91) at very high pressures. In the figure σ σ� �= − A  is the
current modified cohesion obtained by setting I1 in Equation 4.108 (p. 91) to zero.

Figure 4.8:  Shear Failure Envelope Functions
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4.2.17.2. Compaction Cap Function

The compaction cap function is formulated using the shear envelope function defined in Equa-
tion 4.108 (p. 91).

(4.109)c

c
y

s

1 0 0 0 1
1 0

0 0

2

σ
σ

= − −
−











where:

H = Heaviside (or unit step) function
subscript "c" = compaction cap-related function or constant
R = ratio of elliptical x-axis to y-axis (I1 to J2)

K0 = key flag indicating the current transition point at which the compaction cap surface and

shear portion intersect.

In Equation 4.109 (p. 92), Yc is an elliptical function combined with the Heaviside function. Yc is plotted

in Figure 4.9: Compaction Cap Function (p. 92).

This function implies:

1. When I1, the first invariant of stress, is greater than K0, the compaction cap takes no effect on

yielding. The yielding may happen in either shear or expansion cap portion.

2. When I1 is less than K0, the yielding may only happen in the compaction cap portion, which is shaped

by both the shear function and the elliptical function.

Figure 4.9:  Compaction Cap Function
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4.2.17.3. Expansion Cap Function

Similarly, Yt is an elliptical function combined with the Heaviside function designed for the expansion

cap. Yt is shown in Figure 4.10: Expansion Cap Function (p. 93).

(4.110)t

t
�

�

� � �
�

�

	

σ
σ

= −














where:

subscript "t" = expansion cap-related function or constant
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This function implies that:

1. When I1 is negative, the yielding may happen in either shear or compaction cap portion, while the

tension cap has no effect on yielding.

2. When I1 is positive, the yielding may only happen in the tension cap portion. The tension cap is

shaped by both the shear function and by another elliptical function.

Equation 4.110 (p. 92) assumes that Yt is only a function of σ0 and not a function of K0 as I1 is set to

zero in function Ys.

Figure 4.10:  Expansion Cap Function
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4.2.17.4. Lode Angle Function

Unlike metals, the yielding and failure behaviors of geomaterials are affected by their relatively weak
(compared to compression) tensile strength. The ability of a geomaterial to resist yielding is lessened
by nonuniform stress states in the principal directions. The effect of reduced yielding capacity for such
geomaterials is described by the Lode angle β and the ratio ψ of triaxial extension strength to compres-
sion strength. The Lode angle β can be written in a function of stress invariants J2 and J3:

(4.111)β
/2 3

� 3

2
3 2

= −














−

where:

J2 and J3 = second and third invariants of the deviatoric tensor of the Cauchy stress tensor.

The Lode angle function Γ is defined by:

(4.112)Γ β ψ β
ψ

β= + + −

where:

ψ = ratio of triaxial extension strength to compression strength

The three-invariant plasticity model is formulated by multiplying J2 in the yielding function by the Lode

angle function described by Equation 4.112 (p. 93). The profile of the yielding surface in a three-invariant
plasticity model is presented in Figure 4.11: Yielding Surface in π-Plane (p. 94).
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Figure 4.11:  Yielding Surface in π-Plane
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4.2.17.5. Hardening Functions

The cap hardening law is defined by describing the evolution of the parameter X0, the intersection

point of the compaction cap and the I1axis. The evolution of X0 is related only to the plastic volume

strain εν
p

. A typical cap hardening law has the exponential form proposed in Fossum and Fre-
drich([92] (p. 925)):

(4.113)εν
� c D D X X X X� �

� �
= −

− − −

�
� � � �( ( ))( )

where:

Xi = initial value of X0 at which the cap takes effect in the plasticity model.

W
�
	  = maximum possible plastic volumetric strain for geomaterials.

Parameters 


�
�  and 

�
�  have units of 1 / (Force / Length) and 1 / (Force / Length)2, respectively. All

constants in Equation 4.113 (p. 94) are non-negative.

Besides cap hardening, another hardening law defined for the evolution of the cohesion parameter
used in the shear portion described in Equation 4.108 (p. 91) is considered. The evolution of the modified

cohesion σ�  is assumed to be purely shear-related and is the function of the effective deviatoric plastic
strain γp:

(4.114)σ σ σ γ� � �= − = �

The effective deviatoric plastic strain γp is defined by its rate change as follows:

(4.115)ɺ ɺ ɺ ɺ ɺγ ε ε ε εν ν
� � � � �= − −

�

�

where:

εp = plastic strain tensor

"⋅" = rate change of variables
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I = second order identity tensor

The unified and compacted yielding function for the cap model with three smooth surfaces is formulated
using above functions as follows:

(4.116)
c t

σ σ σ

β ψ σ σ

0 0 1 2 3 0 0

2
2 1 0 0 1

=

= −Γ 00
2

1 0s σ

where:

K0 = function of both X0 and σ0

Again, the parameter X0 is the intersection point of the compaction cap and the I1 axis. The parameter

K0 is the state variable and can be implicitly described using X0 and σ0 given below:

(4.117)�
y

�� � � �= + σ

The yielding model described in Equation 4.116 (p. 95) is used and is drawn in the J2 and I1 plane in

Figure 4.12: Cap Model (p. 95).

Figure 4.12:  Cap Model
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The cap model also allows non-associated models for all compaction cap, shear envelope, and expansion
cap portions. The nonassociated models are defined through using the yielding functions in Equa-
tion 4.116 (p. 95) as its flow potential functions, while providing different values for some material
constants. It is written below:

(4.118)
� 

σ σ σ

β ψ σ σ

� � � � � � �

�
� � � � �

=

= −Γ ��
�

� �� σ

where:
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(4.119)
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where:

superscript "f" = flow-related material constant

This document refers to the work of Schwer ([388] (p. 942)) and Foster ([389] (p. 943)) for the numerical
formulations used in the Pelessone ([387] (p. 942)) smooth cap plasticity model. ANSYS, Inc. developed
a new material integrator that is able to achieve a faster convergence rate for the transition zone
between the cap and shear portions.

The flow functions in Equation 4.118 (p. 95) and Equation 4.119 (p. 96) are obtained by replacing βy,

α
y, R�

y

, and 
��
�

 in Equation 4.116 (p. 95) and Equation 4.117 (p. 95) with βf, αf, ��
�

, and 
	

�

. The
nonassociated cap model is input by using TB,EDP with TBOPT = CFPOT.

Shear hardening can be taken into account on by providing σ�  (via TB,MISO, TB,BISO, TB,NLISO, or

TB,PLAS). The initial value of σ  must be consistent to σi - A. This input regulates the relationship

between the modified cohesion and the effective deviatoric plastic strain.

As the smooth models have more numerical advantages, it is often necessary to transfer nonsmooth
caps such as the Sandler model ([386] (p. 942)) to a smooth model. To facilitate the model transformation
from the nonsmooth cap model to the Pelessone smooth cap model ([387] (p. 942)), two simple and
robust methods are used ([390] (p. 943)); rather than solving a group of nonlinear equations, the ANSYS,
Inc. implementation solves only one scalar nonlinear equation.

Calibrating CAP Constants

Calibrating the CAP constants σi, β
Y, A, αY, βY, αF and the hardening input for σ�  differs significantly

from the other EDP options. The CAP parameters are all defined in relation to I1 and I2, while the other

EDP coefficients are defined according to p and q.

4.2.18. Gurson's Model

The Gurson Model is used to represent plasticity and damage in ductile porous metals. The model
theory is based on Gurson([366] (p. 941)) and Tvergaard and Needleman([367] (p. 941)). When plasticity
and damage occur, ductile metal goes through a process of void growth, nucleation, and coalescence.
Gurson’s method models the process by incorporating these microscopic material behaviors into mac-
roscopic plasticity behaviors based on changes in the void volume fraction (porosity) and pressure. A
porosity index increase corresponds to an increase in material damage, which implies a diminished
material load-carrying capacity.
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The microscopic porous metal representation in Figure 4.13: Growth, Nucleation, and Coalescence of
Voids in Microscopic Scale (p. 98)(a), shows how the existing voids dilate (a phenomenon, called void
growth) when the solid matrix is in a hydrostatic-tension state. The solid matrix portion is assumed to
be incompressible when it yields, therefore any material volume growth (solid matrix plus voids) is due
solely to the void volume expansion.

The second phenomenon is void nucleation which means that new voids are created during plastic
deformation. Figure 4.13: Growth, Nucleation, and Coalescence of Voids in Microscopic Scale (p. 98)(b),
shows the nucleation of voids resulting from the debonding of the inclusion-matrix or particle-matrix
interface, or from the fracture of the inclusions or particles themselves.

The third phenomenon is the coalescence of existing voids. In this process, shown in Figure 4.13: Growth,
Nucleation, and Coalescence of Voids in Microscopic Scale (p. 98)(c), the isolated voids establish con-
nections. Although coalescence may not discernibly affect the void volume, the load carrying capacity
of this material begins to decay more rapidly at this stage.
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Figure 4.13:  Growth, Nucleation, and Coalescence of Voids in Microscopic Scale
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The evolution equation of porosity is given by

(4.120)ɺ ɺ ɺ
������ ���	
�����= +

where:

f = porosity
⋅  = rate change of variables

The evolution of the microscopic equivalent plastic work is:
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(4.121)ɺ
ɺ

ε
σ ε

σ
p

p

Y

=
−

where:

ε�  = microscopic equivalent plastic strain
σ = Cauchy stress
: = inner product operator of two second order tensors

ε
p = macroscopic plastic strain
σY = current yielding strength

The evolution of porosity related to void growth and nucleation can be stated in terms of the micro-
scopic equivalent plastic strain, as follows:

(4.122)ɺ ɺgrowth
�= − ε

where:

I = second order identity tensor

The void nucleation is controlled by either the plastic strain or stress, and is assumed to follow a normal
distribution of statistics. In the case of strain-controlled nucleation, the distribution is described in terms
of the mean strain and its corresponding deviation. In the case of stress-controlled nucleation, the dis-
tribution is described in terms of the mean stress and its corresponding deviation. The porosity rate
change due to nucleation is then given as follows:
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where:

fN = volume fraction of the segregated inclusions or particles

εN = mean strain

SN = strain deviation

σN = mean stress

�

σ = ������ ��v������ (������  ��! ������ "����)

= =σ #$%&&'$%

It should be noted that "stress controlled nucleation" means that the void nucleation is determined by
the maximum normal stress on the interfaces between inclusions and the matrix. This maximum normal
stress is measured by σY + p. Thus, more precisely, the "stress" in the mean stress σN refers to σY + p.

This relationship better accounts for the effect of triaxial loading conditions on nucleation.
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Given Equation 4.120 (p. 98) through Equation 4.123 (p. 99), the material yielding rule of the Gurson
model is defined as follows:

(4.124)φ
σ σ

=








 +









 − + =

Y Y

2

1
2

3
2

where:

q1, q2, and q3 = Tvergaard-Needleman constants

σY = yield strength of material

= − − =σ σ equivalent stress

f*, the Tvergaard-Needleman function is:

(4.125)
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where:

fc = critical porosity

fF = failure porosity

The Tvergaard-Needleman function is used to model the loss of material load carrying capacity, which
is associated with void coalescence. When the current porosity f reaches a critical value fc, the material

load carrying capacity decreases more rapidly due to the coalescence. When the porosity f reaches a
higher value fF, the material load carrying capacity is lost completely. The associative plasticity model

for the Gurson model has been implemented.

4.2.19. Gurson Plasticity with Isotropic/Chaboche Kinematic Hardening

Gurson's model accounts for hydrostatic pressure and material isotropic hardening effects on porous
metals. The Chaboche model is essentially the von Mises plasticity model incorporating Chaboche-type
kinematic hardening.

The Gurson-Chaboche model, also used for modeling porous metals, is an extension of the Gurson
model, combining both material isotropic and kinematic hardening. The model is based on the work
of Arndt, Svendsen and Klingbeil ([384] (p. 942)), and Besson and Guillemer-Neel ([385] (p. 942)).

The yielding function of the Gurson-Tvergaard and Needleman model is modified as follows:

(4.126)
m �

= + − −
�

� � � �
�

σ σ
* *

where:
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eff

a m

= − −

= −

=

=

= +

σ

σ

σ σ
σm

= − −

3eff
*= −

Xeff is the total effective back stress, and the total back stress X is the summation of several sub-back

stresses:

i
i

n

= ∑
=1

where the evolution of each sub-back stress is defined by the Chaboche kinematical law:

(4.127)ɺ ɺ ɺ ɺ
� �

p
�
�

� � �= − +ε γ ε

where T is the temperature and:

ɺ ɺ
�

�

�=

The evolution of the equivalent plastic strain 
ɺε�  is defined through:

ɺ
ɺ

ε ε
σ

�
�

�

=
−

This model first requires the input parameters for Gurson plasticity with isotropic hardening, and then
additional input parameters for Chaboche kinematic hardening. For more information, see Hardening
in the Material Reference.

4.2.20. Cast Iron Material Model

The cast iron plasticity model is designed to model gray cast iron. The microstructure of gray cast iron
can be looked at as a two-phase material, graphite flakes inserted into a steel matrix (Hjelm([334] (p. 939))).
This microstructure leads to a substantial difference in behavior in tension and compression. In tension,
the material is more brittle with low strength and cracks form due to the graphite flakes. In compression,
no cracks form, the graphite flakes behave as incompressible media that transmit stress and the steel
matrix only governs the overall behavior.

The model assumes isotropic elastic behavior, and the elastic behavior is assumed to be the same in
tension and compression. The plastic yielding and hardening in tension may be different from that in
compression (see Figure 4.14: Idealized Response of Gray Cast Iron in Tension and Compression (p. 102)).
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The plastic behavior is assumed to harden isotropically and that restricts the model to monotonic
loading only.

Figure 4.14:  Idealized Response of Gray Cast Iron in Tension and Compression
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σ

ε

Yield Criteria

A composite yield surface is used to describe the different behavior in tension and compression. The
tension behavior is pressure dependent and the Rankine maximum stress criterion is used. The compres-
sion behavior is pressure independent and the von Mises yield criterion is used. The yield surface is a
cylinder with a tension cutoff (cap). Figure 4.15: Cross-Section of Yield Surface (p. 102) shows a cross
section of the yield surface on principal deviatoric-stress space and Figure 4.16: Meridian Section of
Yield Surface (p. 103) shows a meridional sections of the yield surface for two different stress states,
compression (θ = 60) and tension (θ = 0).

Figure 4.15:  Cross-Section of Yield Surface
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Figure 4.16:  Meridian Section of Yield Surface
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The yield surface for tension and compression "regimes" are described by Equation 4.128 (p. 103) and
Equation 4.129 (p. 103) (Chen and Han([332] (p. 939))).

The yield function for the tension cap is:

(4.128)t e t= + − =2

3
θ σ σ

and the yield function for the compression regime is:

(4.129)c � c= − =σ σ

where:

p = I1 / 3 = tr(σ) / 3 = hydrostatic pressure
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σt = tension yield stress

σc = compression yield stress

103
Release 15.0 - © SAS IP, Inc. All rights reserved. - Contains proprietary and confidential information

of ANSYS, Inc. and its subsidiaries and affiliates.

Rate-Independent Plasticity



Flow Rule

The plastic strain increments are defined as:

(4.130)ɺ ɺε λ
σ

pl =
∂
∂

where Q is the so-called plastic flow potential, which consists of the von Mises cylinder in compression
and modified to account for the plastic Poisson's ratio in tension, and takes the form:

(4.131)e c c= − < −σ σ σfor

(4.132)� �
−

+ = ≥ −
2

2

2 2σ σ���

and

where:

��

��
=

−

+

ν

ν

ν
pl = plastic Poisson's ratio (input using TB,CAST)

Equation 4.132 (p. 104) is for less than 0.5. When νpl = 0.5, the equation reduces to the von Mises cylinder.
This is shown below:

Figure 4.17:  Flow Potential for Cast Iron
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As the flow potential is different from the yield function, nonassociated flow rule, the resulting material
Jacobian is unsymmetric.

Hardening
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The yield stress in uniaxial tension, σt, depends on the equivalent uniaxial plastic strain in tension,
ε
t

pl

,

and the temperature T. Also the yield stress in uniaxial compression, σc, depends on the equivalent

uniaxial plastic strain in compression,
εc
��

, and the temperature T.

To calculate the change in the equivalent plastic strain in tension, the plastic work expression in the
uniaxial tension case is equated to general plastic work expression as:

(4.133)σ ε σ ε� �

�� T ��∆ ∆=

where:

{∆εpl} = plastic strain vector increment

Equation 4.130 (p. 104) leads to:

(4.134)∆ ∆ε σ ε
σ�

��

�

� ��=

In contrast, the change in the equivalent plastic strain in compression is defined as:

(4.135)∆ ∆ε ε	

 
�= ^

where:

∆ ε�� = equiva�en� ��as�i� s�rain in�remen�

The yield and hardening in tension and compression are provided using the TB,UNIAXIAL command
which has two options, tension and compression.

4.3. Rate-Dependent Plasticity (Including Creep and Viscoplasticity)

Rate-dependent plasticity describes the flow rule of materials, which depends on time. The deformation
of materials is now assumed to develop as a function of the strain rate (or time). An important class of
applications of this theory is high temperature creep. Several options are provided in ANSYS to charac-
terize the different types of rate-dependent material behaviors. The creep option is used for describing
material creep over a relative long period or at low strain. The rate-dependent plasticity option adopts
a unified creep approach to describe material behavior that is strain rate dependent. Anand's viscoplas-
ticity option is another rate-dependent plasticity model for simulations such as metal forming. Other
than other these built-in options, a rate-dependent plasticity model may be incorporated as user mater-
ial option through the user programmable feature.

4.3.1. Creep

The following topics related to creep are available:
4.3.1.1. Definition and Limitations
4.3.1.2. Calculation of Creep
4.3.1.3.Time Step Size
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See also Extended Drucker-Prager (EDP) Creep Model (p. 112) and Cap Creep Model (p. 117).

4.3.1.1. Definition and Limitations

Creep is defined as material deforming under load over time in such a way as to tend to relieve the
stress. Creep may also be a function of temperature and neutron flux level. The term relaxation has also
been used interchangeably with creep.

The von Mises or Hill stress potentials can be used for creep analysis. For the von Mises potential, the
material is assumed to be isotropic and the basic solution technique used is the initial-stiffness Newton-
Raphson method.

The options available for creep are described in Rate-Dependent Viscoplastic Materials in the Material

Reference.

Four different types of creep are available and the effects of the first three may be added together except
as noted:

• Primary creep is accessed with C6 (Ci values refer to the ith value given in the TBDATA command with

TB,CREEP). The creep calculations are bypassed if C1 = 0.

• Secondary creep is accessed with C12. These creep calculations are bypassed if C7 = 0. They are also bypassed

if a primary creep strain was computed using the option C6 = 9, 10, 11, 13, 14, or 15, since they include

secondary creep in their formulations.

• Irradiation-induced creep is accessed with C66.

• User-specified creep may be accessed with C6 = 100. See User Routines and Non-Standard Uses of the Ad-

vanced Analysis Guide for more details.

The creep calculations are also bypassed if:

1. (change of time) ≤ 10-6

2. (input temperature + Toff)≤  0 where Toff = offset temperature (input on TOFFST command).

3. For C6 = 0 case: A special effective strain based on εe and εcr is computed. A bypass occurs if it is equal

to zero.

4.3.1.2. Calculation of Creep

The creep equations are integrated with an explicit Euler forward algorithm, which is efficient for
problems having small amounts of contained creep strains. A modified total strain is computed:

(4.136)ε ε ε ε εn n n
pl

n
th

n

cr′
−= − − −
1

This equation is analogous to Equation 4.18 (p. 72) for plasticity. The superscripts are described with
Understanding Theory Reference Notation (p. 2) and subscripts refer to the time point n. An equivalent
modified total strain is defined as:

Release 15.0 - © SAS IP, Inc. All rights reserved. - Contains proprietary and confidential information
of ANSYS, Inc. and its subsidiaries and affiliates.106

Structures with Material Nonlinearities



(4.137)

ε
ν

ε ε ε ε ε ε

γ

et x y y z z x

xy

=
+

− + − + −


+ +

′ ′ ′ ′ ′ ′

′

2 2 2

2 γ γyz zx
′ ′+




2 2

1

2

Also an equivalent stress is defined by:

(4.138)σ ε� ��=

where:

E = Young's modulus (input as EX on MP command)
ν = Poisson's ratio (input as PRXY or NUXY on MP command)

The equivalent creep strain increment (∆εcr) is computed as a scalar quantity from the relations given
in Rate-Dependent Viscoplastic Materials and is normally positive. If C11 = 1, a decaying creep rate is

used rather than a rate that is constant over the time interval. This option is normally not recommended,
as it can seriously underestimate the total creep strain where primary stresses dominate. The modified

equivalent creep strain increment ∆εm
cr

, which would be used in place of the equivalent creep strain

increment (∆εcr) if C11 = 1, is computed as:

(4.139)∆ε ε�
��

�� A
= −











where:

e = 2.718281828 (base of natural logarithms)

A = ∆εcr/εet

Next, the creep ratio (a measure of the increment of creep strain) for this integration point (Cs) is com-

puted as:

(4.140)s

��

	


=
∆ε
ε

The largest value of Cs for all elements at all integration points for this iteration is called Cmax and is

output with the label “CREEP RATIO”.

The creep strain increment is then converted to a full strain tensor. Nc is the number of strain components

for a particular type of element. If Nc = 1,

(4.141)∆ ∆ε ε
ε
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′

Note that the term in brackets is either +1 or -1. If Nc = 4,
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The first three components are the three normal strain components, and the fourth component is the
shear component. If Nc = 6, components 1 through 4 are the same as above, and the two additional

shear components are:
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Next, the elastic strains and the total creep strains are calculated as follows, using the example of the
x-component:

(4.148)ε ε ε�
�l

n � n �
��= −′ ∆

(4.149)ε ε ε�
��

� �
��

� �
��= +−1 ∆

Stresses are based on ε�  
′

. This gives the correct stresses for imposed force problems and the maximum
stresses during the time step for imposed displacement problems.

4.3.1.3. Time Step Size

A stability limit is placed on the time step size (Zienkiewicz and Cormeau([154] (p. 929))). This is because
an explicit integration procedure is used in which the stresses and strains are referred to time tn-1

(however, the temperature is at time tn). The creep strain rate is calculated using time tn. It is recom-

mended to use a time step such that the creep ratio Cmax is less than 0.10. If the creep ratio exceeds

0.25, the run terminates with the message: “CREEP RATIO OF . . . EXCEEDS STABILITY LIMIT OF .25.”
Automatic Time Stepping (p. 685) discusses the automatic time stepping algorithm which may be used
with creep in order to increase or decrease the time step as needed for an accurate yet efficient solution.

4.3.2. Rate-Dependent Plasticity

The rate-dependent plasticity model includes four options: Perzyna([296] (p. 937)), Peirce et
al.([297] (p. 937)), EVH([244] (p. 934)), and Anand([159] (p. 929)). The options are defined via the TB,RATE
command’s TBOPT field (where TBOPT = PERZYNA, PEIRCE, EVH, and ANAND, respectively), and are
available with most current-technology elements.

The material hardening behavior is assumed to be isotropic. The integration of the material constitutive
equations are based a return mapping procedure (Simo and Hughes([252] (p. 935))) to enforce both
stress and material tangential stiffness matrix are consistent at the end of time step. A typical application
of this material model is the simulation of material deformation at high strain rate, such as impact.

The following topics describe each rate-dependent plasticity option:
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4.3.2.1. Perzyna Option
4.3.2.2. Peirce Option
4.3.2.3. Exponential Visco-Hardening (EVH) Option
4.3.2.4. Anand Viscoplasticity Option

4.3.2.1. Perzyna Option

The Perzyna option has the following form:

(4.150)ε γ
σ
σ

ɺ
/

pl

o

m

= −










1

where:

εɺ ��
 = equivalent plastic strain rate

m = strain rate hardening parameter (input as C1 via TBDATA command)
γ = material viscosity parameter (input as C2 via TBDATA command)
σ = equivalent stress
σo = static yield stress of material (defined using TB,BISO; TB,MISO; or TB,NLISO commands)

Note

σo is a function of some hardening parameters in general.

As γ tends to ∞ , or m tends to zero or 
εɺ ��

 tends to zero, the solution converges to the static (rate-
independent) solution. However, for this material option when m is very small (< 0.1), the solution
shows difficulties in convergence (Peric and Owen([298] (p. 937))).

4.3.2.2. Peirce Option

The Peirce option has the following form:

(4.151)ε γ
σ
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Similar to the Perzyna model, the solution converges to the static (rate-independent) solution, as γ

tends to ∞ , or m tends to zero, or 
εɺ 
�

 tends to zero. For small value of m, this option shows much
better convergency than PERZYNA option (Peric and Owen([298] (p. 937))).

4.3.2.3. Exponential Visco-Hardening (EVH) Option

For information about this option, see Exponential Visco-Hardening (EVH) Option in the Material Reference.

4.3.2.4. Anand Viscoplasticity Option

Metal under elevated temperature, such as the hot-metal-working problems, the material physical be-
haviors become very sensitive to strain rate, temperature, history of strain rate and temperature, and
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strain hardening and softening. The systematical effect of all these complex factors can be taken into
account and modeled via Anand viscoplasticity([159] (p. 929), [147] (p. 929)). The Anand option is categor-
ized into the group of the unified plasticity models where the inelastic deformation refers to all irreversible
deformation that can not be simply or specifically decomposed into the plastic deformation derived
from the rate-independent plasticity theories and the part resulted from the creep effect. Compare to
the traditional creep approach, the Anand option introduces a single scalar internal variable "s", called
the deformation resistance, which is used to represent the isotropic resistance to inelastic flow of the
material.

Although the Anand option was originally developed for the metal forming application ([159] (p. 929),
[147] (p. 929)), it is however applicable for general applications involving strain and temperature effect,
including but not limited to such as solder join analysis, high temperature creep etc.

The inelastic strain rate is described by the flow equation as follows:

(4.152)ɺ
ɺ

εεpl pl=








ε

where:

ɺεε��  = inelastic strain rate tensor

ε
ɺ��

 = rate of accumulated equivalent plastic strain

S, the deviator of the Cauchy stress tensor, is:

(4.153)= − =σσ σσand

and q, equivalent stress, is:

(4.154)=
1

2

where:

p = one-third of the trace of the Cauchy stress tensor
σ = Cauchy stress tensor
I = second order identity tensor
":" = inner product of two second-order tensors

The rate of accumulated equivalent plastic strain, ε
ɺ��

, is defined as follows:

(4.155)εɺ ɺ ɺ�� �� ��=
�

	εε εε

The equivalent plastic strain rate is associated with equivalent stress, q, and deformation resistance, s,
by:

(4.156)ε ξθɺ ( )

�

Q

R m=
−

�

A = constant with the same unit as the strain rate
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Q = activation energy with unit of energy/volume
R = universal gas constant with unit of energy/volume/temperature
θ = absolute temperature
ξ = dimensionless scalar constant
s = internal state variable
m = dimensionless constant

Equation 4.156 (p. 110) implies that the inelastic strain occurs at any level of stress (more precisely, devi-
ation stress). This theory is different from other plastic theories with yielding functions where the plastic
strain develops only at a certain stress level above yielding stress.

The evolution of the deformation resistance is dependent of the rate of the equivalent plastic strain
and the current deformation resistance. It is:

(4.157)ɺ
ɺ

a

pl= ⊕ −0 ε

where:

a = dimensionless constant
h0 = constant with stress unit

s* = deformation resistance saturation with stress unit

The sign, ⊕ , is determined by:

(4.158)⊕ =
+ ≤

− >





The deformation resistance saturation s* is controlled by the equivalent plastic strain rate as follows:

(4.159)
��

Q

R n=
ε θ
ɺ

where:

 = constant with stress unit
n = dimensionless constant

Because of the ⊕ , Equation 4.157 (p. 111) is able to account for both strain hardening and strain
softening. The strain softening refers to the reduction on the deformation resistance. The strain
softening process occurs when the strain rate decreases or the temperature increases. Such changes
cause a great reduction on the saturation s* so that the current value of the deformation resistance s
may exceed the saturation.

The material constants and their units specified for the Anand option are listed in Table 4.3: Material
Parameter Units for the Anand Option (p. 112). All constants must be positive, except constant "a", which
must be 1.0 or greater. The inelastic strain rate in Anand's definition of material is temperature and
stress dependent as well as dependent on the rate of loading. Determination of the material parameters

111
Release 15.0 - © SAS IP, Inc. All rights reserved. - Contains proprietary and confidential information

of ANSYS, Inc. and its subsidiaries and affiliates.

Rate-Dependent Plasticity (Including Creep and Viscoplasticity)



is performed by curve-fitting a series of the stress-strain data at various temperatures and strain rates
as in Anand([159] (p. 929)) or Brown et al.([147] (p. 929)).

Table 4.3:  Material Parameter Units for the Anand Option

UnitsMeaningParameter
TBDATA

Constant

stress, e.g. psi, MPaInitial value of deformation resist-
ance

so1

energy / volume, e.g. kJ /
mole

Q = activation energyQ/R2

energy / (volume temperat-
ure), e.g. kJ / (mole - K

R = universal gas constant

1 / time e.g. 1 / secondpre-exponential factorA3

dimensionlessmultiplier of stressξ4

dimensionlessstrain rate sensitivity of stressm5

stress e.g. psi, MPahardening/softening constantho6

stress e.g. psi, MPacoefficient for deformation resist-
ance saturation value

^
7

dimensionlessstrain rate sensitivity of saturation
(deformation resistance) value

n8

dimensionlessstrain rate sensitivity of hardening
or softening

a9

where:

kJ = kilojoules
K = kelvin

If h0 is set to zero, the deformation resistance goes away and the Anand option reduces to the traditional

creep model.

4.3.3. Extended Drucker-Prager (EDP) Creep Model

Long term loadings such as gravity and other dead loadings greatly contribute inelastic responses of
geomaterials. In such cases the inelastic deformation is resulted not only from material yielding but
also from material creep. The part of plastic deformation is rate-independent and the creep part is time
or rate-dependent.

In the cases of loading at a low level (not large enough to cause the material to yield), the inelastic
deformation may still occur because of the creep effect. To account for the creep effect, the material
model extended Drucker-Prager (EDP model) combines rate-independent EDP (except for the cap
model) with implicit creep functions. The combination has been done in such a way that yield functions
and flow rules defined for rate-independent plasticity are fully exploited for creep deformation, advant-
ageous for complex models as the required data input is minimal.
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4.3.3.1. EDP Inelastic Strain Rate Decomposition

We first assume that the material point yields so that both plastic deformation and creep deformation
occur. Figure 4.18: Material Point in Yielding Condition Elastically Predicted (p. 113) illustrates such a
stress state. We next decompose the inelastic strain rate as follows:

(4.160)ɺ ɺ ɺε ε εin pl cr= +

where:

ɺε�� = ��e�ast�� st�a�� �ate te�so�

ɺε�� = 	
���� ����� ��� �����

ɺε�� = ����� ������ ���� ������

The plastic strain rate is further defined as follows:

(4.161)ɺ ɺε λ
σ

 !  !=
∂
∂

where:

ɺλ"#  = plastic multiplier
Q = flow function that has been previously defined in Equation 4.104 (p. 90), Equa-
tion 4.105 (p. 90), and Equation 4.106 (p. 90) in Extended Drucker-Prager Model (p. 89)

Here we also apply these plastic flow functions to the creep strain rate as follows:

(4.162)ɺ ɺε λ
σ

$% $%=
∂
∂

where:

ɺλ&'  = creep multiplier

Figure 4.18:  Material Point in Yielding Condition Elastically Predicted
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4.3.3.2. EDP Yielding and Hardening Conditions

As material yields, the real stress should always be on the yielding surface. This implies:

(4.163)Y Yσ σ σ, , ,= =

where:

F = yielding function defined in Equation 4.104 (p. 90), Equation 4.105 (p. 90), and Equa-
tion 4.106 (p. 90) in Extended Drucker-Prager Model (p. 89)
σY = yielding stress

Here we strictly assume that the material hardening is only related to material yielding and not related
to material creep. This implies that material yielding stress σY is only the function of the equivalent

plastic strain ( ε
pl

) as previously defined in the rate-independent extended Drucker-Prager model. We
still write it out below for completeness:

(4.164)σ σ ε� �
��=

4.3.3.3. EDP Creep Measurements

The creep behaviors could be measured through a few simple tests such as the uniaxial compression,
uniaxial tension, and shear tests. We here assume that the creep is measured through the uniaxial
compression test described in Figure 4.19: Uniaxial Compression Test (p. 114).

Figure 4.19:  Uniaxial Compression Test

P = σ =  σcr

ε =  εcr
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The measurements in the test are the vertical stress σ  and vertical creep strain ε  at temperature T.
The creep test is targeted to be able to describe material creep behaviors in a general implicit rate
format as follows:

(4.165)ɺε ε σ= cr

We define the equivalent creep strain and the equivalent creep stress through the equal creep work as
follows:

(4.166)ɺ ɺε σ ε σ�� �� ��=

where:

ε��  and σ
��

 = equivalent creep strain and equivalent creep stress to be defined.

For this particular uniaxial compression test, the stress and creep strain are:

(4.167)σ

σ

ε

ε

ε

ε

=

−















=

−

















and
��

y
��

z
��

Inserting (Equation 4.167 (p. 115)) into (Equation 4.166 (p. 115)) , we conclude that for this special test
case the equivalent creep strain and the equivalent creep stress just recover the corresponding test
measurements. Therefore, we are able to simply replace the two test measurements in (Equa-
tion 4.165 (p. 115)) with two variables of the equivalent creep strain and the equivalent creep stress as
follows:

(4.168)ɺε ε σ�	 �	 �	 �	=

Once the equivalent creep stress for any arbitrary stress state is obtained, we can insert it into (Equa-
tion 4.168 (p. 115)) to compute the material creep rate at this stress state. We next focus on the derivation
of the equivalent creep stress for any arbitrary stress state.

4.3.3.4. EDP Equivalent Creep Stress

We first introduce the creep isosurface concept. Figure 4.20: Creep Isosurface (p. 116) shows any two
material points A and B at yielding but they are on the same yielding surface. We say that the creep
behaviors of point A and point B can be measured by the same equivalent creep stress if any and the
yielding surface is called the creep isosurface. We now set point B to a specific point, the intersection
between the yielding curve and the straight line indicating the uniaxial compression test. From previous

creep measurement discussion, we know that point B has −σ

�

 for the coordinate p and σ
�

 for
the coordinate q. Point B is now also on the yielding surface, which immediately implies:

(4.169)�� ��
Y− =σ σ σ

It is interpreted from (Equation 4.169 (p. 115)) that the yielding stress σY is the function of the equivalent

creep stress σ
��

. Therefore, we have:

(4.170)σ σ σ� �
��=

We now insert (Equation 4.170 (p. 115)) into the yielding condition (Equation 4.163 (p. 114)) again:
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(4.171)Y
crσ σ =

We then solve (Equation 4.171 (p. 116)) for the equivalent creep stress σ
��

 for material point A on the
isosurface but with any arbitrary coordinates (p,q). (Equation 4.171 (p. 116)) is, in general, a nonlinear
equation and the iteration procedure must be followed for searching its root. In the local material iter-
ations, for a material stress point not on the yielding surface but out of the yielding surface like the
one shown in Figure 4.18: Material Point in Yielding Condition Elastically Predicted (p. 113), (Equa-
tion 4.171 (p. 116)) is also valid and the equivalent creep stress solved is always positive.

Figure 4.20:  Creep Isosurface
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4.3.3.5. EDP Elastic Creep and Stress Projection

When the loading is at a low level or the unloading occurs, the material doesn’t yield and is at an
elastic state from the point view of plasticity. However, the inelastic deformation may still exist fully
due to material creep. In this situation, the equivalent creep stress obtained from (Equation 4.171 (p. 116))
may be negative in some area. If this is the case, (Equation 4.171 (p. 116)) is not valid any more. To solve
this difficulty, the stress-projection method shown in Figure 4.21: Stress Projection (p. 117) is used, where
the real stress σ is multiplied by an unknown scalar β so that the projected stress σ* = βσ is on the
yielding surface. The parameter β can be obtained by solving the following equation:

(4.172)� �σ σ βσ σ= =

Again, Equation 4.172 (p. 116) is a nonlinear equation except in the linear Drucker-Prager model. Because

the projected stress σ* is on the yielding surface, the equivalent creep stress denoted as σ
��*

 and cal-
culated by inserting σ* into (Equation 4.171 (p. 116)), as follows:

(4.173)	

��σ σ σ =

is always positive. The real equivalent creep stress σ
�

 is obtained by simply rescaling σ
���

 as follows:

(4.174)σ σ β�� ��= �

For creep flow in this situation, (Equation 4.162 (p. 113)) can be simply modified as follows:
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(4.175)ɺ ɺε λ β
σ

cr cr=
∂
∂

For stress in a particular continuous domain indicated by the shaded area in Figure 4.21: Stress Projec-
tion (p. 117), the stresses are not able to be projected on the yielding surface (that is, Equa-
tion 4.172 (p. 116)) has no positive value of solution for β). For stresses in this area, no creep is assumed.
This assumption makes some sense partially because this area is pressure-dominated and the EDP
models are shear-dominated.

Having Equation 4.160 (p. 113),Equation 4.161 (p. 113), Equation 4.162 (p. 113), or Equation 4.175 (p. 117),
Equation 4.163 (p. 114), Equation 4.164 (p. 114), Equation 4.166 (p. 115), and Equation 4.168 (p. 115), the
EDP creep model is a mathematically well-posed problem.

Figure 4.21:  Stress Projection
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4.3.4. Cap Creep Model

The cap creep model is an extension of the cap (rate-independent plasticity) model. The extension is
based on creep theory similar to that of the Extended Drucker-Prager (EDP) creep model.

Several concepts related to material creep theory (such as the equivalent creep stress, equivalent creep
strain, and isosurfaces) are used in the cap creep model and are described in the EDP creep theory.

Unlike EDP which requires only one creep test measurement, a cap creep model requires two independent
creep test measurements (as described in Commands Used for Cap Creep  (p. 121)) to account for both
shear-dominated creep and compaction-dominated creep behaviors.

The following topics describing the cap creep model are available:
4.3.4.1. Assumptions and Restrictions
4.3.4.2. Functions and Potentials
4.3.4.3. Cap Zones
4.3.4.4. Equivalent Creep Stress
4.3.4.5. Elastic Creep and Stress Projection
4.3.4.6. Commands Used for Cap Creep

For related information, see Extended Drucker-Prager Cap Model (p. 90) and Extended Drucker-Prager
(EDP) Creep Model (p. 112) in this reference.
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4.3.4.1. Assumptions and Restrictions

The following assumptions and restrictions apply to the cap creep model:

• Creep in both the shear and creep-expansion zones is measured via uniaxial testing.

• The compaction creep zone is measured via hydrostatic testing.

• Shear creep and compaction creep are independent of each other.

• Shear creep exists in all zones insofar as possible.

• The Lode angle effect is ignored.

• Material hardening is dependent on plastic strain only.

4.3.4.2. Functions and Potentials

The following yielding equation applies of the cap portion of the cap creep model:

(4.176)
t s

σ σ σ

σ σ
0 0 1 2 0 0

2 1 0
2

0

=

= −

This equation represents the flow function of the cap creep model:

(4.177)
� �

σ σ σ

σ σ
� � � � � �

� � �
�

�

=

= −

The equations are similar to those used for yielding and flow function (respectively) in the cap (rate-
independent plasticity) model.

The tension cap portion for the cap creep model is nearly identical to the cap (rate-independent plasticity)
yielding function except that the J3 (Lode angle) effect is ignored. The notations and conventions remain

the same.

Equation 4.176 (p. 118) is also used to calculate the equivalent creep stresses, and Equation 4.177 (p. 118)
is used to calculate the creep strain.

4.3.4.3. Cap Zones

For the sake of convenience, the cap domain shown in the following figure is divided into six zones
(labeled 1, 2, 3, 10, 20, and 30):
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Figure 4.22:  Cap Zoning

Following is a brief description of each zone:

• Zone 1 shows the compaction zone where the material yields and creeps. Zone 10 represents a compaction-
dominated zone; its inelastic behavior is still subject to a certain degree of creep due to compaction stress.

• Zone 2 shows the shear zone where the material yields and creeps due to the shear effect. Zone 20

represents an elastic shear creep zone.

• Zone 3 shows the expansion zone with both yield and creep. Zone 30 represents an elastic creep zone.

Creep in zones 2, 20, 3, and 30 is measured via uniaxial compression testing. Those zones do not exper-
ience compaction creep contributed from the compaction cap.

Zones 1 and 10 may also experience shear creep because a certain amount of shear creep exists in all

zones. It is assumed that stress points below line CD are not subject to shear creep.

4.3.4.4. Equivalent Creep Stress

The shear and expansion zones share the same uniaxial compression for creep measurement. The de-
rivation for the equivalent creep stress for the two zones is similar to that used for extended Drucker-
Prager creep stress.

In coordinate system 1 2  shown in the following figure, the coordinates of the stress points from

the uniaxial compression test are 
−σ σcr cr

, where σ��
 is the measured stress or the equivalent

creep stress.
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Figure 4.23:  Uniaxial Compression Test and Creep Isosurface for Shear and Expansion Zones

The point also on the shear yielding surface should satisfy the corresponding yielding function, as follows:

(4.178)sσ σ σ σ0 1 2 0 2
2

1 0= = −

or

(4.179)cr cr
Y

cr
�

cr− = − − =σ σ σ σ σ σ� � �
�

Equation 4.179 (p. 120) implies 
σ σ σ� �= ��

, which is used in the yielding condition

t �σ σ σ σ σ� � 	 � 	 � �
	

� �= = −

resulting in:

(4.180)


� 
�

�

�



σ σ σ σ σ

σ σ σ σ
� � � �

� � �
�

� �

=

= − 

� =

Equation 4.180 (p. 120) is then solved for the equivalent creep stress σ��
 for stresses at either the shear

zone or the expansion zone. As shown in the EDP creep model, the measured creep strain component
in the axial direction is the equivalent creep strain; therefore, the creep rate function for both shear
and expansion zones is:

ɺε ε σ��
��

��
��

��
�� ��=

where 
ε��

��

is the equivalent creep strain for the shear or expansion zone and T is the temperature.

4.3.4.4.1. Equivalent Creep Stress in the Compaction Zone

The equivalent creep stress for compaction cap is assumed to be independent of J2 and only related

to the first invariant of stress:
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σc
cr = −0 1

The creep test measurement for the compaction cap is regulated via hydrostatic compression testing.
The measurement and record are

•  where p is the hydrostatic pressure, and

•
ε εV
��

V
��=

 where 
ε�
��

 is the volume creep strain.

Thus,.the creep rate function for the compaction cap is:

(4.181)ɺε ε σ�
��

�
��

�
��

�
��=

4.3.4.5. Elastic Creep and Stress Projection

In zones 30, 20, 10, and 1 (where the material does not yield at the shear envelope criterion), loading
is light; it also possible that unloading occurs. Inelastic deformation may still exist, however, due exclus-
ively to material shear creep. In such a case, the equivalent creep stress obtained from the previous
derivation may be negative. To avoid a negative equivalent creep stress, the stress-projection method
proposed in EDP Elastic Creep and Stress Projection (p. 116) is used.

4.3.4.6. Commands Used for Cap Creep

To model cap creep, use the input from the cap (rate-independent plasticity) model. The cap creep
model ignores any tension-to-compression-strength ratio values and sets them to 1.

Creep data is input via the TB,CREEP command. Because the cap creep model requires two independent
creep function inputs, an additional material table data command, TBEO, allows shear and compaction
creep data to be defined separately.

4.4. Gasket Material

Gasket joints are essential components in most of structural assemblies. Gaskets as sealing components
between structural components are usually very thin and made of many materials, such as steel, rubber
and composites. From a mechanics point of view, gaskets act to transfer the force between mating
components. The gasket material is usually under compression. The material under compression exhibits
high nonlinearity. The gasket material also shows quite complicated unloading behavior. The primary
deformation of a gasket is usually confined to 1 direction, that is through-thickness. The stiffness con-
tribution from membrane (in-plane) and transverse shear are much smaller, and are neglected.

The table option GASKET allows gasket joints to be simulated with the interface elements, in which the
through-thickness deformation is decoupled from the in-plane deformation, see INTER192 - 2-D 4-Node
Gasket (p. 604), INTER193 - 2-D 6-Node Gasket (p. 605), INTER194 - 3-D 16-Node Gasket (p. 605), and
INTER195 - 3-D 8-Node Gasket (p. 607) for detailed description of interface elements. The user can directly
input the experimentally measured complex pressure-closure curve (compression curve) and several
unloading pressure-closure curves for characterizing the through thickness deformation of gasket ma-
terial.

Figure 4.24: Pressure vs. Deflection Behavior of a Gasket Material (p. 122) shows the experimental pressure
vs. closure (relative displacement of top and bottom gasket surfaces) data for a graphite composite
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gasket material. The sample was unloaded and reloaded 5 times along the loading path and then un-
loaded at the end of the test to determine the unloading stiffness of the material.

Figure 4.24:  Pressure vs. Deflection Behavior of a Gasket Material

4.4.1. Stress and Deformation

The gasket pressure and deformation are based on the local element coordinate systems. The gasket
pressure is actually the stress normal to the gasket element midsurface in the gasket layer. Gasket de-
formation is characterized by the closure of top and bottom surfaces of gasket elements, and is defined
as:

(4.182)= −TOP BOTTOM

Where, uTOP and uBOTTOM are the displacement of top and bottom surfaces of interface elements in the
local element coordinate system based on the mid-plane of element.

4.4.2. Material Definition

The input of material data of a gasket material is specified by the command (TB,GASKET). The input of
material data considers of 2 main parts: general parameters and pressure closure behaviors. The general
parameters defines initial gasket gap, the stable stiffness for numerical stabilization, and the stress cap
for gasket in tension. The pressure closure behavior includes gasket compression (loading) and tension
data (unloading).

The GASKET option has followings sub-options:

DescriptionSub-option

Define gasket material general parametersPARA

Define gasket compression dataCOMP

Define gasket linear unloading dataLUNL

Define gasket nonlinear unloading dataNUNL

A gasket material can have several options at the same time. When no unloading curves are defined,
the material behavior follows the compression curve while it is unloaded.

Release 15.0 - © SAS IP, Inc. All rights reserved. - Contains proprietary and confidential information
of ANSYS, Inc. and its subsidiaries and affiliates.122

Structures with Material Nonlinearities



4.4.3. Thermal Deformation

The thermal deformation is taken into account by using an additive decomposition in the total deform-
ation, d, as:

(4.183)= + +i th o

where:

d = relative total deformation between top and bottom surfaces of the interface element
di = relative deformation between top and bottom surfaces causing by the applying stress, this

can be also defined as mechanical deformation
dth = relative thermal deformation between top and bottom surfaces due to free thermal ex-

pansion
do = initial gap of the element and is defined by sub-option PARA

The thermal deformation causing by free thermal expansion is defined as:

(4.184)�� = ∆α

where:

α = coefficient of thermal expansion (input as ALPX on MP command)
∆T = temperature change in the current load step
h = thickness of layer at the integration point where thermal deformation is of interest

4.5. Nonlinear Elasticity

4.5.1. Overview and Guidelines for Use

The ANSYS program provides a capability to model nonlinear (multilinear) elastic materials (input using
TB,MELAS). Unlike plasticity, no energy is lost (the process is conservative).

Figure 4.25: Stress-Strain Behavior for Nonlinear Elasticity (p. 123) represents the stress-strain behavior
of this option. Note that the material unloads along the same curve, so that no permanent inelastic
strains are induced.

Figure 4.25:  Stress-Strain Behavior for Nonlinear Elasticity
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The total strain components {εn} are used to compute an equivalent total strain measure:

(4.185)

ε
ν

ε ε ε ε ε ε

ε ε

e
t

x y y z z x

xy yz

=
+

− + − + −


+ + +

2 2 2

2 2 2

1

2εxz




ε�
�

 is used with the input stress-strain curve to get an equivalent value of stress σe .

The elastic (linear) component of strain can then be computed:

(4.186)ε
σ

ε
εn

�l �

�
� n=

and the “plastic” or nonlinear portion is therefore:

(4.187)ε ε ε�
p�

� �
��= −

In order to avoid an unsymmetric matrix, only the symmetric portion of the tangent stress-strain matrix
is used:

(4.188)��
�

�

=
σ
ε

which is the secant stress-strain matrix.

4.6. Hyperelasticity

Hyperelasticity refers to a constitutive response that is derivable from an elastic free energy potential
and is typically used for materials which experience large elastic deformation. Applications for elastomers
such as vulcanized rubber and synthetic polymers, along with some biological materials, often fall into
this category.

The microstructure of polymer solids consists of chain-like molecules. The flexibility of these molecules
allows for an irregular molecular arrangement and, as a result, the behavior is very complex. Polymers
are usually isotropic at small deformation and anisotropic at larger deformation as the molecule chains
realign to the loading direction. Under an essentially monotonic loading condition, however, many
polymer materials can be approximated as isotropic, which has historically been popular in the modeling
of polymers.

Some classes of hyperelastic materials cannot be modeled as isotropic. An example is fiber reinforced
polymer composites. Typical fiber patterns include unidirectional and bidirectional, and the fibers can
have a stiffness that is 50-1000 times that of the polymer matrix, resulting in a strongly anisotropic
material behavior. Another class of anisotropic materials that can experience large deformation is bio-
materials, such as muscles and arteries, in which the anisotropic behavior is due to their fibrous structure.

The typical volumetric behavior of hyperelastic materials can be grouped into two classes. Materials
such as polymers typically have small volumetric changes during deformation and these are incompress-
ible or nearly-incompressible materials. An example of the second class of materials is foams, which
can experience large volumetric changes during deformation, and these are compressible materials.
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The available hyperelastic material constitutive models are derived from strain-energy potentials that
are functions of the deformation invariants. An exception is the response function model which obtains
the constitutive response functions directly from experimental data. The hyperelastic material models
are defined through data tables (TB,HYPER or TB,AHYPER) and include:

• Incompressible or nearly-incompressible isotropic models: Neo-Hookean, Mooney-Rivlin, Polynomial
Form, Ogden Potential, Arruda-Boyce, Gent, Yeoh, and Extended Tube. These models work with following
elements following elements: SHELL181, PLANE182, PLANE183, SOLID185, SOLID186 , SOLID187, SOLID272,
SOLID273, SOLID285, SOLSH190, SHELL208, SHELL209, SHELL281, PIPE288, PIPE289, and ELBOW290.

• Compressible isotropic models: Blatz-Ko and Ogden Compressible Foam options are applicable to
compressible foam or foam-type materials. These models work with the following elements: SHELL181,
PLANE182, PLANE183, SOLID185, SOLID186 , SOLID187, SOLID272, SOLID273, SOLID285, SOLSH190,
SHELL208, SHELL209, SHELL281, PIPE288, PIPE289, and ELBOW290.

• Incompressible or nearly-incompressible isotropic response function hyperelastic model. This model
(TB,EXPE) uses experimental data and works with the following elements: SHELL181, PLANE182, PLANE183,
SOLID185, SOLID186 , SOLID187, SOLID272, SOLID273, SOLID285, SOLSH190, SHELL208, SHELL209, SHELL281,
PIPE288, PIPE289, and ELBOW290.

• Invariant-based anisotropic strain-energy potential. This option (TB,AHYPER) works with the following
elements: PLANE182 and PLANE183 with plane strain and axisymmetric options, and SOLID185, SOLID186,
SOLID187, SOLID272, SOLID273, SOLID285, and SOLSH190.

4.6.1. Finite Strain Elasticity

A material is said to be hyperelastic if there exists an elastic potential function W (or strain-energy
density function) which is a scalar function of one of the strain or deformation tensors, whose derivative
with respect to a strain component determines the corresponding stress component. This can be ex-
pressed by:

(4.189)ij
ij ij

=
∂
∂

≡
∂
∂

where:

Sij = components of the second Piola-Kirchhoff stress tensor

W = strain-energy function per unit undeformed volume
Eij = components of the Lagrangian strain tensor

Cij = components of the right Cauchy-Green deformation tensor

The Lagrangian strain may be expressed as follows:

(4.190)�� �� ��= − δ

where:

δij = Kronecker delta (δij = 1, i = j; δij = 0, i ≠ j)

The deformation tensor Cij is comprised of the products of the deformation gradients Fij

(4.191)�� k� k�= = component of the Cauchy-Green deformat�on tensorr
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where:

Fij = components of the deformation gradient tensor

Xi = undeformed position of a point in direction i

xi = Xi + ui = deformed position of a point in direction i

ui = displacement of a point in direction i

The Kirchhoff stress is defined:

(4.192)τij ik kl jl=

and the Cauchy stress is obtained by:

(4.193)σ τ�� �� �� �� ��= =

The eigenvalues (principal stretch ratios) of Cij are λ1
2

, λ�
�

, and λ3
�

, and exist only if:

(4.194)�� p ��−




=λ δ�

which can be re-expressed as:

(4.195)λ λ λ	 	 	
6



4

�
�

�− + − =

where:

I1, I2, and I3 = invariants of Cij,

(4.196)

 
�

�
�

�
�

� 
�

�
�

�
�

�
�

�
�


�

� 
�

�
�

�
� �

= + +

= + +

= =

λ λ λ

λ λ λ λ λ λ

λ λ λ

and

(4.197)��=  

J is also the ratio of the deformed elastic volume over the reference (undeformed) volume of materials
(Ogden([295] (p. 937)) and Crisfield([294] (p. 937))).

When there is thermal volume strain, the volume ratio J is replaced by the elastic volume ratio Jel which

is defined as the total volume ratio J over thermal volume ratio Jth, as:

(4.198)e� th=

and the thermal volume ratio Jth is:

(4.199)
�� = + ∆ �α

where:

α = coefficient of the thermal expansion
∆T = temperature difference about the reference temperature
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4.6.2. Deviatoric-Volumetric Multiplicative Split

Under the assumption that material response is isotropic, it is convenient to express the strain-energy
function in terms of strain invariants or principal stretches (Simo and Hughes([252] (p. 935))).

(4.200)= =1 2 3 1 2

or

(4.201)= λ λ λ� � �

Define the volume-preserving part of the deformation gradient, ij , as:

(4.202)�� ��= −� �/

and thus

(4.203)��=   =

The modified principal stretch ratios and invariants are then:

(4.204)λ λp p= =−	 
�

(4.205)�
�

�= − ��

The strain-energy potential can then be defined as:

(4.206)= =� � � � �λ λ λ

4.6.3. Isotropic Hyperelasticity

Following are several forms of strain-energy potential (W) provided (as options TBOPT in TB,HYPER)
for the simulation of incompressible or nearly incompressible hyperelastic materials.

4.6.3.1. Arruda-Boyce Model

The form of the strain-energy potential for Arruda-Boyce model is:

(4.207)
L L

L

= − + − + −






+

µ
λ λ

λ

� � �
�

4 �
�

6
L

�
4

8 �
5

�

− + −





+

−
−











λ

where:

µ = initial shear modulus of material (input on TBDATA commands with TB,HYPER)
λL = limiting network stretch (input on TBDATA commands with TB,HYPER)

d = material incompressibility parameter (input on TBDATA commands with TB,HYPER)

The initial bulk modulus is:
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(4.208)=

As the parameter λL goes to infinity, the model is converted to Neo-Hookean form.

4.6.3.2. Blatz-Ko Model

The form of strain-energy potential for the Blatz-Ko model is:

(4.209)= + −










µ 2

3

3

where:

µ = initial shear modulus of material (input on TBDATA commands with TB,HYPER)

The initial bulk modulus is defined as:

(4.210)= µ

4.6.3.3. Extended Tube Model

The extended-tube model is a physics-based polymer model which introduces the physical consideration
on the molecular scale into the formulation of the strain-energy potential. The model considers the
topological constraints as well as the limited chain extensibility of network chains in the filled rubbers.

The elastic strain-energy potential consists of the elastic energy from the crosslinked network and the
constraint network as well as the volumetric strain energy:

(4.211)c e=
−( ) −( )
− −( )

+ − −( )( )
















+
�

1

�
1

�
1 �

δ

δ
δ

β
λλ

β
i

i

−

=
−





∑ + −( )
1

�
�

where the initial shear modulus is given by G = Gc + Ge, and:

Ge = constraint contribution to modulus

Gc = crosslinked contribution to modulus

δ = extensibility parameter
β = empirical parameter (0 ≤ β ≤1)
d1 = material incompressibility parameter

The model is equivalent to a two-term Ogden model with the following parameters:

α α β

µ µ
β

δ

� �

� �

= = −

= = −

=

� �

4.6.3.4. Gent Model

The form of the strain-energy potential for the Gent model is:
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(4.212)
m

m

= − −
−







 +

−
−













µ 1
2

where:

µ = initial shear modulus of material (input on TBDATA commands with TB,HYPER)

Jm = limiting value of 
I� 3−

 (input on TBDATA commands with TB,HYPER)

d = material incompressibility parameter (input on TBDATA commands with TB,HYPER)

The initial bulk modulus is:

(4.213)=

As the parameter Jm goes to infinity, the model is converted to Neo-Hookean form.

4.6.3.5. Mooney-Rivlin

This option includes two-, three-, five-, and nine-term Mooney-Rivlin models. The form of the strain-
energy potential for a two-parameter Mooney-Rivlin model is:

(4.214)= − + − + −�0 � 0� �
�

where:

c10, c01, d = material constants (input on TBDATA commands with TB,HYPER)

The form of the strain-energy potential for a three-parameter Mooney-Rivlin model is

(4.215)= − + − + − − + −�� � �� � �� � �
�

where:

c10, c01, c11, d = material constants (input on TBDATA commands with TB,HYPER)

The form of the strain-energy potential for five-parameter Mooney-Rivlin model is:

(4.216)

= − + − + −

+ − − + −

�� � �� � �� �
�

�� � � �� �
�� �+ −

where:

c10, c01, c20, c11, c02, d = material constants (input on TBDATA commands with TB,HYPER)

The form of the strain-energy potential for nine-parameter Mooney-Rivlin model is:
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(4.217)

= − + − + −

+ − − + −

10 1 01 2 20 1
2

11 1 2 02 2
22

30 1
3

21 1
2

2 12 1 2
2

03 2
3

+ −

+ − − + − − + − ++ − 2

where:

c10, c01, c20, c11, c02, c30, c21, c12, c03, d = material constants (input on TBDATA commands with

TB,HYPER)

The initial shear modulus is given by:

(4.218)µ = +�� ��

The initial bulk modulus is:

(4.219)=

4.6.3.6. Neo-Hookean

The form Neo-Hookean strain-energy potential is:

(4.220)= − + −
µ

�
�

where:

µ = initial shear modulus of materials (input on TBDATA commands with TB,HYPER)
d = material incompressibility parameter (input on TBDATA commands with TB,HYPER)

The initial bulk modulus is related to the material incompressibility parameter by:

(4.221)=

where:

K = initial bulk modulus

4.6.3.7. Ogden Compressible Foam Model

The strain-energy potential of the Ogden compressible foam model is based on the principal stretches
of left-Cauchy strain tensor, which has the form:

(4.222)i

ii

N
i

i ii

N
� � � � � �= + + − + −

= =

−∑ ∑
µ
α

λ λ λ
µ
αβ

α α α α αβ

�

�

� � �
�

/

where:

N = material constant (input as NPTS on TB,HYPER)
µi, αi, βi = material constants (input on TBDATA commands with TB,HYPER)

The initial shear modulus, µ, is given as:
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(4.223)
µ

µ α
= =
∑ i i
i

N

1

The initial bulk modulus K is defined by:

(4.224)� �
�

�

�= +










=
∑ µ α β
�

For N = 1, α1 = -2, µ1= –µ, and β = 0.5, the Ogden option is equivalent to the Blatz-Ko option.

4.6.3.8. Ogden Potential

The Ogden form of strain-energy potential is based on the principal stretches of left-Cauchy strain
tensor, which has the form:

(4.225)�

��

�

k

k

k

�
� � �= + + − + −

= =
∑ ∑

µ
α

λ λ λα α α
� 2 3

�

2

�

where:

N = material constant (input as NPTS on TB,HYPER)
µi, αi, dk = material constants (input on TBDATA commands with TB,HYPER)

Similar to the Polynomial form, there is no limitation on N. A higher N can provide better fit the exact
solution, however, it may, on the other hand, cause numerical difficulty in fitting the material constants
and also it requests to have enough data to cover the entire range of interest of the deformation.
Therefore a value of N > 3 is not usually recommended.

The initial shear modulus, µ, is given as:

(4.226)µ α µ=
=
∑
�

� �

�

	

The initial bulk modulus is:

(4.227)=



For N = 1 and α1 = 2, the Ogden potential is equivalent to the Neo-Hookean potential. For N = 2, α1 =

2 and α2 = -2, the Ogden potential can be converted to the 2 parameter Mooney-Rivlin model.

4.6.3.9. Polynomial Form

The polynomial form of strain-energy potential is

(4.228)�j
� j

� j

�







�

= − − + −
+ = =
∑ ∑� �

�

�

�

where:

N = material constant (input as NPTS on TB,HYPER)
cij, dk = material constants (input on TBDATA commands with TB,HYPER)
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In general, there is no limitation on N. A higher N may provide better fit the exact solution, however,
it may, on the other hand, cause numerical difficulty in fitting the material constants and requires
enough data to cover the entire range of interest of deformation. Therefore a very higher N value is
not usually recommended.

The Neo-Hookean model can be obtained by setting N = 1 and c01 = 0. Also for N = 1, the two parameters

Mooney-Rivlin model is obtained, for N = 2, the five parameters Mooney-Rivlin model is obtained and
for N = 3, the nine parameters Mooney-Rivlin model is obtained.

The initial shear modulus is defined:

(4.229)µ = +10 01

The initial bulk modulus is:

(4.230)=
�

4.6.3.10. Yeoh Model

The Yeoh model is also called the reduced polynomial form. The strain-energy potential is:

(4.231)i
i

N
i

kk

N
k= − + −

= =
∑ ∑�
�

�
�

2

where:

N = material constant (input as NPTS on TB,HYPER)
Ci0 = material constants (input on TBDATA commands with TB,HYPER)

dk = material constants (input on TBDATA commands with TB,HYPER)

The Neo-Hookean model can be obtained by setting N = 1.

The initial shear modulus is defined:

(4.232)µ = ��

The initial bulk modulus is:

(4.233)=
�

4.6.4. Anisotropic Hyperelasticity

The anisotropic constitutive strain-energy density function W is:

(4.234)v d= + ⊗ ⊗

where:

Wv = volumetric part of the strain energy

Wd = deviatoric part of strain energy (often called isochoric part of the strain energy)

It is assumed that the material is nearly incompressible or purely incompressible. The volumetric part
Wv is absolutely independent of the isochoric part Wd.
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The volumetric part, Wv, is assumed to be only function of J as:

(4.235)v = ⋅ − 2

The isochoric part Wd is a function of the invariants 
I , I , I , I , I , I , I1 � 4 5 6 7 8  of the isochoric part of the right

Cauchy Green tensor C  and the two constitutive material directions A, B in the undeformed configur-

ation. The material directions yield so-called structural tensors A B⊗ ⊗A B  of the microstructure of
the material. Thus, the strain-energy density yields:

(4.236)

d i
i

j
j

k
k

kji

⊗ ⊗ = − + − + −∑∑∑
===

� � �
�
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�
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3
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� � � �

�

�

�

�

�

�

ς
��

�

∑

where:

� 	=
� =


Two strain energy potentials, as forms of polynomial or exponential functions, are available for charac-
terizing the isochoric part of the strain-energy potential.

The third invariant �  is ignored due to the incompressible assumption. The parameter ς is defined as:

(4.237)ς = ⋅ 

In Equation 4.236 (p. 133) the irreducible basis of invariants:

(4.238)

� �
� �

� �
�

� �
�

�

= = −

= ⋅ = ⋅

= ⋅ = ⋅

= ⋅ ⋅

The exponential-function-based strain energy potential function is given as:

(4.239)� �
�

�

�
�

�
⊗ ⊗( ) = ∑ −( ) ∑ −( ) −+ +

= =�

�

�
�

�
�

�
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−








+ −( )





−









�
�

�
�

�

�

For information about the splitting of the volumetric and deviatoric parts of the strain-density function,
see Finite Strain Elasticity (p. 125). For further information about this material model, see Anisotropic
Hyperelasticity in the Material Reference.

4.6.5. USER Subroutine

The option of user subroutine allows users to define their own strain-energy potential. Use of subroutine
userhyper is necessary to provide the derivatives of the strain-energy potential with respect to the
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strain invariants. See the Guide to ANSYS User Programmable Features for more information about writing
a user hyperelasticity subroutine.

4.6.6. Output Quantities

Stresses (output quantities S) are true (Cauchy) stresses in the global coordinate system. They are
computed from the second Piola-Kirchhoff stresses using:

(4.240)σ
ρ
ρij

o

ik kl jl ik kl jl= =
3

where:

ρ, ρo = mass densities in the current and initial configurations

Strains (output as EPEL) are the Hencky (logarithmic) strains (see Equation 3.6 (p. 31)). They are in the
global coordinate system. Thermal strain (output as EPTH) is reported as:

(4.241)ε αth = + ∆

4.6.7. Hyperelasticity Material Curve Fitting

The hyperelastic constants in the strain-energy density function of a material determine its mechanical
response. Therefore, in order to obtain successful results during a hyperelastic analysis, it is necessary
to accurately assess the material constants of the materials being examined. Material constants are
generally derived for a material using experimental stress-strain data. It is recommended that this test
data be taken from several modes of deformation over a wide range of strain values. In fact, it has been
observed that to achieve stability, the material constants should be fit using test data in at least as
many deformation states as will be experienced in the analysis.

For hyperelastic materials, simple deformation tests (consisting of six deformation modes) can be used
to accurately characterize the material constants (see Material Curve Fitting in the Structural Analysis

Guide for details). All the available laboratory test data will be used to determine the hyperelastic ma-
terial constants. The six different deformation modes are graphically illustrated in Figure 4.26: Illustration
of Deformation Modes (p. 135). Combinations of data from multiple tests will enhance the characterization
of the hyperelastic behavior of a material.
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Figure 4.26:  Illustration of Deformation Modes
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Although the algorithm accepts up to six different deformation states, it can be shown that apparently
different loading conditions have identical deformations, and are thus equivalent. Superposition of
tensile or compressive hydrostatic stresses on a loaded incompressible body results in different stresses,
but does not alter deformation of a material. As depicted in Figure 4.27: Equivalent Deformation
Modes (p. 136), we find that upon the addition of hydrostatic stresses, the following modes of deformation
are identical:

1. Uniaxial Tension and Equibiaxial Compression.

2. Uniaxial Compression and Equibiaxial Tension.

3. Planar Tension and Planar Compression.

With several equivalent modes of testing, we are left with only three independent deformation states
for which one can obtain experimental data.
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Figure 4.27:  Equivalent Deformation Modes
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The following sections outline the development of hyperelastic stress relationships for each independent
testing mode. In the analyses, the coordinate system is chosen to coincide with the principal directions
of deformation. Thus, the right Cauchy-Green strain tensor can be written in matrix form by:

(4.242)=



















λ

λ

λ

1
2

2
2

3
2

where:

λi = 1 + εi ≡  principal stretch ratio in the ith direction

εi = principal value of the engineering strain tensor in the ith direction

The principal invariants of Cij are:

(4.243)
� �

�
�
�

�
�= + +λ λ λ

(4.244)
� �

�
�
�

�
�

�
�

�
�

�
�= + +λ λ λ λ λ λ

(4.245)
� �

�
�
�

�
�= λ λ λ
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For each mode of deformation, fully incompressible material behavior is also assumed so that third
principal invariant, I3, is identically one:

(4.246)λ λ λ1
2

2
2

3
2 =

Finally, the hyperelastic Piola-Kirchhoff stress tensor, Equation 4.189 (p. 125) can be algebraically manip-
ulated to determine components of the Cauchy (true) stress tensor. In terms of the left Cauchy-Green
strain tensor, the Cauchy stress components for a volumetrically constrained material can be shown to
be:

(4.247)σ δij ij ijij= − +
∂
∂

−
∂
∂











−

�
�

�

�

where:

p = pressure

�� �k �k= =

4.6.7.1. Uniaxial Tension (Equivalently, Equibiaxial Compression)

As shown in Figure 4.26: Illustration of Deformation Modes (p. 135), a hyperelastic specimen is loaded
along one of its axis during a uniaxial tension test. For this deformation state, the principal stretch ratios
in the directions orthogonal to the 'pulling' axis will be identical. Therefore, during uniaxial tension, the
principal stretches, λi, are given by:

(4.248)λ� = stretch �n d�rect�on be�ng loaded

(4.249)λ λ� �= = 	
��
� �� ����
���	 ��
 ����� ������

Due to incompressibility Equation 4.246 (p. 137):

(4.250)λ λ λ� � �
�= −

and with Equation 4.249 (p. 137),

(4.251)λ λ λ� � �

� �= = −

For uniaxial tension, the first and second strain invariants then become:

(4.252)� �
�

�
�= + −λ λ

and

(4.253)�   
�= + −λ λ

Substituting the uniaxial tension principal stretch ratio values into the Equation 4.247 (p. 137), we obtain
the following stresses in the 1 and 2 directions:

(4.254)σ λ λ!! ! !
"

" !
"= − + ∂ ∂ − ∂ ∂ −

and

(4.255)σ λ λ## $ $
$

# $= − + ∂ ∂ − ∂ ∂ =−
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Subtracting Equation 4.255 (p. 137) from Equation 4.254 (p. 137), we obtain the principal true stress for
uniaxial tension:

(4.256)σ λ λ λ11 1
2

1
1

1 1
1

2= − ∂ ∂ + ∂ ∂− −

The corresponding engineering stress is:

(4.257)� �� �
�= −σ λ

4.6.7.2. Equibiaxial Tension (Equivalently, Uniaxial Compression)

During an equibiaxial tension test, a hyperelastic specimen is equally loaded along two of its axes, as
shown in Figure 4.26: Illustration of Deformation Modes (p. 135). For this case, the principal stretch ratios
in the directions being loaded are identical. Hence, for equibiaxial tension, the principal stretches, λi,

are given by:

(4.258)λ λ� �= = stretch ratio in direction being loaded

(4.259)λ3 = ������� 	
 �	����	�
 
�� �	
� ������

Utilizing incompressibility Equation 4.246 (p. 137), we find:

(4.260)λ λ� �
�= −

For equibiaxial tension, the first and second strain invariants then become:

(4.261)� �
�

�
4= + −λ λ

and

(4.262)� �
�

�
�= + −λ λ

Substituting the principal stretch ratio values for equibiaxial tension into the Cauchy stress Equa-
tion 4.247 (p. 137), we obtain the stresses in the 1 and 3 directions:

(4.263)σ λ λ�� � �
�

� �
�= − + ∂ ∂ − ∂ ∂ −

and

(4.264)σ λ λ�� � �
�

� �
�= − + ∂ ∂ − ∂ ∂ =−

Subtracting Equation 4.264 (p. 138) from Equation 4.263 (p. 138), we obtain the principal true stress for
equibiaxial tension:

(4.265)σ λ λ λ�� �
 

�
!

� �
 

 = − ∂ ∂ + ∂ ∂−

The corresponding engineering stress is:

(4.266)" "" "
"= −σ λ

4.6.7.3. Pure Shear

(Uniaxial Tension and Uniaxial Compression in Orthogonal Directions)

Pure shear deformation experiments on hyperelastic materials are generally performed by loading thin,
short and wide rectangular specimens, as shown in Figure 4.28: Pure Shear from Direct Compon-
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ents (p. 139). For pure shear, plane strain is generally assumed so that there is no deformation in the
'wide' direction of the specimen: λ2 = 1.

Figure 4.28:  Pure Shear from Direct Components
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2

Due to incompressibility Equation 4.246 (p. 137), it is found that:

(4.267)λ λ3 1
1= −

For pure shear, the first and second strain invariants are:

(4.268)
� �

2
�
2= + +−λ λ

and

(4.269)
� �

�
�
�= + +−λ λ

Substituting the principal stretch ratio values for pure shear into the Cauchy stress Equation 4.247 (p. 137),
we obtain the following stresses in the 1 and 3 directions:

(4.270)σ λ λ�� � �
�

� �
�= − + ∂ ∂ − ∂ ∂ −

and

(4.271)σ λ λ�� � �
�

� �
�= − + ∂ ∂ − ∂ ∂ =−

Subtracting Equation 4.271 (p. 139) from Equation 4.270 (p. 139), we obtain the principal pure shear true
stress equation:

(4.272)σ λ λ�� �
	

�
	

� 	= − ∂ ∂ + ∂ ∂−

The corresponding engineering stress is:

(4.273)

 

 



= −σ λ

4.6.7.4. Volumetric Deformation

The volumetric deformation is described as:

(4.274)λ λ λ λ λ� � 
= = = =

As nearly incompressible is assumed, we have:

(4.275)λ ≈
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The pressure, P, is directly related to the volume ratio J through:

(4.276)=
∂
∂

4.6.7.5. Least Squares Fit Analysis

By performing a least squares fit analysis the Mooney-Rivlin constants can be determined from experi-
mental stress-strain data and Equation 4.255 (p. 137), Equation 4.265 (p. 138), and Equation 4.272 (p. 139).
Briefly, the least squares fit minimizes the sum of squared error between experimental and Cauchy
predicted stress values. The sum of the squared error is defined by:

(4.277)i
E

i j
i

n

= −
=
∑ 2

1

where:

E = least squares residual error

�
� = exper�me�tal stress values

Ti(Cj) = engineering stress values (function of hyperelastic material constants

n = number of experimental data points

Equation 4.277 (p. 140) is minimized by setting the variation of the squared error to zero: δ E2 = 0. This
yields a set of simultaneous equations which can be used to solve for the hyperelastic constants:

(4.278)

∂ ∂ =

∂ ∂ =

��c

�

�

�

�

i
i
i

.

It should be noted that for the pure shear case, the hyperelastic constants cannot be uniquely determined
from Equation 4.272 (p. 139). In this case, the shear data must by supplemented by either or both of the
other two types of test data to determine the constants.

4.6.8. Experimental Response Functions

From Equation 4.247 (p. 137), the deviatoric stress is determined solely by the deformation and the de-

rivatives of the elastic potential function 
∂ ∂ 	 ,

∂ ∂ 
 , and ∂ ∂ . These derivatives are called
the response functions and are determined analytically for the hyperelastic potentials in Isotropic Hy-
perelasticity (p. 127) and Anisotropic Hyperelasticity (p. 132). These response functions can also be de-
termined directly from experimental data, bypassing the need to fit the potential function's parameters
to the experimental data.

The constitutive Equation 4.256 (p. 138), Equation 4.265 (p. 138), and Equation 4.272 (p. 139) give an explicit
relationship between the stress, deformation, and response functions. The experimental data consists
of the measured deformation and stress so that the only unknowns in the constitutive equations are
the response functions.
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The volumetric response function ( ∂ ∂ ) is determined either analytically (from the polynomial
volumetric potential function given as the second term on the right side of Equation 4.228 (p. 131)) or
as experimental data of volume ratio versus pressure. Given the experimental data, the volume ratio
for a general deformation is used to determine the pressure and hence the volumetric response function.

The response functions for the first and second deformation invariant are determined from the experi-
mental data from uniaxial tension, equibiaxial tension, pure shear or combined uniaxial tension and
compression experiments. Additionally, for incompressible materials, uniaxial compression experiments
are equivalent to equibiaxial tension and can be used in place of equibiaxial data to determine the re-
sponse functions.

Combined uniaxial tension plus compression data cannot be combined with other data sets (except
pressure-volume), and gives only a material behavior that depends on the first invariant response
function. Combinations of the other experimental data sets can be used to determine the first and
second invariant response functions. Any combination of uniaxial tension, equibiaxial tension or pure
shear data can be used.

For a single set of experimental data, the respective constitutive equation has two unknown response

functions. Setting the second invariant response function (
∂ ∂ 2 ) to zero, the constitutive equation

can be solved for the first invariant response function (
∂ ∂ 1 ).

Given two sets of experimental data for independent deformations (uniaxial-equibiaxial, uniaxial-pure
shear, or equibiaxial-pure shear), the resulting two equations can be solved for the two unknown response
functions. With experimental data for uniaxial tension, equibiaxial tension, and pure shear deformations,
the resulting three constitutive equations can be solved for a best fit of the two response functions.

The response functions can therefore be determined from experimental data over the range of experi-
mental deformation; however, the constitutive response is needed for any general deformation. The
constitutive response is obtained by determining an experimental deformation that is nearest to the
general deformation, where the definition of nearest is that the general deformation and the experi-
mental deformation have the same first invariant I1.

For example, given any arbitrary deformation state, Equation 4.243 (p. 136) gives the equation for the
first invariant. Equating this equation to the uniaxial deformation first invariant of Equation 4.252 (p. 137)
gives

(4.279)λ λ λ λ
λ�

�
�
�

3
� �+ + = +

where:

λ1,λ2, and λ3 = stretches for the general deformation

λ = unknown uniaxial stretch that yields an equivalent value of the first invariant I1.

Solving the resulting equation for the tensile value of λ gives the uniaxial deformation that is nearest
to the general deformation. Then, λ is used to determine the response function from the uniaxial exper-
imental data, which corresponds to the required response function for the general deformation.

In general, Equation 4.279 (p. 141) has two valid solutions, one in tension and one in compression. For
use with the uniaxial tension experimental data, the tensile solution is used. For use with the combined
uniaxial tension and compression data, the tension or compression λ value is chosen so that the differ-
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ence between the uniaxial deformation gradient's eigenvalues are closest to the eigenvalues of the
actual deformation gradient.

The nearest equibiaxial and pure shear deformations are determined in a similar manner by equating
the first invariant for the general deformation with the first invariant for the equibiaxial or pure shear
deformation. Then the experimental stretch is determined by choosing the tensile value from the res-
ulting valid solutions for λ.

4.6.9. Material Stability Check

Stability checks are provided for the Mooney-Rivlin hyperelastic materials. A nonlinear material is stable
if the secondary work required for an arbitrary change in the deformation is always positive. Mathem-
atically, this is equivalent to:

(4.280)ij ijσ ε >

where:

dσ = change in the Cauchy stress tensor corresponding to a change in the logarithmic strain

Since the change in stress is related to the change in strain through the material stiffness tensor,
checking for stability of a material can be more conveniently accomplished by checking for the positive
definiteness of the material stiffness.

The material stability checks are done at the end of preprocessing but before an analysis actually begins.
At that time, the program checks for the loss of stability for six typical stress paths (uniaxial tension and
compression, equibiaxial tension and compression, and planar tension and compression). The range of
the stretch ratio over which the stability is checked is chosen from 0.1 to 10. If the material is stable
over the range then no message will appear. Otherwise, a warning message appears that lists the
Mooney-Rivlin constants and the critical values of the nominal strains where the material first becomes
unstable.

4.7. Bergstrom-Boyce

The Bergstrom-Boyce material model (TB,BB) is a phenomenological-based, highly nonlinear material
model used to model typical elastomers and biological materials. The model allows for a nonlinear
stress-strain relationship, creep, and rate-dependence.

The Bergstrom-Boyce model is based on a spring (A) in parallel with a spring and damper (B) in series,
as shown in Figure 4.29: Bergstrom-Boyce Material Model Representation (p. 142). The material model
is associated with time-dependent stress-strain relationships without complete stress relaxation. All
components (springs and damper) are highly nonlinear.

Figure 4.29:  Bergstrom-Boyce Material Model Representation
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The stress state in A can be found in the tensor form of the deformation gradient tensor (F = dxi / dXj)

and material parameters, as follows:

(4.281)σ
µ

λ
λ

λ
λ

A

A

A

A

A
lock

A

A
lock

A A=















 + −[ ]

−1 *

*

*ɶ ɶ

where

stress state in A=σA

initial shear modulus of A=µA

limiting chain stretch of A=λA
lock

bulk modulus=K

det[F]=JA

−2 3/ ɶ ɶT=ɶ
�
�

�ɶ
=λ�

�

inverse Langevin function, where the Langevin function is given by Equa-
tion 4.282 (p. 143):

=L-1(x)

For numerical efficiency, the Padé ([373] (p. 942)) approximation shown below is used for the inverse
Langevin function (). This approximation will differ from the polynomial approximation used for the
Arruda-Boyce model.

(4.282)− ( ) ≈ −
−

�
�

�

The stress in the viscoelastic component of the material (B) is a function of the deformation and the
rate of deformation. Of the total deformation in B, a portion takes place in the elastic component while
the rest of the deformation takes place in the viscous component. Because the stress in the elastic
portion is equal to the stress plastic portion, the total stress can be written merely as a function of the
elastic deformation, as shown in Equation 4.283 (p. 143):

(4.283)σ
µ

λ
λ

λ
λ

B

B
e

B

B
e

��	


B
e

��	


e
B
eB

B

B=















 +

−� �

�

�ɶ −−




ɶ

All variables in this equation are analogous to the variables in Equation 4.281 (p. 143). The viscous de-

formation can be found from the total deformation and the elastic deformation:


p

�= 





−�

Correct solutions for �

�

 and �
�

 will satisfy:

(4.284)ɶɺ ɶ ɺ ɶ
�

�

�

�
� �( ) =

−�
γ
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where

ɶ
ɶ

B
B= τ  is the direction of the stress tensor,

ɺ ɺγ γ λ τ
τ� �

p
C

base

m

= − +( ) 











0 ε

 is the effective creep rate,

τ =  � �
ɶ ɶ � 5.

 is the Frobenius norm of the stress tensor,

λ
�

�
tr F F

�
� T

�
�

=






( )ɶ ɶ

3 is the inelastic network stretch,

and 

ɺγ
τ

�

�	
�
�

, ε, C, and m are material input parameters.

As 
ɺγ  is a function of the deformation (

λ
�

�

) and τ is based on the stress tensor, Equation 4.284 (p. 143)
is expanded to:

(4.285)ɶɺ ɶ ɺ ɶ
�

�

�

�

�

�
�

����

�

�( ) = − +( ) 











−1
�γ λ τ

τ
ε

Once Equation 4.285 (p. 144) is satisfied, the corresponding stress tensor from component B is added to
the stress tensor from component A to find the total stress, as shown in Equation 4.286 (p. 144):

(4.286)σ σ σ�o� = +A �

For more information about the constitutive model, see references [371] (p. 941) and [372] (p. 942). For
more information about the implementation, see reference [373] (p. 942).

4.8. Mullins Effect

The Mullins effect (TB,CDM) is a phenomenon typically observed in compliant filled polymers. It is
characterized by a decrease in material stiffness during loading and is readily observed during cyclic
loading as the material response along the unloading path differs noticeably from the response that
along the loading path. Although the details about the mechanisms responsible for the Mullins effect
have not yet been settled, they might include debonding of the polymer from the filler particles,
cavitation, separation of particle clusters, and rearrangement of the polymer chains and particles.

In the body of literature that exists concerning this phenomenon, a number of methods have been
proposed as constitutive models for the Mullins effect. The model is a maximum load modification to
the nearly- and fully-incompressible hyperelastic constitutive models already available. In this model,
the virgin material is modeled using one of the available hyperelastic potentials, and the Mullins effect
modifications to the constitutive response are proportional to the maximum load in the material history.
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4.8.1. The Pseudo-elastic Model

The Ogden-Roxburgh [378] (p. 942) pseudo-elastic model (TB,CDM,,,,PSE2) of the Mullins effect is a
modification of the standard thermodynamic formulation for hyperelastic materials and is given by:

(4.287)ij ijη η φ η= +0

where

W0(Fij) = virgin material deviatoric strain-energy potential

η = evolving scalar damage variable
Φ(η) = damage function

The arbitrary limits 0 < η ≤  1 are imposed with η = 1 defined as the state of the material without any
changes due to the Mullins effect. Then, along with equilibrium, the damage function is defined by:

(4.288)
φ

φ η �

=
′ = − ��

which implicitly defines the Ogden-Roxburgh parameter η. Using Equation 4.288 (p. 145), deviatoric part
of the second Piola-Kirchhoff stress tensor is then:

(4.289)

��

��

��

��

= ∂
∂

=
∂
∂

=

�

�

η

η

The modified Ogden-Roxburgh damage function [379] (p. 942) has the following functional form of the
damage variable:

(4.290)η
β

= −
−

+








�m

m

where r, m, and β are material parameters and Wm is the maximum virgin potential over the time interval

t t∈ [ , ]� � :

(4.291)	

 


=
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�

�

The tangent stiffness tensor 
D��kl  for a constitutive model defined by Equation 4.287 (p. 145) is expressed

as follows:

(4.292)

Di����
�� ��

�� �� �� ��

= ∂
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∂

∂ ∂
+

∂
∂

∂
∂

2

2
� �η η

The differential for η in Equation 4.290 (p. 145) is:
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4.9. Viscoelasticity

A material is said to be viscoelastic if the material has an elastic (recoverable) part as well as a viscous
(nonrecoverable) part. Upon application of a load, the elastic deformation is instantaneous while the
viscous part occurs over time.

The viscoelastic model usually depicts the deformation behavior of glass or glass-like materials and may
simulate cooling and heating sequences of such material. These materials at high temperatures turn
into viscous fluids and at low temperatures behave as solids. Further, the material is restricted to be
thermorheologically simple (TRS), which assumes the material response to a load at a high temperature
over a short duration is identical to that at a lower temperature but over a longer duration. The mater-
ial model is available with elements LINK180, SHELL181, PLANE182, PLANE183, SOLID185, SOLID186,
SOLID187, BEAM188, BEAM189, SOLSH190, SHELL208, SHELL209, REINF264, REINF265, SOLID272, SOLID273,
SHELL281, SOLID285, PIPE288, PIPE289, and ELBOW290 for small-deformation and large-deformation
viscoelasticity.

The following topics related to viscoelasticity are available:
4.9.1. Small Strain Viscoelasticity
4.9.2. Constitutive Equations
4.9.3. Numerical Integration
4.9.4.Thermorheological Simplicity
4.9.5. Large-Deformation Viscoelasticity
4.9.6.Visco-Hypoelasticity
4.9.7. Large-Strain Visco-Hyperelasticity
4.9.8. Large-Strain Visco-Anisotropic Hyperelasticity
4.9.9. Shift Functions

4.9.1. Small Strain Viscoelasticity

In this section, the constitutive equations and the numerical integration scheme for small strain vis-
coelasticity are discussed. Large-strain viscoelasticity is presented in Large-Deformation Viscoelasti-
city (p. 150).

4.9.2. Constitutive Equations

A material is viscoelastic if its stress response consists of an elastic part and viscous part. Upon application
of a load, the elastic response is instantaneous while the viscous part occurs over time. Generally, the
stress function of a viscoelastic material is given in an integral form. Within the context of small strain
theory, the constitutive equation for an isotropic viscoelastic material can be written as:

(4.294)σ τ
τ
τ τ

τ
τ= − + −∫ ∫

� �

t t ∆

where:

σ = Cauchy stress
e = deviatoric part of the strain
∆ = volumetric part of the strain
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G(t) = shear relaxation kernel function
K(t) = bulk relaxation kernel function
t = current time
τ = past time
I = unit tensor

For the elements LINK180, SHELL181, PLANE182, PLANE183, SOLID185, SOLID186, SOLID187, BEAM188,
SOLSH190, SHELL208, SHELL209, REINF264, REINF265, SOLID272, SOLID273, SHELL281, SOLID285, PIPE288,
PIPE289, and ELBOW290, the kernel functions are represented in terms of Prony series, which assumes
that:
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= + ∑ −
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where:

∞ , Gi = shear elastic moduli

∞ , Ki = bulk elastic moduli

τ
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�

, τ �
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 = relaxation times for each Prony component

Introducing the relative moduli:
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The kernel functions can be equivalently expressed as:
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The integral function Equation 4.294 (p. 146) can recover the elastic behavior at the limits of very slow
and very fast load. Here, G0 and K0 are, respectively, the shear and bulk moduli at the fast load limit

(i.e. the instantaneous moduli), and ∞  and ∞  are the moduli at the slow limit. The elasticity para-
meters input correspond to those of the fast load limit. Moreover by admitting Equation 4.295 (p. 147),
the deviatoric and volumetric parts of the stress are assumed to follow different relaxation behavior.
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The number of Prony terms for shear nG and for volumetric behavior nK need not be the same, nor do

the relaxation times 
τ
i

G

 and τ �
K

.

The Prony representation has a prevailing physical meaning in that it corresponds to the solution of
the classical differential model (the parallel Maxwell model) of viscoelasticity. This physical rooting is
the key to understand the extension of the above constitutive equations to large-deformation cases as
well as the appearance of the time-scaling law (for example, pseudo time) at the presence of time-de-
pendent viscous parameters.

4.9.3. Numerical Integration

To perform finite element analysis, the integral Equation 4.294 (p. 146) need to be integrated. The integ-
ration scheme proposed by Taylor([112] (p. 926)) and subsequently modified by Simo([327] (p. 939)) is
adapted. We will delineate the integration procedure for the deviatoric stress. The pressure response
can be handled in an analogous way. To integrate the deviatoric part of Equation 4.294 (p. 146), first,
break the stress response into components and write:

(4.300)= + ∑∞ �
�

n�

where:

s = deviatoric stress

∞ ∞=

In addition,
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where:

∆t = tn+1 - tn.

The first term of Equation 4.302 (p. 148) is readily recognized as:

− ∆�
 �

�
�τ

.

Using the middle point rule for time integration for the second term, a recursive formula can be obtained
as:
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τ τ

where:

∆e = en+1 - en.

4.9.4. Thermorheological Simplicity

Materials viscous property depends strongly on temperature. For example, glass-like materials turn into
viscous fluids at high temperatures while behave like solids at low temperatures. In reality, the temper-
ature effects can be complicated. The so called thermorheological simplicity is an assumption based on
the observations for many glass-like materials, of which the relaxation curve at high temperature is
identical to that at a low temperature if the time is properly scaled (Scherer([326] (p. 939))). In essence,
it stipulates that the relaxation times (of all Prony components) obey the scaling law

(4.304)τ
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Here, A(T, Tr) is called the shift function. Under this assumption (and in conjunction with the differential

model), the deviatoric stress function can be shown to take the form
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likewise for the pressure part. Here, notably, the Prony representation still holds with the time t, τ in
the integrand being replaced by:

ξ τ ξ τ�
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a
d

here ξ is called pseudo (or reduced) time. In Equation 4.305 (p. 149),
τ
�

�

 is the decay time at a given
temperature.

The assumption of thermorheological simplicity allows for not only the prediction of the relaxation time
over temperature, but also the simulation of mechanical response under prescribed temperature histories.
In the latter situation, A is an implicit function of time t through T = T(t). In either case, the stress
equation can be integrated in a manner similar to Equation 4.300 (p. 148). Indeed,
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Using the middle point rule for time integration on Equation 4.306 (p. 149) yields
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Two widely used shift functions, namely the Williams-Landel-Ferry shift function and the Tool-Naray-
anaswamy shift function, are available. The form of the functions are given in Shift Functions (p. 153).

4.9.5. Large-Deformation Viscoelasticity

Two types of large-deformation viscoelasticity models are implemented: large-deformation small strain,
and large-deformation large strain. The first is associated with hypo-type constitutive equations, and
the latter is based on hyperelasticity, which includes isotropic and anisotropic hyperelasticity.

4.9.6. Visco-Hypoelasticity

For visco-hypoelasticity model, the constitutive equations are formulated in terms of the rotated stress

RT
σR, here R is the rotation arising from the polar decomposition of the deformation gradient F. Let

RT
σR = Σ + pI where Σ is the deviatoric part and p is the pressure. It is evident that Σ = RTSR. The stress

response function is given by:
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where:

d = deviatoric part of the rate of deformation tensor D.

This stress function is consistent with the generalized differential model in which the stress rate is re-
placed by Green-Naghdi rate.

To integrate the stress function, one perform the same integration scheme in Equation 4.300 (p. 148) to
the rotated stress Equation 4.308 (p. 150) to yield:
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where:
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n+ 1
2  = rotation tensor arising from the polar decomposition of the middle point deformation

gradient 
� � �+ += +�

�

�

� �

In the actual implementations, the rate of deformation tensor is replaced by the strain increment and
we have

(4.311)� � �+ + +≈ = ∇�
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∆ ∆ ∆

where:

symm[.] = symmetric part of the tensor.

From Σ = RTsR and using Equation 4.310 (p. 150) and Equation 4.311 (p. 151), it follows that the deviatoric
Cauchy stress is given by
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The pressure response can be integrated in a similar manner and the details are omitted.

4.9.7. Large-Strain Visco-Hyperelasticity

Large-strain visco-hyperelasticity is based on the formulation proposed by (Simo([327] (p. 939))), amended
here to take into account the viscous volumetric response and the thermorheological simplicity. Simo's
formulation is an extension of the small strain theory. Again, the viscoelastic behavior is specified sep-
arately by the underlying elasticity and relaxation behavior.

This decomposition of the energy function is consistent with hyperelasticity described in Hyperelasti-
city (p. 124).

(4.313)Φ = +φ

where:

J = det (F)

= =
�
3 �s��h���� ���� � �h! ��gh� C�u�hy-"�!!# $! ��m����## �!#s�� C

As is well known, the constitutive equations for hyperelastic material with strain-energy function Φ is
given by:
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(4.314)2d =
∂
∂
Φ

where:

S2d = second Piola-Kirchhoff stress tensor

The true stress can be obtained as:

(4.315)σ = =
∂
∂

�� T TΦ

Using Equation 4.313 (p. 151) in Equation 4.315 (p. 152) results

(4.316)σ
ϕ

=
∂
∂

+
∂
∂

�

It has been shown elsewhere that 

∂
∂
ϕ �

 is deviatoric, therefore Equation 4.316 (p. 152) already
assumes the form of deviatoric/pressure decomposition.

Following Simo([327] (p. 939)) and Holzapfel([328] (p. 939)), the viscoelastic constitutive equations, in
terms of the second Piola-Kirchhoff stress, is given by

(4.317)
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and applying the recursive formula to Equation 4.318 (p. 152) and Equation 4.319 (p. 152) yields,

(4.320)
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The above are the updating formulas used in the implementation. Cauchy stress can be obtained using
Equation 4.315 (p. 152).
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4.9.8. Large-Strain Visco-Anisotropic Hyperelasticity

Large-strain visco-anisotropic hyperelasticity assumes that viscoelastic behavior is isotropic, while the
underlying elasticity is anisotropic hyperelasticity. The algorithm is similar to that of viscoelastic hyper-
elasticity. The strain energy potential is now represented as follows:

(4.322)Φ Φ= ⊗ ⊗ +

where:

A and B are the two unit constitutive material directions, |A| = 1 and |B| = 1. Further information about
the anisotropic hyperelastic potential is available in Anisotropic Hyperelasticity (p. 132).

4.9.9. Shift Functions

ANSYS offers the following forms of the shift function:
4.9.9.1.Williams-Landel-Ferry Shift Function
4.9.9.2.Tool-Narayanaswamy Shift Function
4.9.9.3.Tool-Narayanaswamy Shift Function with Fictive Temperature
4.9.9.4. User-Defined Shift Function

The shift function is activated via the TB,SHIFT command. For detailed information, see Viscoelasticity
in the Material Reference.

4.9.9.1. Williams-Landel-Ferry Shift Function

The Williams-Landel-Ferry shift function (Williams [277] (p. 936)) is defined by

(4.323)10
2 1

3 1

=
−

+ −

where:

T = temperature
C1, C2, C3 = material parameters

4.9.9.2. Tool-Narayanaswamy Shift Function

The Tool-Narayanaswamy shift function (Narayanaswamy [110] (p. 926)) is defined by

(4.324)
r

= −




















where:

Tr = material parameter

H

R  = material parameter

4.9.9.3. Tool-Narayanaswamy Shift Function with Fictive Temperature

This extension of the Tool-Narayanaswamy shift function includes a fictive temperature. The shift function
is defined by
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(4.325)
r F

= − − −



















where:

TF = fictive temperature

∈  = material parameter

The fictive temperature is given by

� fi fi
i

n�
= ∑

=1

where:

nf = number of partial fictive temperatures

Cfi = fictive temperature relaxation coefficients

Tfi = partial fictive temperatures

An integrator for the partial fictive temperatures (Markovsky [108] (p. 926)) is given by

��
�� �� �

�� �

=
+

+τ

τ

0 0

0

∆

∆

where:

∆  = time increment

τ��  = temperature relaxation times
The superscript 0 represents values from the previous time step.

The fictive temperature model also modifies the volumetric thermal strain model and gives the incre-
mental thermal strain as

∆ ∆ ∆ε α α αT
g l � g � �= + − 

where the glass and liquid coefficients of thermal expansion are given by

α α α α α α� � � � � �= + + ++	 
 2
2

3
3

4
4

α α α α α α� � � � � �= + + ++�  �
�

�
�

�
�

The total thermal strain is given by the sum over time of the incremental thermal strains

ε ε� �

t

= ∑ ∆

4.9.9.4. User-Defined Shift Function

Other shift functions can be accommodated via the user-provided subroutine UsrShift, described in the
Guide to User-Programmable Features. The inputs for this subroutine are the user-defined parameters,
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the current value of time and temperature, their increments, and the current value of user state variables
(if any). The outputs from the subroutine are ∆ξ, ∆ξ1/2 as well as the current value of user state variables.

4.10. Concrete

The concrete material model predicts the failure of brittle materials. Both cracking and crushing failure
modes are accounted for. TB,CONCR accesses this material model, which is available with the reinforced
concrete element SOLID65.

The criterion for failure of concrete due to a multiaxial stress state can be expressed in the form (Willam
and Warnke([37] (p. 922))):

(4.326)
c

− ≥

where:

F = a function (to be discussed) of the principal stress state (σxp, σyp, σzp)

S = failure surface (to be discussed) expressed in terms of principal stresses and five input
parameters ft, fc, fcb, f1 and f2 defined in Table 4.4: Concrete Material Table (p. 155)

fc = uniaxial crushing strength

σxp, σyp, σzp = principal stresses in principal directions

If Equation 4.326 (p. 155) is satisfied, the material will crack or crush.

A total of five input strength parameters (each of which can be temperature dependent) are needed
to define the failure surface as well as an ambient hydrostatic stress state. These are presented in
Table 4.4: Concrete Material Table (p. 155).

Table 4.4:  Concrete Material Table

(Input on TBDATA Commands with TB,CONCR)

ConstantDescriptionLabel

3Ultimate uniaxial tensile strengthft

4Ultimate uniaxial compressive strengthfc

5Ultimate biaxial compressive strengthfcb

6
Ambient hydrostatic stress stateσ

h

a

7

Ultimate compressive strength for a state of biaxial
compression superimposed on hydrostatic stress state

σ
�

�

f1

8

Ultimate compressive strength for a state of uniaxial
compression superimposed on hydrostatic stress state

σ
�

�

f2

However, the failure surface can be specified with a minimum of two constants, ft and fc. The other

three constants default to Willam and Warnke([37] (p. 922)):

(4.327)�b �=
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(4.328)c1 =

(4.329)�2 =

However, these default values are valid only for stress states where the condition

(4.330)σh �≤

(4.331)σ σ σ σ� xp yp zp= = + +








��drostati� stress state

is satisfied. Thus condition Equation 4.330 (p. 156) applies to stress situations with a low hydrostatic
stress component. All five failure parameters should be specified when a large hydrostatic stress com-
ponent is expected. If condition Equation 4.330 (p. 156) is not satisfied and the default values shown in
Equation 4.327 (p. 155) thru Equation 4.329 (p. 156) are assumed, the strength of the concrete material
may be incorrectly evaluated.

When the crushing capability is suppressed with fc = -1.0, the material cracks whenever a principal stress

component exceeds ft.

Both the function F and the failure surface S are expressed in terms of principal stresses denoted as σ1,

σ2, and σ3 where:

(4.332)σ σ σ σ� = �� 	� 
�

(4.333)σ σ σ σ3 = �� � ��

and σ1
≥  σ2

≥  σ3. The failure of concrete is categorized into four domains:

1. 0 ≥  σ1
≥  σ2

≥  σ3 (compression - compression - compression)

2. σ1
≥  0 ≥  σ2

≥  σ3 (tensile - compression - compression)

3. σ1
≥  σ2

≥  0 ≥  σ3 (tensile - tensile - compression)

4. σ1
≥  σ2

≥  σ3
≥  0 (tensile - tensile - tensile)

In each domain, independent functions describe F and the failure surface S. The four functions describing
the general function F are denoted as F1, F2, F3, and F4 while the functions describing S are denoted

as S1, S2, S3, and S4. The functions Si (i = 1,4) have the properties that the surface they describe is con-

tinuous while the surface gradients are not continuous when any one of the principal stresses changes
sign. The surface will be shown in Figure 4.30: 3-D Failure Surface in Principal Stress Space (p. 158) and
Figure 4.32: Failure Surface in Principal Stress Space with Nearly Biaxial Stress (p. 161). These functions
are discussed in detail below for each domain.

4.10.1. The Domain (Compression - Compression - Compression)

0 ≥  σ1
≥  σ2

≥  σ3

In the compression - compression - compression regime, the failure criterion of Willam and
Warnke([37] (p. 922)) is implemented. In this case, F takes the form
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(4.334)= = − + − + −



1 1 2

2
2 3

2
3 1

2

1

2σ σ σ σ σ σ

and S is defined as

(4.335)= =
− + − − + −
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� �

� �
�η

Terms used to define S are:

(4.336)

η
σ σ σ

σ σ σ σ σ σ

=
− −

− + − + −





� � �

� �
�

� �
�

� �
�

�

�

(4.337)
	 0 	 



= + +ξ ξ

(4.338)
� �  �

�= + +ξ ξ

(4.339)ξ
σ

= h

c

σh is defined by Equation 4.331 (p. 156) and the undetermined coefficients a0, a1, a2, b0, b1, and b2 are

discussed below.

This failure surface is shown as Figure 4.30: 3-D Failure Surface in Principal Stress Space (p. 158). The
angle of similarity η describes the relative magnitudes of the principal stresses. From Equa-
tion 4.336 (p. 157), η = 0° refers to any stress state such that σ3 = σ2 > σ1 (e.g. uniaxial compression, bi-

axial tension) while ξ = 60° for any stress state where σ3 >σ2 = σ1 (e.g. uniaxial tension, biaxial compres-

sion). All other multiaxial stress states have angles of similarity such that 0° ≤  η ≤  60°. When η = 0°,
S1 Equation 4.335 (p. 157) equals r1 while if η = 60°, S1 equals r2. Therefore, the function r1 represents

the failure surface of all stress states with η = 0°. The functions r1, r2 and the angle η are depicted on

Figure 4.30: 3-D Failure Surface in Principal Stress Space (p. 158).
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Figure 4.30:  3-D Failure Surface in Principal Stress Space

Octahedral Plane
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It may be seen that the cross-section of the failure plane has cyclic symmetry about each 120° sector
of the octahedral plane due to the range 0° < η < 60° of the angle of similitude. The function r1 is de-

termined by adjusting a0, a1, and a2 such that ft, fcb, and f1 all lie on the failure surface. The proper

values for these coefficients are determined through solution of the simultaneous equations:

(4.340)
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(4.341)ξ ξ ξ
σ
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�

The function r2 is calculated by adjusting b0, b1, and b2 to satisfy the conditions:

(4.342)
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ξ2 is defined by:

(4.343)ξ
σ


= − −�

�

� �
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and ξ0 is the positive root of the equation

(4.344)
2 0 0 1 0 2 0

2ξ ξ ξ= + + =

where a0, a1, and a2 are evaluated by Equation 4.340 (p. 158).

Since the failure surface must remain convex, the ratio r1 / r2 is restricted to the range

(4.345)� �< <

although the upper bound is not considered to be restrictive since r1 / r2 < 1 for most materials (Wil-

lam([36] (p. 922))). Also, the coefficients a0, a1, a2, b0, b1, and b2 must satisfy the conditions (Willam and

Warnke([37] (p. 922))):

(4.346)� � �> ≤ ≤

(4.347)� � �> ≤ ≤

Therefore, the failure surface is closed and predicts failure under high hydrostatic pressure (ξ > ξ2). This

closure of the failure surface has not been verified experimentally and it has been suggested that a von
Mises type cylinder is a more valid failure surface for large compressive σh values (Willam([36] (p. 922))).

Consequently, it is recommended that values of f1 and f2 are selected at a hydrostatic stress level 
σ
h

a

in the vicinity of or above the expected maximum hydrostatic stress encountered in the structure.

Equation 4.344 (p. 159) expresses the condition that the failure surface has an apex at ξ = ξ0. A profile

of r1 and r2 as a function of ξ is shown in Figure 4.31: A Profile of the Failure Surface (p. 159).

Figure 4.31:  A Profile of the Failure Surface

f2

f1

r2

r1

fc

fcb
ft

ξ1

ξ2
ξcb

ξc
ξ0

ξ

ταη = 60°

η = 0°

As a Function of ξα

The lower curve represents all stress states such that η = 0° while the upper curve represents stress
states such that η = 60°. If the failure criterion is satisfied, the material is assumed to crush.

4.10.2. The Domain (Tension - Compression - Compression)

σ1
≥  0 ≥  σ2

≥  σ3

In the regime, F takes the form
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(4.348)= = − + +
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�σ σ σ σ

and S is defined as

(4.349)
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where cos η is defined by Equation 4.336 (p. 157) and

(4.350)
� 0 � �

�= + +χ χ

(4.351)
� � � �

�= + +χ χ

The coefficients a0, a1, a2, b0, b1, b2 are defined by Equation 4.340 (p. 158) and Equation 4.342 (p. 158)

while

(4.352)χ
σ σ

=
+� 	

c

If the failure criterion is satisfied, cracking occurs in the plane perpendicular to principal stress σ1.

This domain can also crush. See (Willam and Warnke([37] (p. 922))) for details.

4.10.3. The Domain (Tension - Tension - Compression)

σ1
≥  σ2

≥  0 ≥  σ3

In the tension - tension - compression regime, F takes the form

(4.353)i= = =
 σ

and S is defined as

(4.354)
�

� �

= = +








 =

σ

If the failure criterion for both i = 1, 2 is satisfied, cracking occurs in the planes perpendicular to prin-
cipal stresses σ1 and σ2. If the failure criterion is satisfied only for i = 1, cracking occurs only in the plane

perpendicular to principal stress σ1.

This domain can also crush. See (Willam and Warnke([37] (p. 922))) for details.

4.10.4. The Domain (Tension - Tension - Tension)

σ1
≥  σ2

≥  σ3
≥  0

In the tension - tension - tension regimes, F takes the form

(4.355)�= = =4 σ
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and S is defined as

(4.356)
t

c

= =4

If the failure criterion is satisfied in directions 1, 2, and 3, cracking occurs in the planes perpendicular
to principal stresses σ1, σ2, and σ3.

If the failure criterion is satisfied in directions 1 and 2, cracking occurs in the plane perpendicular to
principal stresses σ1 and σ2.

If the failure criterion is satisfied only in direction 1, cracking occurs in the plane perpendicular to
principal stress σ1.

Figure 4.32:  Failure Surface in Principal Stress Space with Nearly Biaxial Stress

Cra�kingf�
Cra�king

�
��
�
�
��
	

f


f


σyp

σxp

σzp > 0 (Cra�king or Crushing)

σzp = 0 (Crushing)

σzp < 0 (Crushing)

Figure 4.32: Failure Surface in Principal Stress Space with Nearly Biaxial Stress (p. 161) represents the 3-
D failure surface for states of stress that are biaxial or nearly biaxial. If the most significant nonzero
principal stresses are in the σxp and σyp directions, the three surfaces presented are for σzp slightly

greater than zero, σzp equal to zero, and σzp slightly less than zero. Although the three surfaces, shown

as projections on the σxp - σyp plane, are nearly equivalent and the 3-D failure surface is continuous,

the mode of material failure is a function of the sign of σzp. For example, if σxp and σyp are both negative

and σzp is slightly positive, cracking would be predicted in a direction perpendicular to the σzp direction.

However, if σzp is zero or slightly negative, the material is assumed to crush.
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4.11. Swelling

The ANSYS program provides a capability of irradiation induced swelling (accessed with TB,SWELL).
Swelling is defined as a material enlarging volumetrically in the presence of neutron flux. The amount
of swelling may also be a function of temperature. The material is assumed to be isotropic and the
basic solution technique used is the initial stress method. Swelling calculations are available only through
the user swelling subroutine. See User Routines and Non-Standard Uses of the Advanced Analysis Guide

and the Guide to ANSYS User Programmable Features for more details. Input must have C72 set to 10.

Constants C67 through C71 are used together with fluence and temperature, as well as possibly strain,

stress and time, to develop an expression for swelling rate.

Any of the following three conditions cause the swelling calculations to be bypassed:

1. If C67
≤  0. and C68

≤  0.

2. If (input temperature + Toff) U ≤  0, where Toff = offset temperature (input on TOFFST command).

3. If Fluencen
≤  Fluencen-1 (n refers to current time step).

The total swelling strain is computed in subroutine USERSW as:

(4.357)ε ε εn
sw

n

sw sw= +−1 ∆

where:

ε�
��

 = swelling strain at end of substep n

∆ε
sw = r∆f = swelling strain increment

r = swelling rate
∆f = fn - fn-1 = change of fluence

fn = fluence at end of substep n (input as VAL1, etc. on the BFE,,FLUE command)

For a solid element, the swelling strain vector is simply:

(4.358)ε ε ε ε��
�
��

�
��

�
��

T

= 





It is seen that the swelling strains are handled in a manner totally analogous to temperature strains in
an isotropic medium and that shearing strains are not used.

4.12. Cohesive Zone Material (CZM) Model

Fracture or delamination along an interface between phases plays a major role in limiting the toughness
and the ductility of the multi-phase materials, such as matrix-matrix composites and laminated composite
structure. This has motivated considerable research on the failure of the interfaces. Interface delamination
can be modeled by traditional fracture mechanics methods such as the nodal release technique. Altern-
atively, you can use techniques that directly introduce fracture mechanism by adopting softening rela-
tionships between tractions and the separations, which in turn introduce a critical fracture energy that
is also the energy required to break apart the interface surfaces. This technique is called the cohesive
zone material (CZM) model . The interface surfaces of the materials can be represented by a special set
of interface elements or contact elements, and a CZM model can be used to characterize the constitutive
behavior of the interface.
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The CZM model consists of a constitutive relation between the traction T acting on the interface and
the corresponding interfacial separation δ (displacement jump across the interface). The definitions of
traction and separation depend on the element and the material model.

The following related topics are available:
4.12.1. Interface Elements
4.12.2. Contact Elements

4.12.1. Interface Elements

For interface elements, the interfacial separation is defined as the displacement jump, δ (that is, the
difference of the displacements of the adjacent interface surfaces):

(4.359)δδ = − =TOP BOTTOM
interfacial separation

The definition of the separation is based on local element coordinate system, Figure 4.33: Schematic of
Interface Elements (p. 163). The normal of the interface is denoted as local direction n, and the local
tangent direction is denoted as t. Thus:

(4.360)δ� = ⋅ =δδ ���m�� ������	
��

(4.361)δ� = ⋅ =δδ ��g����� (�h��) ��������

Figure 4.33:  Schematic of Interface Elements
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The following related topics are available:
4.12.1.1. Material Model - Exponential Behavior
4.12.1.2. Material Model - Bilinear Behavior
4.12.1.3.Viscous Regularization

4.12.1.1. Material Model - Exponential Behavior

An exponential form of the CZM model (input via TB,CZM), originally proposed by Xu and Needle-
man([363] (p. 941)), uses a surface potential:

(4.362)φ σ δ"#$δδ = − + − −
% %

& '
2

∆ ∆ ∆

where:
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ϕ(δ) = surface potential
e = 2.7182818
σmax = maximum normal traction at the interface (input on TBDATA command as C1 using

TB,CZM)

δn = �ormal separatio� across the i�terface where the maximumm �ormal tractio� is attai�ed with

(i�put o� c

δ� =
TBDATA oomma�d as C2 usi�g ,CZM)TB

δ� = ����� ������	
�� ���� 	�� ���
��� ����� 	���	
�� 
� �			�
��� �	

�
���	 �� ������� �� �3 ��
�� �

δ δ� �=

������ �� �����

∆�
�

�

=
δ
δ

∆�
�

�

=
δ
δ

The traction is defined as:

(4.363)=
∂
∂
φ δδ
δδ

or

(4.364) 
 

=
∂
∂
φ
δ
δδ

and

(4.365)!
!

=
∂
∂
φ
δ
δδ

From equations Equation 4.364 (p. 164) and Equation 4.365 (p. 164), we obtain the normal traction of the
interface

(4.366)
" "

# $= − −
σ%&'∆

∆ ∆*

and the shear traction

(4.367)+
-

+
+ -

. /= + − − 0

σ
δ
δ145 ∆ ∆ ∆ ∆

The normal work of separation is:

(4.368)φ σ δ6 6= 789

and shear work of separation is assumed to be the same as the normal work of separation, ϕn, and is

defined as:

(4.369)φ τ δ: := ;<=

For the 3-D stress state, the shear or tangential separations and the tractions have two components,
δt1 and δt2 in the element's tangential plane, and we have:
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(4.370)δ δ δt t t
= +

1 2

� �

The traction is then defined as:

(4.371)�

�
�

�

=
∂
∂
φ
δ
δδ

and

(4.372)�

�
�

�

=
∂
∂
φ
δ
δδ

(In POST1 and POST26 the traction, T, is output as SS and the separation, δ, is output as SD.)

The tangential direction t1 is defined along ij edge of element and the direction t2 is defined along

direction perpendicular to the plane formed by n and t1. Directions t1, t2, and n follow the righthand

side rule.

4.12.1.2. Material Model - Bilinear Behavior

The bilinear CZM model (input via TB,CZM with TBOPT = BILI) can be used with interface elements.
The model is based on the model proposed by Alfano and Crisfield [365] (p. 941).

Mode I Dominated Bilinear CZM Model

The Mode I dominated bilinear CZM model assumes that the separation of the material interfaces is
dominated by the displacement jump normal to the interface, as shown in the following figure:

Figure 4.34:  Mode I Dominated Bilinear CZM Law

The relation between normal cohesive traction Tn and normal displacement jump δn can be expressed

as:

(4.373)n = −n n nδ

Where:
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For Mode I dominated cohesive law, the tangential cohesive traction and tangential displacement jump
behavior is assumed to follow the normal cohesive traction and normal displacement jump behavior
and is expressed as:

(4.374)t = −t t �δ

Were:

�
�

�

�

=

=

�	


�

�	


δ

τ�	


τ�	


δ�
� =

δ�
� =

Mode II Dominated Bilinear CZM Model

The Mode II dominated bilinear CZM model assumes that the separation of the material interfaces is
dominated by the displacement jump that is tangent to the interface, as shown in the following figure:
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Figure 4.35:  Mode II Dominated Bilinear CZM Law

The relation between tangential cohesive traction Tt  and tangential displacement jump δt can be ex-

pressed as:

(4.375)t = −t t tδ

Where:
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For Mode II dominated cohesive law, the normal cohesive traction and normal displacement jump be-
havior is assumed to follow the tangential cohesive traction and tangential displacement jump behavior
and is expressed as:
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(4.376)n = −n n tδ

Where:

�
�

�

�

=

=

max

*

max

δ

σmax

σmax

δ�
* =

δ�
c =

Mixed-Mode Bilinear Cohesive Zone Material Model

For bilinear cohesive law under the mixed-mode fracture, the separation of material interfaces depends
on both the normal and tangential components of displacement jumps. To take into account the differ-
ence in their contributions to the separation of material interfaces, a non-dimensional effective displace-
ment jump λ for mixed-mode fracture is defined as

(4.377)λ
δ

δ
β

δ

δ
=









 +













�

�
�

�

�
�

2

2

2

where the non-dimensional parameter β (input via the TBDATA command as C6 using TB,CZM) assigns
different weights to the tangential and normal displacement jumps.

The normal and tangential components of the cohesive tractions are expressed as:

(4.378)
�

�

= −
= −

� � �

� �

δ
δ

The damage parameter Dm associated with mixed mode bilinear cohesive law is defined as:
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Fracture Mode Identification of a CZM Model

Determining the fracture mode of a CZM model is based on the input data, as follows:

Input on the TBDATA command as follows:Case

C1, C2, C3, C4, C5 (where C3 = -τmax)Mode I Dominated

C1, C2, C3, C4, C5 (where C1 = -σmax)Mode II/III Dominated

C1, C2, C3, C4, C5, C6 (where C1 = σmax and C3 = τmax)Mixed-Mode

4.12.1.3. Viscous Regularization

To avoid convergence difficulties, a small fictitious viscosity is introduced in cohesive zone material
(CZM) models ([416] (p. 944)). The traction definitions are modified by adding viscous damping, as follows:

(4.379)
n n

n

t t
t

*

*

= +

= +

ζ

ζ

∆

∆

where:

Tn = normal traction before viscous regularization

Tt = tangential traction before viscous regularization

ζ = damping coefficient (input on the TBDATA command as C1 (after defining the CZM model with
the viscous regularization option [TB,CZM,,,,VREG])

4.12.2. Contact Elements

Delamination with contact elements is referred to as debonding. The interfacial separation is defined
in terms of contact gap or penetration and tangential slip distance. The computation of contact and
tangential slip is based on the type of contact element and the location of contact detection point. The
cohesive zone model can only be used for bonded contact (KEYOPT(12) = 2, 3, 4, 5, or 6) with the
augmented Lagrangian method (KEYOPT(2) = 0) or the pure penalty method (KEYOPT(2) = 1). See
CONTA174 - 3-D 8-Node Surface-to-Surface Contact (p. 554) for details.

4.12.2.1. Material Model - Bilinear Behavior

The bilinear cohesive zone material model (input using TB,CZM) is based on the model proposed by
Alfano and Crisfield [365] (p. 941).

Mode I Debonding

Mode I debonding defines a mode of separation of the interface surfaces where the separation normal
to the interface dominates the slip tangent to the interface. The normal contact stress (tension) and
contact gap behavior is plotted in Figure 4.36: Normal Contact Stress and Contact Gap Curve for Bilinear
Cohesive Zone Material (p. 170). It shows linear elastic loading (OA) followed by linear softening (AC).
The maximum normal contact stress is achieved at point A. Debonding begins at point A and is completed
at point C when the normal contact stress reaches zero value; any further separation occurs without
any normal contact stress. The area under the curve OAC is the energy released due to debonding and
is called the critical fracture energy. The slope of the line OA determines the contact gap at the maximum
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normal contact stress and, hence, characterizes how the normal contact stress decreases with the contact
gap, i.e., whether the fracture is brittle or ductile. After debonding has been initiated it is assumed to
be cumulative and any unloading and subsequent reloading occurs in a linear elastic manner along
line OB at a more gradual slope.

Figure 4.36:  Normal Contact Stress and Contact Gap Curve for Bilinear Cohesive Zone Material
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_

The equation for curve OAC can be written as:

(4.380)� � �= −

where:

P = normal contact stress (tension)
Kn = normal contact stiffness

un = contact gap

�  = contact gap at the maximum normal contact stress (tension)

�
�

 = contact gap at the completion of debonding (input on TBDATA command as C2 using
TB,CZM)
dn = debonding parameter

The debonding parameter for Mode I Debonding is defined as:

(4.381)�
� �

�

�
�

�
�

�

=
−









−













with dn = 0 for ∆n
≤  1 and 0 < dn

≤  1 for ∆n > 1.

where:

∆�
�

�

=

The normal critical fracture energy is computed as:
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(4.382)cn n
c= σmax

where:

σmax = maximum normal contact stress (input on TBDATA command as C1 using TB,CZM).

For mode I debonding the tangential contact stress and tangential slip behavior follows the normal
contact stress and contact gap behavior and is written as:

(4.383)τt t t �= −

where:

τt = tangential contact stress

Kt = tangential contact stiffness

ut = tangential slip distance

Mode II Debonding

Mode II debonding defines a mode of separation of the interface surfaces where tangential slip dominates
the separation normal to the interface. The equation for the tangential contact stress and tangential
slip distance behavior is written as:

(4.384)τ� � � �= −

where:

�  = tangential slip distance at the maximum tangential contact stress

�
�

 = tangential slip distance at the completion of debonding (input on TBDATA command as
C4 using TB,CZM)
dt = debonding parameter

The debonding parameter for Mode II Debonding is defined as:

(4.385)�
� �

�

�
�

�
�

�

=
−









−













with dt = 0 for ∆t
≤  1 and 0 < dt

≤  1 for ∆t > 1.

where:

∆�
�

�

=

For the 3-D stress state an "isotropic" behavior is assumed and the debonding parameter is computed
using an equivalent tangential slip distance:

(4.386)
� = +1

2
2
2

where:
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u1 and u2 = slip distances in the two principal directions in the tangent plane

The components of the tangential contact stress are defined as:

(4.387)τ1 1= −t t

and

(4.388)τ2 2= −� �

The tangential critical fracture energy is computed as:

(4.389)c� �
c= τmax

where:

τmax = maximum tangential contact stress (input on TBDATA command as C3 using TB,CZM).

The normal contact stress and contact gap behavior follows the tangential contact stress and tangential
slip behavior and is written as:

(4.390)n n �= −

Mixed-Mode Debonding

In mixed-mode debonding the interface separation depends on both normal and tangential components.
The equations for the normal and the tangential contact stresses are written as:

(4.391)� � �= −

and

(4.392)τ� � � �= −

The debonding parameter is defined as:

(4.393)�
�

�

=
−









∆
∆

χ

with dm = 0 for ∆m
≤  1 and 0 < dm

≤  1 for ∆m > 1, and ∆m and χ are defined below.

where:
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The constraint on χ that the ratio of the contact gap distances be the same as the ratio of tangential
slip distances is enforced automatically by appropriately scaling the contact stiffness value, Kt, as follows:

(4.394)�
�
�

�
� �=













τ

σ
���

���
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For mixed-mode debonding, both normal and tangential contact stresses contribute to the total fracture
energy and debonding is completed before the critical fracture energy values are reached for the
components. Therefore, a power law based energy criterion is used to define the completion of debond-
ing:

(4.395)n

cn

t

ct









 +









 =

2 2

where:

� �= ∫  and

� � �= ∫ τ

are, respectively, the normal and tangential fracture energies. Verification of satisfaction of energy criterion
can be done during postprocessing of results.

Identifying Debonding Modes

The debonding modes are based on input data:

1. Mode I for normal data (input on TBDATA command as C1, C2, and C5).

2. Mode II for tangential data (input on TBDATA command as C3, C4, and C5).

3. Mixed mode for normal and tangential data (input on TBDATA command as C1, C2, C3, C4, C5
and C6).

Artificial Damping

Debonding is accompanied by convergence difficulties in the Newton-Raphson solution. Artificial
damping is used in the numerical solution to overcome these problems. For mode I debonding the
normal contact stress expression would appear as:

(4.396)fi�al i�i�ial fi�al

�

= + −

−
η

where:

����� ���	���= − =

η = damping coefficient (input on TBDATA command as C5 using TB,CZM).

The damping coefficient has units of time, and it should be smaller than the minimum time step size
so that the maximum traction and maximum separation (or critical fracture energy) values are not ex-
ceeded in debonding calculations.

Tangential Slip Under Normal Compression

An option is provided to control tangential slip under compressive normal contact stress for mixed-
mode debonding. By default, no tangential slip is allowed for this case, but it can be activated by setting
the flag β (input on TBDATA command as C6 using TB,CZM) to 1. Settings on β are:

β = 0 (default) no tangential slip under compressive normal contact stress for mixed-mode
debonding
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β = 1 tangential slip under compressive normal contact stress for mixed-mode debonding

Post Separation Behavior

After debonding is completed the surface interaction is governed by standard contact constraints for
normal and tangential directions. Frictional contact is used if friction is specified for contact elements.

Results Output for POST1 and POST26

All applicable output quantities for contact elements are also available for debonding: normal contact
stress P (output as PRES), tangential contact stress τt (output as SFRIC) or its components τ1 and τ2

(output as TAUR and TAUS), contact gap un (output as GAP), tangential slip ut (output as SLIDE) or its

components u1 and u2 (output as TASR and TASS), etc. Additionally, debonding specific output quant-

ities are also available (output as NMISC data): debonding time history (output as DTSTART), debonding
parameter dn , dt or dm (output as DPARAM), fracture energies Gn and Gt (output as DENERI and DENERII).

4.13. Fluid Material Models

Fluid material models define constitutive relations for fluids used in structural analyses. These models
are available for hydrostatic fluid elements, HSFLD241 and HSFLD242.

For more details on the fluid material models presented here, see Fluids in the Material Reference.

4.13.1. Liquid

Liquid material can be used to model a compressible linear (Newtonian) isotropic elastic non-viscous
fluid. Using the stress-strain relationship for linear elastic material as given in Structural Fundament-
als (p. 5), the constitutive equation for liquid can be written as:

(4.397)∆ volf= − = −0 ε

with

(4.398)ε ε δ���� ij� ij
�

�

= =
∆
∆ �

(4.399)P �� ��= −
1

3

σ δ

where:

K = bulk modulus
εvolf = volumetric strain for fluid

∆Vf = change in fluid volume

V0f = initial fluid volume

P = current fluid pressure
P0 = initial fluid pressure (use the IC command)

The thermal properties of liquid material are defined by coefficient of thermal expansion, which determ-
ines the change of fluid volume due to change of temperature:

(4.400)∆ �
th

�	
�
th

� � re�= = −ε α� �

where:
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α = coefficient of thermal expansion
T = current fluid temperature
Tref = reference temperature (use TREF or MP command)

Initial fluid density (needed when prescribing fluid mass flow rate) can be specified using the TBcommand
with Lab = FLUID and TBOPT = LIQUID.

Change in fluid volume also affects fluid density. If fluid mass is kept fixed, current density for liquid
material can defined as:

(4.401)
ρ ρ ρ

α
f f

f

f

f

T T
P

K
tre�

= =






+ − −
0

0
0

1

1 3 ( )
∆

where:

ρ0f = initial fluid density

This material model is defined through theTB command with Lab = FLUID and TBOPT = LIQUID; in
addition, use the TBDATA command to define the bulk modulus, K, coefficient of thermal expansion,
α, and initial fluid density, ρ0f, as material constants C1, C2, and C3, respectively.

4.13.2. Gas

The Ideal Gas Law is written as:

(4.402)ρ
ρ

= ⇒
∂
∂

=

where:

ρ = density
P = pressure
R = universal gas constant
T = temperature

The Ideal Gas Law is used to define the constitutive equation for gas material:

(4.403)�
�

�

=

where:

m = mass of fluid
R = universal gas constant
Tt = Toff + T = total fluid temperature

Toff = temperature offset from absolute zero to zero (use TOFFST command)

Pt = Pref + P = total fluid pressure

Pref = reference fluid pressure (specified as a real constant PREF)

Current density for gas material is defined in terms of initial density as:

(4.404)ρ ρ� �
� �

� �

= �
�

�
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where:

T0t = Toff + Tref = initial total temperature

Tref = reference temperature (use TREF or MP command)

P0t = Pref + P0 = initial total fluid pressure

To define a gas material, use theTB command with Lab = FLUID, TBOPT = GAS, and initial fluid density,
ρ0f, as material constant C1 on the TBDATA command. To completely define the initial state of the gas

material, also specify a reference pressure, Pref, as a real constant (use the R command) for the hydro-

static fluid element, a temperature offset from absolute zero to zero temperature, Toff, (use the TOFFST

command), and a reference temperature, Tref (use the TREF or MP command).

4.13.3. Pressure-Volume Data

For compressible fluids that do not follow the constitutive equation for liquid or Ideal Gas Law, a pressure-
volume curve may be used to define a pressure-volume relationship.

Current fluid density for this material model can be defined as:

(4.405)ρ ρf f
f

f

= 0
0

where the current fluid volume is given by the pressure-volume curves based on the current fluid
pressure and temperature.

A pressure-volume curve can be defined through the TB command with Lab = FLUID and TBOPT =
PVDATA, along with the TBTEMP command to define temperature, and the TBPT command to define
pressure-volume data points for each temperature. The pressure-volume data points must be defined
in terms of total pressure and total volume of the fluid in the containing vessel.
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Chapter 5: Electromagnetics

The following topics concerning electromagnetic are available:
5.1. Electromagnetic Field Fundamentals
5.2. Derivation of Electromagnetic Matrices
5.3. Electromagnetic Field Evaluations
5.4. Stranded Coil Analyses
5.5. Inductance, Flux and Energy Computation
5.6. Electromagnetic Particle Tracing
5.7. Capacitance Computation
5.8. Conductance Computation
5.9. Hall Effect

5.1. Electromagnetic Field Fundamentals

Electromagnetic fields are governed by the following Maxwell's equations (Smythe([150] (p. 929))):

(5.1)∇ = +
∂
∂








= + + +

∂
∂









s e v

(5.2)∇ = −
∂
∂









(5.3)∇ ⋅ =

(5.4)∇ ⋅ = ρ

where:

∇ x = curl operator

∇ ⋅  = divergence operator
{H} = magnetic field intensity vector
{J} = total current density vector
{Js} = applied source current density vector

{Je} = induced eddy current density vector

{Jvs} = velocity current density vector

{D} = electric flux density vector (Maxwell referred to this as the displacement vector, but to
avoid misunderstanding with mechanical displacement, the name electric flux density is used
here.)
t = time
{E} = electric field intensity vector
{B} = magnetic flux density vector
ρ = electric charge density

The continuity equation follows from taking the divergence of both sides of Equation 5.1 (p. 177).
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(5.5)∇ ⋅ +
∂
∂

















 =

The continuity equation must be satisfied for the proper setting of Maxwell's equations. Users should
prescribe Js taking this into account.

The above field equations are supplemented by the constitutive relation that describes the behavior
of electromagnetic materials. For problems considering saturable material without permanent magnets,
the constitutive relation for the magnetic fields is:

(5.6)= µ

where:

µ = magnetic permeability matrix, in general a function of {H}

The magnetic permeability matrix [µ] may be input either as a function of temperature or field. Specific-
ally, if [µ] is only a function of temperature,

(5.7)µ µ

µ

µ

µ

=

















o

rx

ry

rz

where:

µo = permeability of free space (input on EMUNIT command)

µrx = relative permeability in the x-direction (input as MURX on MP command)

If [µ] is only a function of field,

(5.8)µ µ=

















h

where:

µh = permeability derived from the input B versus H curve (input with TB,BH).

Mixed usage is also permitted, e.g.:

(5.9)µ

µ

µ µ

µ

=

















�

� ��

�

When permanent magnets are considered, the constitutive relation becomes:

(5.10)� �= +µ µ

where:

{Mo} = remanent intrinsic magnetization vector
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Rewriting the general constitutive equation in terms of reluctivity it becomes:

(5.11)
o

o= −ν
ν

ν

where:

[ν] = reluctivity matrix = [µ]-1

ν
µ�
�

= =reluctivity �f free space

The constitutive relations for the related electric fields are:

(5.12)= + ×σ

(5.13)= ε

where:
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= � !"#$%& � #%"'

σxx = conductivity in the x-direction (input as inverse of RSVX on MP command)

εxx = permittivity in the x-direction (input as PERX on MP command)

The solution of magnetic field problems is commonly obtained using potential functions. Two kinds of
potential functions, the magnetic vector potential and the magnetic scalar potential are used depending
on the problem to be solved. Factors affecting the choice of potential include: field dynamics, field di-
mensionality, source current configuration, domain size and discretization.

The applicable regions are shown below. These will be referred to with each solution procedure discussed
below.
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Figure 5.1:  Electromagnetic Field Regions
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where:

Ω0 = free space region

Ω1 = nonconducting permeable region

Ω2 = conducting region

µ = permeability of iron
µo = permeability of air

Mo = permanent magnets

S1 = boundary of W1

σ = conductivity
Ω = Ω1 + Ω2 + Ω0

5.1.1. Magnetic Scalar Potential

The scalar potential method as implemented in SOLID5, SOLID96, and SOLID98 for 3-D magnetostatic
fields is discussed in this section. Magnetostatics means that time varying effects are ignored. This reduces
Maxwell's equations for magnetic fields to:

(5.14)∇ =
s

(5.15)∇ ⋅ =

5.1.2. Solution Strategies

In the domain Ω0 and Ω1 of a magnetostatic field problem (Ω2 is not considered for magnetostatics) a

solution is sought which satisfies the relevant Maxwell's Equation 5.14 (p. 180) and Equation 5.15 (p. 180)
and the constitutive relation Equation 5.10 (p. 178) in the following form (Gyimesi([141] (p. 928)) and
Gyimesi([149] (p. 929))):

(5.16)g g
= − ∇φ

(5.17)∇ ⋅ ∇ −∇ ⋅ − ∇ ⋅ =µ φ µ µ
� � o o

where:
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{Hg} = preliminary or “guess” magnetic field

φg = generalized potential

The development of {Hg} varies depending on the problem and the formulation. Basically, {Hg} must

satisfy Ampere's law (Equation 5.14 (p. 180)) so that the remaining part of the field can be derived as
the gradient of the generalized scalar potential φg. This ensures that φg is singly valued. Additionally,

the absolute value of {Hg} must be greater than that of ∆φg. In other words, {Hg} should be a good

approximation of the total field. This avoids difficulties with cancellation errors (Gyimesi([149] (p. 929))).

This framework allows for a variety of scalar potential formulation to be used. The appropriate formulation
depends on the characteristics of the problem to be solved. The process of obtaining a final solution
may involve several steps (controlled by the MAGOPT solution option).

As mentioned above, the selection of {Hg} is essential to the development of any of the following scalar

potential strategies. The development of {Hg} always involves the Biot-Savart field {Hs} which satisfies

Ampere's law and is a function of source current {Js}. {Hs} is obtained by evaluating the integral:

(5.18)s
s

volc
=

×
∫ 3π

where:

{Js} = current source density vector at d(volc)

{r} = position vector from current source to node point
volc = volume of current source

The above volume integral can be reduced to the following surface integral (Gyimesi et al.([173] (p. 930)))

(5.19)�
�

�urf�
= ×∫π

where:

surfc = surface of the current source

Evaluation of this integral is automatically performed upon initial solution execution or explicitly (con-
trolled by the BIOT command). The values of {Js} are obtained either directly as input by:

SOURC36 - Current Source

or indirectly calculated by electric field calculation using:

SOLID5 - 3-D Coupled-Field Solid
LINK68 - Coupled Thermal-Electric Line
SOLID98 - Tetrahedral Coupled-Field Solid
PLANE230 - 2-D Electric Solid
SOLID231 or SOLID232 - 3-D Electric Solids

Depending upon the current configuration, the integral given in Equation 5.19 (p. 181) is evaluated in
a closed form and/or a numerical fashion (Smythe([150] (p. 929))).

Three different solution strategies emerge from the general framework discussed above:
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Reduced Scalar Potential (RSP) Strategy
Difference Scalar Potential (DSP) Strategy
General Scalar Potential (GSP) Strategy

5.1.2.1. RSP Strategy

Applicability

If there are no current sources ({Js} = 0) the RSP strategy is applicable. Also, in general, if there are current

sources and there is no iron ([µ] = [µo]) within the problem domain, the RSP strategy is also applicable.

This formulation is developed by Zienkiewicz([75] (p. 924)).

Procedure

The RSP strategy uses a one-step procedure (MAGOPT,0). Equation 5.16 (p. 180) and Equation 5.17 (p. 180)
are solved making the following substitution:

(5.20)g s= in ando 1Ω Ω

Saturation is considered if the magnetic material is nonlinear. Permanent magnets are also considered.

5.1.2.2. DSP Strategy

Applicability

The DSP strategy is applicable when current sources and singly connected iron regions exist within the
problem domain ({Js} ≠ {0}) and ([µ] ≠ [µo]). A singly connected iron region does not enclose a current.

In other words a contour integral of {H} through the iron must approach zero as u → ∞ .

(5.21)∫ ⋅ → → ∞�� ���ℓ Ω

This formulation is developed by Mayergoyz([119] (p. 927)).

Procedure

The DSP strategy uses a two-step solution procedure. The first step (MAGOPT,2) makes the following
substitution into Equation 5.16 (p. 180) and Equation 5.17 (p. 180):

(5.22)� �= �� 	�
� �Ω Ω

subject to:

(5.23)× = ���

This boundary condition is satisfied by using a very large value of permeability in the iron (internally
set by the program). Saturation and permanent magnets are not considered. This step produces a near
zero field in the iron region which is subsequently taken to be zero according to:

(5.24)� �= �� Ω

and in the air region:

(5.25)� � � �= − ∇φ �� Ω
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The second step (MAGOPT,3) uses the fields calculated on the first step as the preliminary field for
Equation 5.16 (p. 180) and Equation 5.17 (p. 180):

(5.26)g = 1in Ω

(5.27)� o o= �� Ω

Here saturation and permanent magnets are considered. This step produces the following fields:

(5.28)�� �= −∇φ �� Ω

and

(5.29)� � � �= − ∇φ 	
 Ω

which are the final results to the applicable problems.

5.1.2.3. GSP Strategy

Applicability

The GSP strategy is applicable when current sources ({Js ≠ {0}) in conjunction with a multiply connected

iron ([µ] ≠ [µo]) region exist within the problem domain. A multiply connected iron region encloses

some current source. This means that a contour integral of {H} through the iron region is not zero:

(5.30)∫ ⋅ →ℓ �� Ω

where:

⋅  = refers to the dot product

This formulation is developed by Gyimesi([141] (p. 928), [149] (p. 929), [201] (p. 932)).

Procedure

The GSP strategy uses a three-step solution procedure. The first step (MAGOPT,1) performs a solution
only in the iron with the following substitution into Equation 5.16 (p. 180) and Equation 5.17 (p. 180):

(5.31)� s �= �� Ω

subject to:

(5.32)� �⋅ − ∇ =µ φ ���

Here S1 is the surface of the iron air interface. Saturation can optimally be considered for an improved

approximation of the generalized field but permanent magnets are not. The resulting field is:

(5.33)� �� = − ∇φ

The second step (MAGOPT,2) performs a solution only in the air with the following substitution into
Equation 5.16 (p. 180) and Equation 5.17 (p. 180):

(5.34)� � �= �� Ω

subject to:
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(5.35)g× = × 1 1in

This boundary condition is satisfied by automatically constraining the potential solution φg at the surface

of the iron to be what it was on the first step (MAGOPT,1). This step produces the following field:

(5.36)o s � o= − ∇φ �� Ω

Saturation or permanent magnets are of no consequence since this step obtains a solution only in air.

The third step (MAGOPT,3) uses the fields calculated on the first two steps as the preliminary field for
Equation 5.16 (p. 180) and Equation 5.17 (p. 180):

(5.37)� = � ��� Ω

(5.38)� � �= 	
 Ω

Here saturation and permanent magnets are considered. The final step allows for the total field to be
computed throughout the domain as:

(5.39)� �= − ∇φ � Ω

5.1.3. Magnetic Vector Potential

The vector potential method is implemented in PLANE13, PLANE53, SOLID97, and PLANE233 for both
2-D and 3-D electromagnetic fields is discussed in this section. Considering static and dynamic fields
and neglecting displacement currents (quasi-stationary limit), the following subset of Maxwell's equations
apply:

(5.40)∇× =

(5.41)∇× = −
∂
∂

(5.42)∇ ⋅ =

The usual constitutive equations for magnetic and electric fields apply as described by Equa-
tion 5.11 (p. 179) and Equation 5.12 (p. 179). Although some restriction on anisotropy and nonlinearity
do occur in the formulations mentioned below.

In the entire domain, Ω, of an electromagnetic field problem a solution is sought which satisfies the
relevant Maxwell's Equation 5.40 (p. 184) thru Equation 5.41 (p. 184). See Figure 5.1: Electromagnetic Field
Regions (p. 180) for a representation of the problem domain Ω.

A solution can be obtained by introducing potentials which allow the magnetic field {B} and the electric
field {E} to be expressed as (Biro([120] (p. 927))):

(5.43)= ∇×

(5.44)= −
∂
∂








− ∇

where:

{A} = magnetic vector potential
V = electric scalar potential

Release 15.0 - © SAS IP, Inc. All rights reserved. - Contains proprietary and confidential information
of ANSYS, Inc. and its subsidiaries and affiliates.184

Electromagnetics



These specifications ensure the satisfaction of two of Maxwell's equations, Equation 5.41 (p. 184) and
Equation 5.42 (p. 184). What remains to be solved is Ampere's law, Equation 5.40 (p. 184) in conjunction
with the constitutive relations, Equation 5.11 (p. 179), and the divergence free property of current
density. Additionally, to ensure uniqueness of the vector potential, the Coulomb gauge condition is
employed. The resulting differential equations are:

(5.45)
∇× ∇× − ∇ ∇ ⋅ +

∂
∂








+ ∇

− × ∇× =

ν ν σ σ

σ

e

inn Ω2

(5.46)∇ ⋅
∂
∂








− ∇ + × ∇×









 =σ σ σ ��� Ω

(5.47)∇× ∇× − ∇ ∇ ⋅ = + ∇ × +��ν ν
ν

ν� s
o

o o 1Ω Ω

where:

ν ν ν ν ν� = = + +

These equations are subject to the appropriate boundary conditions.

This system of simplified Maxwell's equations with the introduction of potential functions has been
used for the solutions of 2-D and 3-D, static and dynamic fields. Silvester([72] (p. 924)) presents a 2-D
static formulation and Demerdash([151] (p. 929)) develops the 3-D static formulation. Chari([69] (p. 924)),
Brauer([70] (p. 924)) and Tandon([71] (p. 924)) discuss the 2-D eddy current problem and Weiss([94] (p. 925))
and Garg([95] (p. 925)) discuss 2-D eddy current problems which allow for skin effects (eddy currents
present in the source conductor). The development of 3-D eddy current problems is found in
Biro([120] (p. 927)).

5.1.4. Limitation of the Node-Based Vector Potential

For models containing materials with different permeabilities, the 3-D vector potential formulation is
not recommended. The solution has been found (Biro et al. [200.] and Preis et al. [203.]) to be incorrect
when the normal component of the vector potential is significant at the interface between elements
of different permeability. The shortcomings of the node-based continuous vector potential formulation
is demonstrated below.

Consider a volume bounded by planes, x = ± -1, y = ± 1, and z = ± 1. See Figure 5.2: Patch Test Geo-
metry (p. 186). Subdivide the volume into four elements by planes, x = 0 and y = 0. The element numbers
are set according to the space quadrant they occupy. The permeability, µ, of the elements is µ1, µ2, µ3,

and µ4, respectively. Denote unit vectors by {1x}, {1y}, and {1z}. Consider a patch test with a known field,

{Hk} = {1z}, {Bk} = µ{Hk} changes in the volume according to µ.

185
Release 15.0 - © SAS IP, Inc. All rights reserved. - Contains proprietary and confidential information

of ANSYS, Inc. and its subsidiaries and affiliates.

Electromagnetic Field Fundamentals



Figure 5.2:  Patch Test Geometry
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Since {Bk} is constant within the elements, one would expect that even a first order element could pass

the patch test. This is really the case with edge element but not with nodal elements. For example, {A}
= µ x {1y} provides a perfect edge solution but not a nodal one because the normal component of A

in not continuous.

The underlying reason is that the partials of a continuous {A} do not exist; not even in a piece-wise
manner. To prove this statement, assume that they exist. Denote the partials at the origin by:

(5.48)

x x x x

y y y

+

+

=
∂
∂

> =
∂
∂

<

=
∂
∂

> =
∂
∂

for for

for y for <

Note that there are only four independent partials because of A continuity. The following equations
follow from Bk = curl A.

(5.49)
� � � �

� � � �

+ + +

+

− = − =

− = − =

µ µ

µ µ

1 2

3 4

Since the equation system, (Equation 5.49 (p. 186)) is singular, a solution does not exist for arbitrary µ.
This contradiction concludes the proof.
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5.1.5. Edge-Based Magnetic Vector Potential

The inaccuracy associated with the node-based formulation is eliminated by using the edge-based
elements with a discontinuous normal component of magnetic vector potential. The edge-based
method is implemented in the 3-D electromagnetic SOLID236 and SOLID237 elements.

The differential equations governing SOLID236 and SOLID237 elements are the following:

(5.50)∇× ∇× +
∂
∂








+∇









 +

∂
∂








+∇

∂
∂





ν σ εA

2

2













 = Ω2

(5.51)∇ ⋅
∂
∂








+∇









 +

∂
∂








+∇

∂
∂

















σ ε

�

�









 = Ω�

(5.52)∇× ∇× +∇× +ν
ν

νs 0
0

0 1Ω Ω

These equations are subject to the appropriate magnetic and electrical boundary conditions.

The uniqueness of edge-based magnetic vector potential is ensured by the tree gauging procedure
(GAUGE command) that sets the edge-flux degrees of freedom corresponding to the spanning tree of
the finite element mesh to zero.

5.1.6. Harmonic Analysis Using Complex Formalism

In a general dynamic problem, any field quantity, q(r,t) depends on the space, r, and time, t, variables.
In a harmonic analysis, the time dependence can be described by periodic functions:

(5.53)= +ω φ

or

(5.54)= −ω ω

where:

r = location vector in space
t = time
ω = angular frequency of time change.
a(r) = amplitude (peak)
φ(r) = phase angle
c(r) = measurable field at ωt = 0 degrees
s(r) = measurable field at ωt = -90 degrees

In an electromagnetic analysis, q(r,t) can be the flux density, {B}, the magnetic field, {H}, the electric
field, {E}, the current density, J, the vector potential, {A}, or the scalar potential, V. Note, however, that

q(r,t) can not be the Joule heat, Qj, the magnetic energy, W, or the force, Fjb, because they include a
time-constant term.

The quantities in Equation 5.53 (p. 187) and Equation 5.54 (p. 187) are related by

(5.55)= φ

(5.56)= φ
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(5.57)2 2 2= +

(5.58)φ =

In Equation 5.53 (p. 187)) a(r), φ(r), c(r) and s(r) depend on space coordinates but not on time. This sep-
aration of space and time is taken advantage of to minimize the computational cost. The originally 4
(3 space + 1 time) dimensional real problem can be reduced to a 3 (space) dimensional complex problem.
This can be achieved by the complex formalism.

The measurable quantity, q(r,t), is described as the real part of a complex function:

(5.59)= ω

Q(r) is defined as:

(5.60)r i= +

where:

j = imaginary unit
Re { } = denotes real part of a complex quantity
Qr(r) and Qi(r) = real and imaginary parts of Q(r). Note that Q depends only on the space co-

ordinates.

The complex exponential in Equation 5.59 (p. 188) can be expressed by sine and cosine as

(5.61)ω ω ω= +

Substituting Equation 5.61 (p. 188) into Equation 5.59 (p. 188) provides Equation 5.60 (p. 188)

(5.62)� �= −ω ω

Comparing Equation 5.53 (p. 187) with Equation 5.62 (p. 188) reveals:

(5.63)�=

(5.64)�=

In words, the complex real, Qr(r), and imaginary, Qi(r), parts are the same as the measurable cosine, c(r),

and sine, s(r), amplitudes.

A harmonic analysis provides two sets of solution: the real and imaginary components of a complex
solution. According to Equation 5.53 (p. 187), and Equation 5.63 (p. 188) the magnitude of the real and
imaginary sets describe the measurable field at t = 0 and at ωt = -90 degrees, respectively. Comparing
Equation 5.54 (p. 187) and Equation 5.63 (p. 188) provides:

(5.65)
� �

� � �= +

(5.66)� �φ =

Equation 5.65 (p. 188) expresses the amplitude (peak) and phase angle of the measurable harmonic field
quantities by the complex real and imaginary parts.

The time average of harmonic fields such as A, E, B, H, J, or V is zero at point r. This is not the case for
P, W, or F because they are quadratic functions of B, H, or J. To derive the time dependence of a
quadratic function - for the sake of simplicity - we deal only with a Lorentz force, F, which is product
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of J and B. (This is a cross product; but components are not shown to simplify writing. The space de-
pendence is also omitted.)

(5.67)

jb
r i r i= = − −ω ω ω ω

== + − +r r i i i r r iω ω ω ω2 2

where:

Fjb = Lorentz Force density (output as FMAG on PRESOL command)

The time average of cos2 and sin2 terms is 1/2 whereas that of the sin cos term is zero. Therefore, the
time average force is:

(5.68)��
� � � �= +

Thus, the force can be obtained as the sum of “real” and “imaginary” forces. In a similar manner the

time averaged Joule power density, Qj, and magnetic energy density, W, can be obtained as:

(5.69)�
� � � �= +

(5.70)� � � �= +

where:

W = magnetic energy density (output as SENE on PRESOL command)

Qj = Joule Power density heating per unit volume (output as JHEAT on PRESOL command)

The time average values of these quadratic quantities can be obtained as the sum of real and imaginary
set solutions.

The element returns the integrated value of Fjb is output as FJB and W is output as SENE. Qj is the av-

erage element Joule heating and is output as JHEAT. For F and Qj the 1/2 time averaging factor is taken
into account at printout. For W the 1/2 time factor is ignored to preserve the printout of the real and
imaginary energy values as the instantaneous stored magnetic energy at t = 0 and at ωt = -90 degrees,
respectively. The element force, F, is distributed among nodes to prepare a magneto-structural coupling.
The average Joule heat can be directly applied to thermoelectric coupling.

5.1.7. Nonlinear Time-Harmonic Magnetic Analysis

Many electromagnetic devices operate with a time-harmonic source at a typical power frequency. Al-
though the power source is time-harmonic, numerical modeling of such devices can not be assumed
as a linear harmonic magnetic field problem in general, since the magnetic materials used in these
devices have nonlinear B-H curves. A time-stepping procedure should be used instead. This nonlinear
transient procedure provides correct solutions for electromagnetic field distribution and waveforms, as
well as global quantities such as force and torque. The only problem is that the procedure is often
computationally intensive. In a typical case, it takes about 4-5 time cycles to reach a sinusoidal steady
state. Since in each cycle, at least 10 time steps should be used, the analysis would require 40-50 non-
linear solution steps.

In many cases, an analyst is often more interested in obtaining global electromagnetic torque and
power losses in a magnetic device at sinusoidal steady state, but less concerned with the actual flux
density waveform. Under such circumstances, an approximate time-harmonic analysis procedure may
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be pursued. If posed properly, this procedure can predict the time-averaged torque and power losses
with good accuracy, and yet at much reduced computational cost.

The basic principle of the present nonlinear time-harmonic analysis is briefly explained next. First of all,
the actual nonlinear ferromagnetic material is represented by another fictitious material based on energy
equivalence. This amounts to replacing the DC B-H curve with a fictitious or effective B-H curve based
on the following equation for a time period cycle T (Demerdash and Gillott([231] (p. 933))):

(5.71)

00

4

m eff

o

B

m

B

T

���

∫ ∫∫=












ω

where:

Hm = peak value of magnetic field

B = magnetic flux density
Beff = effective magnetic flux density

T = time period
ω = angular velocity
t = time

With the effective B-H curve, the time transient is suppressed, and the nonlinear transient problem is
reduced to a nonlinear time-harmonic one. In this nonlinear analysis, all field quantities are all sinusoidal
at a given frequency, similar to the linear harmonic analysis, except that a nonlinear solution has to be
pursued.

It should be emphasized that in a nonlinear transient analysis, given a sinusoidal power source, the
magnetic flux density B has a non-sinusoidal waveform. While in the nonlinear harmonic analysis, B is
assumed sinusoidal. Therefore, it is not the true waveform, but rather represents an approximation of
the fundamental time harmonic of the true flux density waveform. The time-averaged global force,
torque and loss, which are determined by the approximate fundamental harmonics of fields, are then
subsequently approximation to the true values. Numerical benchmarks show that the approximation
is of satisfactory engineering accuracy.

5.1.8. Electric Scalar Potential

Neglecting the time-derivative of magnetic flux density 

∂
∂







  (the quasistatic approximation), the

system of Maxwell's equations (Equation 5.1 (p. 177) through Equation 5.4 (p. 177)) reduces to:

(5.72)∇× = +
∂
∂









(5.73)∇× =

(5.74)∇ =i

(5.75)∇ =i ρ

As follows from Equation 5.73 (p. 190), the electric field {E} is irrotational, and can be derived from:

(5.76)= −∇

where:
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V = electric scalar potential

In the time-varying electromagnetic field governed by Equation 5.72 (p. 190) through Equation 5.75 (p. 190),
the electric and magnetic fields are uncoupled. If only electric solution is of interest, replacing Equa-
tion 5.72 (p. 190) by the continuity Equation 5.5 (p. 178) and eliminating Equation 5.74 (p. 190) produces
the system of differential equations governing the quasistatic electric field.

Repeating Equation 5.12 (p. 179) and Equation 5.13 (p. 179) without velocity effects, the constitutive
equations for the electric fields become:

(5.77)= σ

(5.78)= ε

where:

σ

ρ

ρ

ρ

=



























=

xx

yy

zz

electrical conduuctivit� matri�

ε

ε

ε

ε

=
















=

��

��

��

p����		�
�	� ��	��

ρxx = resistivity in the x-direction (input as RSVX on MP command)

εxx = permittivity in the x-direction (input as PERX on MP command)

The conditions for {E}, {J}, and {D} on an electric material interface are:

(5.79)� �1 2− =

(5.80)�
�

�
�

�
�

�
�+

∂
∂

= +
∂
∂

(5.81)� � s� �− = ρ

where:

Et1, Et2 = tangential components of {E} on both sides of the interface

Jn1, Jn2 = normal components of {J} on both sides of the interface

Dn1, Dn2 = normal components of {D} on both sides of the interface

ρs = surface charge density

Two cases of the electric scalar potential approximation are considered below.

5.1.8.1. Quasistatic Electric Analysis

In this analysis, the relevant governing equations are Equation 5.76 (p. 190) and the continuity equation
(below):
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(5.82)∇ +
∂
∂

















 =i

Substituting the constitutive Equation 5.77 (p. 191) and Equation 5.78 (p. 191) into Equation 5.82 (p. 192),
and taking into account Equation 5.76 (p. 190), one obtain the differential equation for electric scalar
potential:

(5.83)−∇ ∇ −∇ ∇
∂
∂









 =i iσ ε

Equation 5.83 (p. 192) is used to approximate a time-varying electric field in elements PLANE230, SOLID231,
and SOLID232. It takes into account both the conductive and dielectric effects in electric materials.
Neglecting time-variation of electric potential Equation 5.83 (p. 192) reduces to the governing equation
for steady-state electric conduction:

(5.84)−∇ ∇ =i σ

In the case of a time-harmonic electric field analysis, the complex formalism allows Equation 5.83 (p. 192)
to be re-written as:

(5.85)−∇ ∇ + ∇ ∇ =i iε
ω

σ

where:

= −

ω = angular frequency

Equation 5.85 (p. 192) is the governing equation for a time-harmonic electric analysis using elements
PLANE121, SOLID122, and SOLID123.

In a time-harmonic analysis, the loss tangent tan δ can be used instead of or in addition to the electrical
conductivity [σ] to characterize losses in dielectric materials. In this case, the conductivity matrix [σ] is

replaced by the effective conductivity [σeff] defined as:

(5.86)σ σ ω ε δeff = +

where:

tan δ = loss tangent (input as LSST on MP command)

5.1.8.2. Electrostatic Analysis

Electric scalar potential equation for electrostatic analysis is derived from governing Equation 5.75 (p. 190)
and Equation 5.76 (p. 190), and constitutive Equation 5.78 (p. 191):

(5.87)−∇ ∇ =i ε ρ

Equation 5.87 (p. 192), subject to appropriate boundary conditions, is solved in an electrostatic field
analysis of dielectrics using elements PLANE121, SOLID122, and SOLID123.
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5.2. Derivation of Electromagnetic Matrices

The finite element matrix equations can be derived by variational principles. These equations exist for
linear and nonlinear material behavior as well as static and transient response. Based on the presence
of linear or nonlinear materials (as well as other factors), the program chooses the appropriate Newton-
Raphson method. The user may select another method with the (NROPT command (see Newton-
Raphson Procedure (p. 711))). When transient affects are to be considered a first order time integration
scheme must be involved (TIMINT command (see Transient Analysis (p. 763))).

5.2.1. Magnetic Scalar Potential

The scalar potential formulations are restricted to static field analysis with partial orthotropic nonlinear
permeability. The degrees of freedom (DOFs), element matrices, and load vectors are presented here
in the following form (Zienkiewicz([75] (p. 924)), Chari([73] (p. 924)), and Gyimesi([141] (p. 928))):

5.2.1.1. Degrees of freedom

{φe} = magnetic scalar potentials at the nodes of the element (input/output as MAG)

5.2.1.2. Coefficient Matrix

(5.88)m L N= +

(5.89)
� T T T

vol
= ∇ ∇∫ µ

(5.90)
� h � � �

���

� �=
∂
∂

∇ ∇∫
µ

5.2.1.3. Applied Loads

(5.91)i
� �

g c
�	


= ∇ +∫ µ

where:

{N} = element shape functions (φ = {N}T{φe})

∇ = =










∂

∂

∂

∂

∂

∂
�rad�ent peratr

vol = volume of the element
{Hg} = preliminary or “guess” magnetic field (see Electromagnetic Field Fundamentals (p. 177))

{Hc} = coercive force vector (input as MGXX, MGYY, MGZZ on MP command))

[µ] = permeability matrix (derived from input material property MURX, MURY, and MURZ (MP

command) and/or material curve B versus H (accessed with TB,BH))(see Equation 5.7 (p. 178),
Equation 5.8 (p. 178), and Equation 5.9 (p. 178))

�

� H

�µ

 = derivative of permeability with respect to magnitude of the magnetic field intensity
(derived from the input material property curve B versus H (accessed with TB,BH))
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The material property curve is input in the form of B values versus H values and is then converted to

a spline fit curve of µ versus H from which the permeability terms µh and 

d

d H

hµ

 are evaluated.

The coercive force vector is related to the remanent intrinsic magnetization vector as:

(5.92)µ µc o o=

where:

µo = permeability of free space (input as MUZRO on EMUNIT command)

The Newton-Raphson solution technique (Option on the NROPT command) is necessary for nonlinear
analyses. Adaptive descent is also recommended (Adaptky on the NROPT command). When adaptive
descent is used Equation 5.88 (p. 193) becomes:

(5.93)m L N= + − ξ

where:

ξ = descent parameter (see Newton-Raphson Procedure (p. 711))

5.2.2. Magnetic Vector Potential

The vector potential formulation is applicable to both static and dynamic fields with partial orthotropic
nonlinear permeability. The basic equation to be solved is of the form:

(5.94)i
ɺ + =

The terms of this equation are defined below (Biro([120] (p. 927))).

5.2.2.1. Degrees of Freedom

(5.95)
e

e

=






ν

where:

{Ae} = magnetic vector potentials (input/output as AX, AY, AZ)

{νe} = time integrated electric scalar potential (ν = Vdt) (input/output as VOLT)

The VOLT degree of freedom is a time integrated electric potential to allow for symmetric matrices.

5.2.2.2. Coefficient Matrices

(5.96)

AA

vA
=












(5.97)�� � � G= + +

(5.98)
�

�
T T

�
T

� �
T

��l

= ∇× ∇× − ×∇ ×∫ ν σ
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(5.99)
G

A
T

A
T

vol

�

= ∇ ⋅ ∇ ⋅∫ ν

(5.100)
N h �

�
� � �

�
�

���

= ∇ × ∇×∫ 2

ν

(5.101)
V� � �

�
�= − ∇ ×∇×∫ σ

(5.102)

�� �	

�	 
 		
=













(5.103)
��

� �
�

��

= ∫ σ

(5.104)
��

�
�

���

= ∇∫ σ

(5.105)
� � � � �

���

= ∇ ∇∫ σ

5.2.2.3. Applied Loads

(5.106)i

�

t
=












(5.107)� S pm= +

(5.108)
�

s �
�

�� 

= ∫

(5.109)
!"

#
$ $

c

%&'

= ∇∫

(5.110)
(

( )
*

+,-

= ∫

where:

[NA] = matrix of element shape functions for {A}

.
/

e e
/

xe
/

ye
/

ze
/= = 





[N] = vector of element shape functions for {V} (V = {N}T{Ve})

{Js} = source current density vector (input as JS on BFE command)

{Jt} = total current density vector (input as JS on BFE command) (valid for 2-D analysis only)

vol = volume of the element
{Hc} = coercive force vector (input as MGXX, MGYY, MGZZ on MP command)

νo = reluctivity of free space (derived from value using MUZRO on EMUNIT command)

[ν] = partially orthotropic reluctivity matrix (inverse of [µ], derived from input material property
curve B versus H (input using TB,BH command))
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hν
2

= derivative of reluctivity with respect to the magnitude of magnetic flux squared (de-
rived from input material property curve B versus H (input using TB,BH command))
[σ] = orthotropic conductivity (input as RSVX, RSVY, RSVZ on MP command (inverse)) (see
Equation 5.12 (p. 179)).
{v} = velocity vector

The coercive force vector is related to the remanent intrinsic magnetization vector as:

(5.111)c

o

o=
ν

ν

The material property curve is input in the form of B values versus H values and is then converted to

a spline fit curve of ν versus |B|2 from which the isotropic reluctivity terms νh and 

�ν
�

 are evaluated.

The above element matrices and load vectors are presented for the most general case of a vector po-
tential analysis. Many simplifications can be made depending on the conditions of the specific problem.
In 2-D there is only one component of the vector potential as opposed to three for 3-D problems (AX,
AY, AZ).

Combining some of the above equations, the variational equilibrium equations may be written as:

(5.112)
e

T AA
e

AV
e

AA
e

AV
e

A+ + + − =ν ν

(5.113)ν ν ν�
� ��

�
��

�
��

�
��

�
t+ + + − =

Here T denotes transposition.

Static analyses require only the magnetic vector potential degrees of freedom (KEYOPT controlled) and
the K coefficient matrices. If the material behavior is nonlinear then the Newton-Raphson solution pro-
cedure is required (Option on the NROPT command (see Newton-Raphson Procedure (p. 711))).

For 2-D dynamic analyses a current density load of either source ({Js}) or total {Jt} current density is

valid. Jt input represents the impressed current expressed in terms of a uniformly applied current

density. This loading is only valid in a skin-effect analysis with proper coupling of the VOLT degrees of
freedom. In 3-D only source current density is allowed. The electric scalar potential must be constrained
properly in order to satisfy the fundamentals of electromagnetic field theory. This can be achieved by
direct specification of the potential value (using the D command) as well as with coupling and constrain-
ing (using the CP and CE commands).

The general transient analysis (ANTYPE,TRANS (see Element Reordering (p. 684))) accepts nonlinear
material behavior (field dependent [ν] and permanent magnets (MGXX, MGYY, MGZZ). Harmonic transient
analyses (ANTYPE,HARMIC (see Harmonic Analysis (p. 780))) is a linear analyses with sinusoidal loads;
therefore, it is restricted to linear material behavior without permanent magnets.

5.2.3. Edge-Based Magnetic Vector Potential

The following section describes the derivation of the electromagnetic finite element equations used by
SOLID236 and SOLID237 elements.
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In an edge-based electromagnetic analysis, the magnetic vector potential {A} is approximated using
the edge-based shape functions:

(5.114)T
e=

where:

[W] = matrix of element vector (edge-based) shape functions.

� �dg� - flux at th� �l�m�nt mid - sid� nod�s (input/outpuut as AZ). Edg� - flux

is d�fin�d as th� lin� int�gral L
�∫ of th� magn�tic v�ctor pot�ntial along th� �l�m�ntt �dg� �.

The electric scalar potential V is approximated using scalar (node-based) element shape functions:

(5.115)�
�

where:

{N} = vector of element scalar (node-based) shape functions,

{Ve} = electric scalar potential at the element nodes (input/output as VOLT).

Applying the variational principle to the governing electromagnetic equations (see Equation 5.50 (p. 187)
- Equation 5.52 (p. 187)), we obtain the system of finite element equations:

(5.116)
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where:

��   = ∇ ×∫ ∇ ×
���

ν
= element magnetic reluctivity matrix,

� �
�

� �= ∇× [ ]( )





 [ ] ∇× [ ]( ) − [ ][ ] { }×∇× [ ]( )







ν σ

���∫
= element linear magnetic

reluctivity matrix,

N �

2

� �

���

�
� �

=

( )
{ } ∇× [ ]( )∫ { } ∇× [ ]( )

= element nonlinear magnetic reluctivity
matrix,

�� �
���

� �= ∇∫ ∇σ
= element electric conductivity matrix,

 !
"#$

%= ∫ ∇σ
= element magneto-electric coupling matrix,
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VA T

vol

T
T




= − ∇{ }( )∫ [ ]{ }×∇× [ ]σ

= element electromagnetic coupling matrix,

��

���

�= ∫ σ
= element eddy current damping matrix,

�� �

��	

�
�= ∇∫ ∇ε

= element displacement current damping matrix,


�

��
= ∫ ∇ �ε

= element magneto-dielectric coupling matrix,

��

���

�= ∫ ε
= element displacement current mass matrix,

e
s

���

�

s∫ = element source current density vector,

�
pm �

���

�

c= ∇∫ = element remnant magnetization load vector,

vol = element volume,

[ν] = reluctivity matrix (inverse of the magnetic permeability matrix input as MURX, MURY, MURZ on
MP command or derived from the B-H curve input on TB command),

h

2

= derivative of reluctivity with respect to the magnitude of magnetic flux squared (derived
from the B-H curve (input via TB,BH command))

[σ] = electrical conductivity matrix (inverse of the electrical resistivity matrix input as RSVX, RSVY, RSVZ
on MP command),

[ε]= dielectric permittivity (input as PERX, PERY, PERZ on MP command) (applicable to a harmonic
electromagnetic analysis (KEYOPT(1) = 1) only),

{v} = velocity vector (input as VELO on BF command) (applicable to electromagnetic analysis option
(KEYOPT(1) = 1) only),

{Js} = source current density vector (input as JS on BFE command) (applicable to the stranded conductor

analysis option (KEYOPT(1) = 0) only),

{Hc} = coercive force vector (input as MGXX, MGYY, MGZZ on MP command),

{Ie} = nodal current vector (input/output as AMPS).

Equation 5.116 (p. 197) describes the strong coupling between the magnetic edge-flux and the electric
potential degrees of freedom is nonsymmetric. It can be made symmetric by either using the weak
coupling option (KEYOPT(2) = 1) in static or transient analyses or using the time-integrated electric
potential (KEYOPT(2) = 2) in transient or harmonic analyses. In the latter case, the VOLT degree of
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freedom has the meaning of the time-integrated electric scalar potential ∫  , and Equa-
tion 5.116 (p. 197) becomes:

(5.117)

AA
e

e

AA AV

AV T VV

















+




















=

+







ɺ

ɺ
e

e

e
s

e
pm

e

5.2.4. Electric Scalar Potential

The electric scalar potential V is approximated over the element as follows:

(5.118)�
�=

where:

{N} = element shape functions
{Ve} = nodal electric scalar potential (input/output as VOLT)

5.2.4.1. Quasistatic Electric Analysis

The application of the variational principle and finite element discretization to the differential Equa-
tion 5.83 (p. 192) produces the matrix equation of the form:

(5.119)v
�

v
� �

ɺ + =

where:

� �
�ol

� �ff �= ∇∫ ∇ =σ �����nt ���ctrica� c	nnducti
ity c	���ici�nt �atrix

� 
���


= ∇∫ ∇ =ε ������� ���������� ������������� ����������� ������

vol = element volume

[σeff] = "effective" conductivity matrix (defined by Equation 5.86 (p. 192))
{Ie} = nodal current vector (input/output as AMPS)

Equation 5.119 (p. 199) is used in the finite element formulation of PLANE230, SOLID231, and SOLID232.
These elements model both static (steady-state electric conduction) and dynamic (time-transient and

time-harmonic) electric fields. In the former case, matrix [Cv] is ignored.

A time-harmonic electric analysis can also be performed using elements PLANE121, SOLID122, and
SOLID123. In this case, the variational principle and finite element discretization are applied to the dif-
ferential Equation 5.85 (p. 192) to produce:

(5.120) h  h
! !

"ω + =

where:

#$ #=

%& %= −
2ω
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e
n = �odal charg� v�ctor (i�put/output as CHRG)

5.2.4.2. Electrostatic Analysis

The matrix equation for an electrostatic analysis using elements PLANE121, SOLID122, and SOLID123
is derived from Equation 5.87 (p. 192):

(5.121)��
� �=

�� T

���

T T= ∇ ∇ =∫ ε 	
�����
 ���m
��
�
�y ��ff

��� m���
x

� �
�

�
�

�
��= + +

�
� �

���

= ∫ ρ

�
 !

 
"

 

= ∫ ρ

{ρ} = charge density vector (input as CHRGD on BF command)
{ρs} = surface charge density vector (input as CHRGS on SF command)

5.3. Electromagnetic Field Evaluations

The basic magnetic analysis results include magnetic field intensity, magnetic flux density, magnetic
forces and current densities. These types of evaluations are somewhat different for magnetic scalar and
vector formulations. The basic electric analysis results include electric field intensity, electric current
densities, electric flux density, Joule heat and stored electric energy.

5.3.1. Magnetic Scalar Potential Results

The first derived result is the magnetic field intensity which is divided into two parts (see Electromag-
netic Field Fundamentals (p. 177)); a generalized field {Hg} and the gradient of the generalized potential

-∇ ϕg. This gradient (referred to here as {Hϕ) is evaluated at the integration points using the element

shape function as:

(5.122)#
$φ φ= −∇

where:

∇ = =










∂

∂

∂

∂

∂

∂
%&'*+,-. 01,&'.0&

{N} = shape functions
{ωg} = nodal generalized potential vector

The magnetic field intensity is then:

(5.123)2= + φ

where:
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{H} = magnetic field intensity (output as H)

Then the magnetic flux density is computed from the field intensity:

(5.124)= µ

where:

{B} = magnetic flux density (output as B)
[µ] = permeability matrix (defined in Equation 5.7 (p. 178), Equation 5.8 (p. 178), and Equa-
tion 5.9 (p. 178))

Nodal values of field intensity and flux density are computed from the integration points values as de-
scribed in Nodal and Centroidal Data Evaluation (p. 409).

Magnetic forces are also available and are discussed below.

5.3.2. Magnetic Vector Potential Results

The magnetic flux density is the first derived result. It is defined as the curl of the magnetic vector po-
tential. This evaluation is performed at the integration points using the element shape functions:

(5.125)
A

T
e= ∇×

where:

{B} = magnetic flux density (output as B)

∇ x = curl operator
[NA] = shape functions

{Ae} = nodal magnetic vector potential

Then the magnetic field intensity is computed from the flux density:

(5.126)= ν

where:

{H} = magnetic field intensity (output as H)
[ν] = reluctivity matrix

Nodal values of field intensity and flux density are computed from the integration point value as described
in Nodal and Centroidal Data Evaluation (p. 409).

Magnetic forces are also available and are discussed below.

For a vector potential transient analysis current densities are also calculated.

(5.127)t � s v= + +

where:

{Jt} = total current density

(5.128)� �
�

�

i

n

= −
∂
∂








= −

=
∑σ σ
1
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where:

{Je} = current density component due to {A}

[σ] = conductivity matrix
n = number of integration points
[NA] = element shape functions for {A} evaluated at the integration points

{Ae} = time derivative of magnetic vector potential

and

(5.129)s
T

e

i

n

= − ∇ = ∇
=
∑σ σ
1

where:

{Js} = current density component due to V

∇  = divergence operator
{Ve} = electric scalar potential

{N} = element shape functions for V evaluated at the integration points

and

(5.130)v = ×

where:

{Jv} = velocity current density vector

{v} = applied velocity vector
{B} = magnetic flux density (see Equation 5.125 (p. 201))

5.3.3. Edge-Based Magnetic Vector Potential

The following section describes the results derived from an edge-based electromagnetic analysis using
SOLID236 and SOLID237 elements.

The electromagnetic fields and fluxes are evaluated at the integration points as follows:

(5.131)
�

�= ∇×

(5.132)ν

(5.133)
�

�

� �{ } = −∇{ } { } − [ ] ∂

∂







+ { }×{ }

(5.134)c{ } = [ ]{ }σ

(5.135)� � ε
∂
∂









where:

{B} = magnetic flux density (output as B at the element nodes),

{H} = magnetic field intensity (output as H at the element nodes),
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{E} = electric field intensity (output as EF at the element nodes),

{Jc} = conduction current density (output as JC at the element nodes and as JT at the element centroid),

{Js} = total (conduction + displacement) current density (output as JS at the element centroid; same as

JT in a static or transient analysis),

{Ae}= edge-flux at the element mid-side nodes (input/output as AZ),

{Ve} = electric scalar potential at the element nodes (input/output as VOLT),

[W] = matrix of element vector (edge-based) shape functions,

{N} = vector of element scalar (node-based) shape functions,

[ν] = reluctivity matrix (inverse of the magnetic permeability matrix (input as MURX, MURY, MURZ on
MP command or derived from the B-H curve input on TB command),

[σ] = electrical conductivity matrix (inverse of the electrical resistivity matrix input as RSVX, RSVY, RSVZ
on MP command),

[ε] = dielectric permittivity (input as PERX, PERY, PERZ on MP command) (applicable to a harmonic
electromagnetic analysis (KEYOPT(1) = 1) only).

{ν} = velocity vector (input as VELO on BF command) (applicable to electromagnetic analyses (KEYOPT(1)
= 1) only)

Nodal values of the above quantities are computed from the integration point values as described in
Nodal and Centroidal Data Evaluation (p. 409).

5.3.4. Magnetic Forces

Magnetic forces are computed by elements using the vector potential method (PLANE13, PLANE53,
SOLID97, PLANE233, SOLID236 and SOLID237) and the scalar potential method (SOLID5, SOLID96, and
SOLID98). Three different techniques are used to calculate magnetic forces at the element level.

5.3.4.1. Lorentz forces

Magnetic forces in current carrying conductors (element output quantity FJB) are numerically integrated
using:

(5.136)
jb T

vol
= ×∫

where:

{N} = vector of shape functions

For a 2-D analysis, the corresponding electromagnetic torque about +Z is given by:

(5.137)
��

���
= ⋅ × ×∫

where:

{Z} = unit vector along +Z axis
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{r} = position vector in the global Cartesian coordinate system

In a time-harmonic analysis, the time-averaged Lorentz force and torque are computed by:

(5.138)av
jb T

vol
= ×∗∫

and

(5.139)��
��

���
= ⋅ × ×∫

respectively.

where:

{J}* = complex conjugate of {J}

5.3.4.2. Maxwell Forces

The Maxwell stress tensor is used to determine forces on ferromagnetic regions. Depending on
whether the magnetic forces are derived from the Maxwell stress tensor using surface or volumetric
integration, one distinguishes between the surface and the volumetric integral methods.

5.3.4.2.1. Surface Integral Method

This method is used by PLANE13, PLANE53, SOLID5, SOLID96, SOLID97, SOLID98 elements.

The force calculation is performed on surfaces of air material elements which have a nonzero face
loading specified (MXWF on SF commands) (Moon([77] (p. 924))). For the 2-D application, this method
uses extrapolated field values and results in the following numerically integrated surface integral:

(5.140)
mx

�
s

=

















∫ 11 12

21 22

1

2µ

where:

{Fmx} = Maxwell force (output as FMX)

µo = permeability of free space (input on EMUNIT command)

���
	 	

= −

T12 = Bx By

T21 = Bx By

y



 


= −

3-D applications are an extension of the 2-D case.

For a 2-D analysis, the corresponding electromagnetic torque about +Z axis is given by:

(5.141)
��


�

= ⋅ × ⋅ − ⋅












∫ ^ ^

µ
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where:

^

 = unit surface normal in the global Cartesian coordinate system

In a time-harmonic analysis, the time-averaged Maxwell stress tensor force and torque are computed
by:

(5.142)
� �

av

mx

o
s

= ⋅ − ⋅












∗ ∗∫µ

and

(5.143)��

��

�
�

= ⋅ × ⋅ − ⋅












∗ ∗� �

µ ∫∫

respectively.

where:

{B}* = complex conjugate of {B}
Re{ } = denotes real part of a complex quantity

The FMAGSUM macro is used with this method to sum up Maxwell forces and torques on element
component.

5.3.4.2.2. Volumetric Integral Method

This method is used by PLANE233, SOLID236, and SOLID237 elements with KEYOPT(8) = 0.

The Maxwell forces are calculated by the following volumetric integral:

(5.144)
e

�	


�l

T
�	∫

where:

�

�

 = element magnetic Maxwell forces (output as FMAG at all the element nodes with KEYOPT(7)
= 0 or at the element corner nodes only with KEYOPT(7) = 1),

[B] = strain-displacement matrix

{Tmx} = Maxwell stress vector = {T11 T22 T33 T12 T23 T13}T

The EMFT macro can be used with this method to sum up Maxwell forces and torques.

5.3.4.3. Virtual Work Forces

Electromagnetic nodal forces (including electrostatic forces) are calculated using the virtual work principle.
The two formulations currently used for force calculations are the element shape method (magnetic
forces) and nodal perturbations method (electromagnetic forces).
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5.3.4.3.1. Element Shape Method

Magnetic forces calculated using the virtual work method (element output quantity FVW) are obtained
as the derivative of the energy versus the displacement (MVDI on BF commands) of the movable part.
This calculation is valid for a layer of air elements surrounding a movable part (Coulomb([76] (p. 924))).
To determine the total force acting on the body, the forces in the air layer surrounding it can be summed.
The basic equation for force of an air material element in the s direction is:

(5.145)s
T

vol

T

vol
=

∂
∂









+
∂
∂∫ ∫∫

where:

Fs = force in element in the s direction

∂

∂








=

H

�
deri�ati�e �f fie�d inten�ity with re�pect t� dii�p�acement�

s = virtual displacement of the nodal coordinates taken alternately to be in the X, Y, Z global
directions
vol = volume of the element

For a 2-D analysis, the corresponding electromagnetic torque about +Z axis is given by:

(5.146)
��

�
��

= ⋅ × ⋅ ∇ − ⋅∇





µ ��∫

In a time-harmonic analysis, the time-averaged virtual work force and torque are computed by:

(5.147)�	
	


�
	

= ⋅ ∇ − ⋅∇






∗ ∗

µ ���∫

and

(5.148)�
��

�

= ⋅ × ⋅ ∇ − ⋅∇






∗ ∗

µ ���∫

respectively.

5.3.4.3.2. Nodal Perturbation Method

This method is used by PLANE121, SOLID122 and SOLID123 elements.

Electromagnetic (both electric and magnetic) forces are calculated as the derivatives of the total element
coenergy (sum of electrostatic and magnetic coenergies) with respect to the element nodal coordinates
(Gyimesi et al.([346] (p. 940))):

(5.149)x�
�

� �

���

=
∂
∂

+








∫

where:

Fxi = x-component (y- or z-) of electromagnetic force calculated in node i

xi = nodal coordinate (x-, y-, or z-coordinate of node i)

vol = volume of the element
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Nodal electromagnetic forces are calculated for each node in each element. In an assembled model the
nodal forces are added up from all adjacent to the node elements. The nodal perturbation method
provides consistent and accurate electric and magnetic forces (using the EMFT command macro).

5.3.5. Joule Heat in a Magnetic Analysis

Joule heat is computed by elements using the vector potential method (PLANE13, PLANE53, SOLID97,
SOLID236, and SOLID237) if the element has a nonzero resistivity (material property RSVX) and a nonzero
current density (either applied Js or resultant Jt). It is available as the output power loss (output as

JHEAT) or as the coupled field heat generation load (LDREAD,HGEN).

Joule heat per element is computed as:

1. Static or Transient Magnetic Analysis

(5.150)j
ti ti

i

n

= ⋅
=
∑

1

ρ

where:

Qj = Joule heat per unit volume
n = number of integration points
[ρ] = resistivity matrix (input as RSVX, RSVY, RSVZ on MP command)
{Jti} = total current density in the element at integration point i

2. Harmonic Magnetic Analysis

(5.151)
�

�� ��

�

�

= ⋅










∗

=
∑

�

ρ

where:

Re = real component
{Jti} = complex total current density in the element at integration point i

{Jti}* = complex conjugate of {Jti}

5.3.6. Electric Scalar Potential Results

The first derived result in this analysis is the electric field. By definition (Equation 5.76 (p. 190)), it is cal-
culated as the negative gradient of the electric scalar potential. This evaluation is performed at the in-
tegration points using the element shape functions:

(5.152)T
e= −∇

Nodal values of electric field (output as EF) are computed from the integration points values as described
in Nodal and Centroidal Data Evaluation (p. 409). The derivation of other output quantities depends on
the analysis types described below.

5.3.6.1. Quasistatic Electric Analysis

The conduction current and electric flux densities are computed from the electric field (see Equa-
tion 5.77 (p. 191) and Equation 5.78 (p. 191)):
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(5.153)= σ

(5.154)= ′ − ′′ε ε

where:

′ =ε ε

′′ =ε δ ε

= −

Both the conduction current {J} and electric flux {D} densities are evaluated at the integration point
locations; however, whether these values are then moved to nodal or centroidal locations depends on
the element type used to do a quasistatic electric analysis:

• In a current-based electric analysis using elements PLANE230, SOLID231, and SOLID232, the conduction
current density is stored at both the nodal (output as JC) and centoidal (output as JT) locations. The
electric flux density vector components are stored at the element centroidal location and output as non-
summable miscellaneous items;

• In a charge-based analysis using elements PLANE121, SOLID122, and SOLID123 (harmonic analysis), the
conduction current density is stored at the element centroidal location (output as JT), while the electric
flux density is moved to the nodal locations (output as D).

The total electric current {Jtot} density is calculated as a sum of conduction {J} and displacement current

∂
∂







  densities:

(5.155)tot = +
∂
∂









The total electric current density is stored at the element centroidal location (output as JS). It can be
used as a source current density in a subsequent magnetic analysis (LDREAD,JS).

The Joule heat is computed from the centroidal values of electric field and conduction current density.
In a steady-state or transient electric analysis, the Joule heat is calculated as:

(5.156)T=

where:

Q = Joule heat generation rate per unit volume (output as JHEAT)

In a harmonic electric analysis, the Joule heat generation value per unit volume is time-averaged over
a one period and calculated as:

(5.157)�=

where:

Re = real component
{E}* = complex conjugate of {E}
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The value of Joule heat can be used as heat generation load in a subsequent thermal analysis
(LDREAD,HGEN).

In a transient electric analysis, the element stored electric energy is calculated as:

(5.158)
T

vol

= ∫

where:

W = stored electric energy (output as SENE)

In a harmonic electric analysis, the time-averaged electric energy is calculated as:

(5.159)
�

���

= ∫ *

5.3.6.2. Electrostatic Analysis

The derived results in an electrostatic analysis are:

Electric field (see Equation 5.152 (p. 207)) at nodal locations (output as EF);
Electric flux density (see Equation 5.154 (p. 208)) at nodal locations (output as D);
Element stored electric energy (see Equation 5.158 (p. 209)) output as SENE

Electrostatic forces are also available and are discussed below.

5.3.7. Electrostatic Forces

Electrostatic forces are determined using the nodal perturbation method (recommended) described in
Nodal Perturbation Method (p. 206) or the Maxwell stress tensor described here. This force calculation
is performed on surfaces of elements which have a nonzero face loading specified (MXWF on SF com-
mands). For the 2-D application, this method uses extrapolated field values and results in the following
numerically integrated surface integral:

(5.160)
mx

�

s

=

















∫ε 11 12

21 22

1

2

where:

εo = free space permittivity (input as PERX on MP command)

���
� �

= −

T12 = Ex Ey

T21 = Ey Ex

y��
� �= −

n1 = component of unit normal in x-direction

n2 = component of unit normal in y-direction

s = surface area of the element face

	 


� � �= +
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3-D applications are an extension of the 2-D case.

5.4. Stranded Coil Analyses

In the magnetic vector potential formulations discussed in previous sections, the source current density
{Js} is either known and input as BFE,,JS (stranded conductor analysis) or determined from a fully-coupled
electromagnetic solution as a sum of eddy Je (Equation 5.128 (p. 201)) and DC conduction Js (Equa-

tion 5.129 (p. 202)) current densities (massive conductor analysis).

A stranded coil refers to a coil consisting of many fine turns of conducting wires. Because in the low-
frequency approximation the cross-section of the wires is small compared to the skin depth, the eddy
currents in the wire can be neglected and the magnitude of the current density within the wires can
be considered constant. The coil can be energized by an applied voltage or current, or by a controlling
electric circuit. The stranded coil analysis can be viewed as a special case of electromagnetic field ana-
lysis where the current flow direction in wires is known and determined by the winding, while the
magnitude of the current in the coil or voltage drop across the coil can either be imposed or determined
from the solution.

The following sections describe the magnetic and electric equations that govern the stranded coil and
the different finite element formulations used by the current-technology and legacy electromagnetic
elements. The formulations apply to static, transient and harmonic analysis types.

5.4.1. Governing Equations

In a stranded coil analysis, the magnetic field equation

(5.161)∇ × ∇ ×{ } −{ } =ν

is coupled to the electric circuit equation

(5.162)∆ Φ= + ∂
∂t

by the following expressions for the electric current density {J} and the magnetic flux Φ in the coil:

(5.163)
c

c

{ } = { }

(5.164)Φ = { } ⋅{ }∫�

�

T

V�

where:

{A} = magnetic vector potential,

ν = magnetic reluctivity,

∆V = voltage drop across the coil,

I = total electric current,

R = total DC resistance of the coil winding,

Sc  = coil cross-sectional area,

Release 15.0 - © SAS IP, Inc. All rights reserved. - Contains proprietary and confidential information
of ANSYS, Inc. and its subsidiaries and affiliates.210

Electromagnetics



Nc = number of coil turns,

Vc  = coil volume,

{t} = winding direction vector (direction of {J}).

The coupled set of electromagnetic equations governing the stranded coil is obtained by eliminating
the current density {J} and magnetic flux Φ from Equation 5.161 (p. 210) and Equation 5.162 (p. 210) using
Equation 5.163 (p. 210) and Equation 5.164 (p. 210), respectively. Depending on whether the voltage drop
across the coil ∆V or the total electric current I is considered to be an independent electric variable in
the stranded coil analysis, one can distinguish between the A-VOLT-EMF and the A-CURR formulations
respectively.

5.4.2. A-VOLT-EMF Formulation

This formulation is available with the stranded coil analysis option (KEYOPT(1) = 2) of the current-tech-
nology electromagnetic elements PLANE233, SOLID236 and SOLID237.

In addition to the magnetic vector potential ({A}) and the voltage drop across the coil (∆V) unknowns,
the coil electromotive force (E) is introduced as a degree of freedom to prevent the distribution of eddy
currents in the wire:

(5.165)
c

c

T

V�

{ } ⋅ { }
∫

The corresponding finite element matrix equation can be written as:

(5.166)
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where:

[KAA] = element magnetic reluctivity matrix defined in Equation 5.116 (p. 197),

�� �

� vol

�  = − [ ]{ }{ }∫

��

�

	


��

  = { }{ } =∫

Sc = coil cross-sectional area (input as R2 (2-D) or R1 (3-D) on R command),

Nc = number of coil turns (input as R3 (2-D) or R2 (3-D) on R command),

Vc = coil volume (calculated (2-D) or input as R3 (3-D) on R command),

{t} = current direction vector (input as R5 (2-D) or R4-R6 (3-D) on R command),

R = total DC resistance of the coil (input as R6 (2-D) or R7 (3-D) on R command),
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s = symmetry factor of the coil (input as R7 (2-D) or R8 (3-D) on R command),

{N} = vector of element scalar (node-based) shape functions,

[W] = {N} (2-D) or matrix of vector (edge-based) shape functions (3-D),

vol = element volume,

{Ie} = nodal current vector (input/output as AMPS),

{Ae} = nodal magnetic vector potential - Z-component of magnetic vector potential at element nodes

(2-D) or edge-flux at element midside nodes (3-D) (input/output as AZ),

{∆Ve} = nodal voltage drop across the coil (input/output as VOLT),

{Ee} = nodal electromotive force in the coil (input/output as EMF).

Note that the VOLT and EMF degrees of freedom should be coupled for each coil using the CP,,VOLT
and CP,,EMF commands.

Equation 5.166 (p. 211) that strongly couples magnetic and electric degrees of freedom in a stranded
coil is nonsymmetric. It can be made symmetric by either using the weak coupling option (KEYOPT(2)
= 1) in static or transient analyses or, provided the symmetry factor s = 1, by using the time-integrated
voltage drop and emf formulation (KEYOPT(2) = 2) in transient or harmonic analyses. In the latter case,
the VOLT and EMF degrees of freedom have the meaning of the time-integrated voltage drop across

the coil 
∆∫  and time-integrated electromotive force ∫  , and Equation 5.166 (p. 211) becomes:

(5.167)
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With the A-VOLT-EMF formulation where VOLT and EMF are 'true' (not time-integrated) voltage drop
and emf respectively, the stranded coil can be node-coupled coupled to the current-based circuit ele-
ments (CIRCU124) as they share the same VOLT degree of freedom.

The stranded coil analysis results include:

• Nodal magnetic flux density calculated as in Equation 5.125 (p. 201) (output as B)

• Nodal magnetic field intensity calculated as in Equation 5.126 (p. 201) (output as H)

• Element electric current density calculated as in Equation 5.163 (p. 210) (output as JT or JS)

• Nodal magnetic forces calculated as in Equation 5.144 (p. 205) (output as FMAG)

• Element Joule heat generation rate calculated as in Equation 5.150 (p. 207) (output as JHEAT)

Note that the calculated current density JT (or JS) and the Joule heat generation rate JHEAT are effective
in the sense that they are calculated based on the coil cross-sectional area (SC) and coil volume (VC),
respectively, and those real constants include the wire and the non-conducting material filling the space
between the winding.
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5.4.3. A-CURR Formulation

This formulation is available with the voltage-fed (KEYOPT(1) = 2) and the circuit-coupled (KEYOPT(1)
= 3) stranded coil analysis options of the legacy electromagnetic elements PLANE53 and SOLID97. With
the A-CURR formulation, the unknowns are the components of the magnetic vector potential {A} (AX,
AY, AZ) and the coil total current I (CURR).

Assume that a stranded coil has an isotropic and constant magnetic permeability and electric conduct-
ivity. Then, by using the magnetic vector potential approach from Electromagnetics (p. 177), the following
element matrix equation is derived for the voltage-fed stranded coil analysis:

(5.168)
iA

AA Ai

ii
























+
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=






o

where:

{A} = nodal magnetic vector potential vector (input/output as AX, AY, AZ)
{i} = nodal electric current vector (input/output as CURR)

[KAA] = potential stiffness matrix

[Kii] = resistive stiffness matrix

[KAi] = potential-current coupling stiffness matrix

[CiA] = inductive damping matrix
{Vo} = applied voltage drop vector (input/output as VLTG on BFE

To couple the A-CURR formulation of the stranded coil to the circuit, you need to use the circuit-coupled
stranded coil option with PLANE53 and SOLID97 (KEYOPT(1) = 3) and the stranded coil option of CIRCU124
(KEYOPT(1) = 5). Both these options use the electromotive force degree of freedom EMF in addition to
the A and CURR unknowns.

Assuming an isotropic and constant magnetic permeability and electric conductivity, the following
element matrix equation is derived for a circuit-coupled stranded coil:

(5.169)
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where:

{e} = nodal electromotive force drop (EMF)

[Kie] = current-emf coupling stiffness

The magnetic flux density {B}, the magnetic field intensity {H}, magnetic forces, and Joule heat can be
calculated from the nodal magnetic vector potential {A} using Equation 5.124 (p. 201) and Equa-
tion 5.125 (p. 201).

The nodal electric current represents the current in a wire of the stranded coil. Therefore, there is only
one independent electric current unknown in each stranded coil. In addition, there is no gradient or
flux calculation associated with the nodal electric current vector.

213
Release 15.0 - © SAS IP, Inc. All rights reserved. - Contains proprietary and confidential information

of ANSYS, Inc. and its subsidiaries and affiliates.

Stranded Coil Analyses



5.5. Inductance, Flux and Energy Computation

Inductance plays an important role in the characterization of magnetic devices, electrical machines,
sensors and actuators. The concept of a non-variant (time-independent), linear inductance of wire-like
coils is discussed in every electrical engineering book. However, its extension to variant, nonlinear, dis-
tributed coil cases is far from obvious.

Time-variance is essential when the geometry of the device is changing: for example actuators, electrical
machines. In this case, the inductance depends on a stroke (in a 1-D motion case) which, in turn, depends
on time.

Many magnetic devices apply iron for the conductance of magnetic flux. Most iron has a nonlinear B-
H curve. Because of this nonlinear feature, two kinds of inductance must be differentiated: differential
and secant. The secant inductance is the ratio of the total flux over current. The differential inductance
is the ratio of flux change over a current excitation change.

The flux of a single wire coil can be defined as the surface integral of the flux density. However, when
the size of the wire is not negligible, it is not clear which contour spans the surface. The field within
the coil must be taken into account. Even larger difficulties occur when the current is not constant: for
example solid rotor or squirrel-caged induction machines.

The voltage induced in a variant coil can be decomposed into two major components: transformer
voltage and motion induced voltage.

The transformer voltage is induced in coils by the rate change of exciting currents. It is present even if
the geometry of the system is constant, the coils don't move or expand. To obtain the transformer
voltage, the knowledge of flux change (i.e., that of differential flux) is necessary when the exciting currents
are perturbed.

The motion induced voltage (sometimes called back-EMF) is related to the geometry change of the
system. It is present even if the currents are kept constant. To obtain the motion induced voltage, the
knowledge of absolute flux in the coils is necessary as a function of stroke.

Obtaining the proper differential and absolute flux values requires consistent calculations of magnetic
absolute and incremental energies and co-energies. The LMATRIX command macro provides the absolute
flux together with the incremental inductance. For legacy electromagnetic elements, the differential
inductance and the absolute flux are provided by the LMATRIX command macro. For current-technology
elements, the linear perturbation procedure can be used to calculate the differential inductance and
the absolute flux using the incremental (IENE) and the co-energy (COEN) element records, respectively.

5.5.1. Differential Inductance Definition

Consider a magnetic excitation system consisting of n coils each fed by a current, Ii. The flux linkage ψi

of the coils is defined as the surface integral of the flux density over the area multiplied by the number
of turns, Ni, of the of the pertinent coil. The relationship between the flux linkage and currents can be

described by the secant inductance matrix, [Ls]:

(5.170)ψ ψ= [ ] +
s o

where:

{ψ} = vector of coil flux linkages
t = time
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{I} = vector of coil currents.
{ψo} = vector of flux linkages for zero coil currents (effect of permanent magnets)

Main diagonal element terms of [Ls] are called self inductance, whereas off diagonal terms are the mu-

tual inductance coefficients. [Ls] is symmetric which can be proved by the principle of energy conserva-

tion.

In general, the inductance coefficients depend on time, t, and on the currents. The time dependent
case is called time variant which is characteristic when the coils move. The inductance computation
used by the program is restricted to time invariant cases. Note that time variant problems may be reduced
to a series of invariant analyses with fixed coil positions. The inductance coefficient depends on the
currents when nonlinear magnetic material is present in the domain.

The voltage vector, {U}, of the coils can be expressed as:

(5.171)=
∂
∂

ψ

In the time invariant nonlinear case

(5.172)
s

s d=
[ ]

+ [ ]









∂
∂

= [ ]
∂
∂

The expression in the bracket is called the differential inductance matrix, [Ld]. The circuit behavior of a

coil system is governed by [Ld]: the induced voltage is directly proportional to the differential inductance

matrix and the time derivative of the coil currents. In general, [Ld] depends on the currents, therefore

it should be evaluated for each operating point.

5.5.2. Review of Inductance Computation Methods

After a magnetic field analysis, the secant inductance matrix coefficients, Lsij, of a coupled coil system

could be calculated at postprocessing by computing flux linkage as the surface integral of the flux
density, {B}. The differential inductance coefficients could be obtained by perturbing the operating
currents with some current increments and calculating numerical derivatives. However, this method is
cumbersome, neither accurate nor efficient. A much more convenient and efficient method is offered
by the energy perturbation method developed by Demerdash and Arkadan([225] (p. 933)), Demerdash
and Nehl([226] (p. 933)) and Nehl et al.([227] (p. 933)). The energy perturbation method is based on the
following formula:

(5.173)�ij

i j

=
2

where W is the magnetic energy, Ii and Ij are the currents of coils i and j. The first step of this procedure

is to obtain an operating point solution for nominal current loads by a nonlinear analysis. In the second
step linear analyses are carried out with properly perturbed current loads and a tangent reluctivity
tensor, νt, evaluated at the operating point. For a self coefficient, two, for a mutual coefficient, four,

incremental analyses are required. In the third step the magnetic energies are obtained from the incre-
mental solutions and the coefficients are calculated according to Equation 5.173 (p. 215).
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5.5.3. Inductance Computation Method Used

The inductance computation method used by the LMATRIX macro is based on Gyimesi and Oster-
gaard([229] (p. 933)) who revived Smythe's procedure([150] (p. 929)).

The incremental energy Wij is defined by

(5.174)ij = ∫ ∆ ∆

where {∆H} and {∆B} denote the increase of magnetic field and flux density due to current increments,
∆Ii and ∆Ij. The coefficients can be obtained from

(5.175)�� d�� � �= ∆ ∆

This allows an efficient method that has the following advantages:

1. For any coefficient, self or mutual, only one incremental analysis is required.

2. There is no need to evaluate the absolute magnetic energy. Instead, an “incremental energy” is calculated
according to a simple expression.

3. The calculation of incremental analysis is more efficient: The factorized stiffness matrix can be applied.
(No inversion is needed.) Only incremental load vectors should be evaluated.

For elements PLANE233, SOLID236 and SOLID237, the linear perturbation procedure can be used to
derive the differential inductance from the element incremental energy (output as IENE). The incremental
energy is calculated using Equation 5.174 (p. 216), where ∆H and ∆B are the linear perturbation analysis
magnetic field and flux densities corresponding to the perturbation current loads ∆Ii and ∆Ij.

5.5.4. Transformer and Motion Induced Voltages

The absolute flux linkages of a time-variant multi-coil system can be written in general:

(5.176)ψ ψ=

where:

{X} = vector of strokes

The induced voltages in the coils are the time derivative of the flux linkages, according to Equa-
tion 5.171 (p. 215). After differentiation:

(5.177)= +
ψ ψ

(5.178)= [ ]
{}

+
ψ

where:

{V} = vector of stroke velocities
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The first term is called transformer voltage (it is related to the change of the exciting current). The
proportional term between the transformer voltage and current rate is the differential inductance
matrix according to Equation 5.172 (p. 215).

The second term is the motion included voltage or back EMF (it is related to the change of strokes).
The time derivative of the stroke is the velocity, hence the motion induced voltage is proportional to
the velocity.

5.5.5. Absolute Flux Computation

Whereas the differential inductance can be obtained from the differential flux due to current perturbation
as described in Differential Inductance Definition (p. 214), Review of Inductance Computation Meth-
ods (p. 215), and Inductance Computation Method Used (p. 216). The computation of the motion induced
voltage requires the knowledge of absolute flux. In order to apply Equation 5.178 (p. 216), the absolute

flux should be mapped out as a function of strokes for a given current excitation ad the derivative 

ψ

provides the matrix link between back EMF and velocity.

The absolute flux is related to the system co-energy by:

(5.179)ψ =
′

According to Equation 5.179 (p. 217), the absolute flux can be obtained with an energy perturbation
method by changing the excitation current for a given stroke position and taking the derivative of the
system co-energy.

The increment of co-energy can be obtained by:

(5.180)∆ ∆i i
′ = ∫

where:

�
′
 = change of co-energy due to change of current Ii

∆Hi = change of magnetic field due to change of current Ii

The incremental co-energy in Equation 5.180 (p. 217) is output as COEN in a linear perturbation analysis
using elements PLANE233, SOLID236 and SOLID237.

5.5.6. Inductance Computations

The differential inductance matrix and the absolute flux linkages of coils can be calculated using the
LMATRIX command macro for legacy electromagnetic elements and using linear perturbation analysis
for the current-technology electromagnetic elements.

The differential inductance computation is based on the energy perturbation procedure using Equa-
tion 5.174 (p. 216) and Equation 5.175 (p. 216).

The absolute flux computation is based on the co-energy perturbation procedure using Equa-
tion 5.179 (p. 217) and Equation 5.180 (p. 217).

The output can be applied to compute the voltages induced in the coils using Equation 5.178 (p. 216).
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5.5.7. Absolute Energy Computation

The absolute magnetic energy is defined by:

(5.181)s

B

= ∫
0

and the absolute magnetic co-energy is defined by:

(5.182)c

H

H

�

=
−
∫

See Figure 5.3: Energy and Co-energy for Non-Permanent Magnets (p. 218) and Figure 5.4: Energy and
Co-energy for Permanent Magnets (p. 219) for the graphical representation of these energy definitions.
Equations and provide the incremental magnetic energy and incremental magnetic co-energy definitions
used for inductance and absolute flux computations.

For legacy electromagnetic elements, the absolute magnetic energy and co-energy can be calculated
using the LMATRIX command macro. For current-technology electromagnetic elements, the absolute
magnetic energy and co-energy is output as MENE and COEN element records, respectively.

Figure 5.3:  Energy and Co-energy for Non-Permanent Magnets

B

H

coenergy (w  )

energy (w  )s

c

Release 15.0 - © SAS IP, Inc. All rights reserved. - Contains proprietary and confidential information
of ANSYS, Inc. and its subsidiaries and affiliates.218

Electromagnetics



Figure 5.4:  Energy and Co-energy for Permanent Magnets
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Equation 5.174 (p. 216) and Equation 5.180 (p. 217) provide the incremental magnetic energy and incre-
mental magnetic co-energy definitions used for inductance and absolute flux computations.

In addition to the magnetic energy and co-energy, elements PLANE233, SOLID236 and SOLID237 calculate
the apparent energy defined as:

(5.183)a

T

vol

= { }∫ { }

5.6. Electromagnetic Particle Tracing

Once the electromagnetic field is computed, particle trajectories can be evaluated by solving the
equations of motion:

(5.184)= = + ×

where:

m = mass of particle
q = charge of particle
{E} = electric field vector
{B} = magnetic field vector
{F} = Lorentz force vector
{a} = acceleration vector
{v} = velocity vector
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The tracing follows from element to element: the exit point of an old element becomes the entry point
of a new element. Given the entry location and velocity for an element, the exit location and velocity
can be obtained by integrating the equations of motion.

ANSYS particle tracing algorithm is based on Gyimesi et al.([228] (p. 933)) exploiting the following as-
sumptions:

1. No relativistic effects (Velocity is much smaller than speed of light).

2. Pure electric tracing ({B} = {0}), pure magnetic tracing ({E} = {0}), or combined {E-B} tracing.

3. Electrostatic and/or magnetostatic analysis

4. Constant {E} and/or {B} within an element.

5. Quadrangle, triangle, hexahedron, tetrahedron, wedge or pyramid element shapes bounded by planar
surfaces.

These simplifications significantly reduce the computation time of the tracing algorithm because the
trajectory can be given in an analytic form:

1. parabola in the case of electric tracing

2. helix in the case of magnetic tracing.

3. generalized helix in the case of coupled E-B tracing.

The exit point from an element is the point where the particle trajectory meets the plane of bounding
surface of the element. It can be easily computed when the trajectory is a parabola. However, to compute
the exit point when the trajectory is a helix, a transcendental equation must be solved. A Newton
Raphson algorithm is implemented to obtain the solution. The starting point is carefully selected to
ensure convergence to the correct solution. This is far from obvious: about 70 sub-cases are differentiated
by the algorithm. This tool allows particle tracing within an element accurate up to machine precision.
This does not mean that the tracing is exact since the element field solution may be inexact. However,
with mesh refinement, this error can be controlled.

Once a trajectory is computed, any available physical items can be printed or plotted along the path
(using the PLTRAC command). For example, elapsed time, traveled distance, particle velocity components,
temperature, field components, potential values, fluid velocity, acoustic pressure, mechanical strain, etc.
Animation is also available.

The plotted particle traces consist of two branches: the first is a trajectory for a given starting point at
a given velocity (forward ballistic); the second is a trajectory for a particle to hit a given target location
at a given velocity (backward ballistics).

5.7. Capacitance Computation

Capacitance computation is one of the primary goals of an electrostatic analysis. For the definition of
ground (partial) and lumped capacitance matrices see Vago and Gyimesi([239] (p. 934)). The knowledge
of capacitance is essential in the design of electrostatic devices, Micro Electro Mechanical Systems
(MEMS), transmission lines, printed circuit boards (PCB), electromagnetic interference and compatibility
(EMI/EMC) etc. The computed capacitance can be the input of a subsequent MEMS analysis by an
electrostructural transducer element TRANS126; for theory see TRANS126 - Electromechanical Trans-
ducer (p. 513).
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To obtain inductance and flux using the LMATRIX command macro see Inductance, Flux and Energy
Computation (p. 214).

The capacitance matrix of an electrostatic system can be computed (by the CMATRIX command macro).
The capacitance calculation is based on the energy principle. For details see Gyimesi and Oster-
gaard([249] (p. 934)) and its successful application Hieke([251] (p. 935)). The energy principle constitutes
the basis for inductance matrix computation, as shown in Inductance, Flux and Energy Computa-
tion (p. 214).

The electrostatic energy of a linear three electrode (the third is ground) system is:

(5.185)
g g g= + +
11 1

2

22 2
2

12 1 2

where:

W = electrostatic energy
V1 = potential of first electrode with respect to ground

V2 = potential of second electrode with respect to ground

�

��
= self �round capacitance of first electrode

�

��
= ���� 	
��� ���������� �� ����� �����
���

�

��
=m����� ������  �!� "��� # b#�w##� #�# ����#$

By applying appropriate voltages on electrodes, the coefficients of the ground capacitance matrix can
be calculated from the stored static energy.

The charges on the conductors are:

(5.186)% %
& && & &' '= +

(5.187)( (
) *) * )) )= +

where:

Q1 = charge of first electrode

Q2 = charge of second electrode

The charge can be expressed by potential differences, too:

(5.188)+ ++ + +, + ,= + −ℓ ℓ

(5.189)- -- - .- - .= + −ℓ ℓ

where:

//

ℓ = 0345 467839 :;8;:<=;>:3 ?5 5<@0= 343:=@?93

AA

ℓ = BCDE DFGHCI JKHKJLMKNJC OE BCJONI CDCJMPOIC

QR

ℓ =STUTVW WTSXYZ [VXV[\UV][Y ^YU_YY] YWY[U`hZY
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The lumped capacitances can be realized by lumped capacitors as shown in Figure 5.5: Lumped Capa-
citor Model of Two Conductors and Ground (p. 222). Lumped capacitances are suitable for use in circuit
simulators.

Figure 5.5:  Lumped Capacitor Model of Two Conductors and Ground

Electrode 1 Electrode 2

Ground - Electrode 3

G��
ℓ

G��
ℓ

G��
ℓ

In some cases, one of the electrodes may be located very far from the other electrodes. This can be
modeled as an open electrode problem with one electrode at infinity. The open boundary region can
be modeled by infinite elements or simply closing the FEM region far enough by an artificial Dirichlet
boundary condition. In this case the ground key parameter (GRNDKEY on the CMATRIX command
macro) should be activated. This key assumes that there is a ground electrode at infinity.

The previous case should be distinguished from an open boundary problem without an electrode at
infinity. In this case the ground electrode is one of the modeled electrodes. The FEM model size can
be minimized in this case, too, by infinite elements. When performing the capacitance calculation,
however, the ground key (GRNDKEY on the CMATRIX command macro) should not be activated since
there is no electrode at infinity.

5.8. Conductance Computation

Conductance computation is one of the primary goals of an electrostatic analysis. For the definition of
ground (partial) and lumped conductance matrices see Vago and Gyimesi([239] (p. 934)). The knowledge
of conductance is essential in the design of electrostatic devices, Micro Electro Mechanical Systems
(MEMS), transmission lines, printed circuit boards (PCB), electromagnetic interference and compatibility
(EMI/EMC) etc. The computed conductance can be the input of a subsequent MEMS analysis by an
electrostructural transducer element TRANS126; for theory see TRANS126 - Electromechanical Trans-
ducer (p. 513).

To obtain inductance and flux using the LMATRIX command macro see Inductance, Flux and Energy
Computation (p. 214).

The conductance matrix of an electrostatic system can be computed (by the GMATRIX command macro).
The conductance calculation is based on the energy principle. For details see Gyimesi and Oster-
gaard([249] (p. 934)) and its successful application Hieke([251] (p. 935)). The energy principle constitutes
the basis for inductance matrix computation, as shown in Inductance, Flux and Energy Computa-
tion (p. 214).
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The electrostatic energy of a linear three conductor (the third is ground) system is:

(5.190)
g g g= + +
11 1

2

22 2
2

12 1 2

where:

W = electrostatic energy
V1 = potential of first conductor with respect to ground

V2 = potential of second conductor with respect to ground

�

��
= self �round conductance of first conductor

�

��
= ���� 	
��� ��������� �� ����� �������


�

��
=m����� ������ ����������� b��w��� ��������� 

By applying appropriate voltages on conductors, the coefficients of the ground conductance matrix
can be calculated from the stored static energy.

The currents in the conductors are:

(5.191)! !
" "" " "# #= +

(5.192)$ $
% &% & %% %= +

where:

I1 = current in first conductor

I2 = current in second conductor

The currents can be expressed by potential differences, too:

(5.193)' '' ' '( ' (= + −ℓ ℓ

(5.194)) )) ) *) ) *= + −ℓ ℓ

where:

++

ℓ = ,-./ .03p-4 5674058975- 6/ /:;,8 56740586;
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The lumped conductances can be realized by lumped conductors as shown in Figure 5.6: Lumped
Conductor Model of Two Conductors and Ground (p. 224). Lumped conductances are suitable for use
in circuit simulators.
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Figure 5.6:  Lumped Conductor Model of Two Conductors and Ground
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5.9. Hall Effect

The Hall effect is available using the electromagnetic analysis option (KEYOPT(1) = 1) of 3-D electromag-
netic elements SOLID236 and SOLID237.

The Hall effect analysis is nonlinear and requires at least two iterations to achieve a converged solution.
The Newton-Raphson algorithm will automatically be turned on when the Hall constant is specified. An
electromagnetic analysis with the Hall effect can be steady-state or transient.

The electric constitutive relation is generalized as follows to include the Hall effect:

(5.195)
0

H{ } 



 { } { }( )σ

where:

{J} = electric current density vector

(5.196)σ
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ρxx = electrical resistivity in the X-direction (input as RSVX on MP command)

{E} = electric field intensity vector

{EH} = –RH[{J} x {B}] = Hall field intensity vector

RH = Hall coefficient (input as RH on MP command)
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{B}={Bx, By, Bz}T = magnetic flux density vector

Combining ohmic and Hall conductivity terms, Equation 5.195 (p. 224) can be rewritten using an effective
anisotropic and nonsymmetric conductivity:

(5.197)
-1 0{ } [ ] 



{ }σ

where:

(5.198)
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Chapter 6: Heat Flow

The following heat flow topics are available:
6.1. Heat Flow Fundamentals
6.2. Derivation of Heat Flow Matrices
6.3. Heat Flow Evaluations
6.4. Radiation Matrix Method
6.5. Radiosity Solution Method

6.1. Heat Flow Fundamentals

The following topics concerning heat flow fundamentals are available:
6.1.1. Conduction and Convection
6.1.2. Radiation

6.1.1. Conduction and Convection

The first law of thermodynamics states that thermal energy is conserved. Specializing this to a differential
control volume:

(6.1)ρ T T∂
∂

+








 + = ɺɺɺ

where:

ρ = density (input as DENS on MP command)
c = specific heat (input as C on MP command)
T = temperature (=T(x,y,z,t))
t = time

=





























=

∂

∂
∂

∂

∂

∂

vector operator

x

y

z

=
















=
��l��i�� ������ f�� m�ss ���ns���� �f h���

(in�u� �s VX, VY, VZ �n ��mm�nd,

PLANE55 �nd SOLID7

R

00 �nl�).

{q} = heat flux vector (output as TFX, TFY, and TFZ)

ɺɺɺ
 = heat generation rate per unit volume (input on BF or BFE commands)

It should be realized that the terms {L}T and {L}T{q} may also be interpreted as ∇ T and ∇ ⋅  {q}, re-

spectively, where ∇  represents the grad operator and ∇ ⋅  represents the divergence operator.
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Next, Fourier's law is used to relate the heat flux vector to the thermal gradients:

(6.2)= −

where:

xx

yy

zz

=
















= conductivit� matri�

Kxx, Kyy, Kzz = conductivity in the element x, y, and z directions, respectively (input as KXX, KYY,

KZZ on MP command)

Combining Equation 6.1 (p. 227) and Equation 6.2 (p. 228),

(6.3)ρ T T∂
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 = + ɺɺɺ

Expanding Equation 6.3 (p. 228) to its more familiar form:
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It will be assumed that all effects are in the global Cartesian system.

Three types of boundary conditions are considered. It is presumed that these cover the entire element.

1. Specified temperatures acting over surface S1:

(6.5)= *

where T* is the specified temperature (input on D command).

2. Specified heat flows acting over surface S2:

(6.6)� = − ∗

where:

{n} = unit outward normal vector
q* = specified heat flow (input on SF or SFE commands)
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Figure 6.1:  Specified Heat Flows

n
q∗

3. Specified convection surfaces acting over surface S3 (Newton's law of cooling):

(6.7)T
f S B= −

where:

hf = film coefficient (input on SF or SFE commands) Evaluated at (TB + TS)/2 unless otherwise

specified for the element
TB = bulk temperature of the adjacent fluid (input on SF or SFE commands)

TS = temperature at the surface of the model

Figure 6.2:  Specified Convection Surfaces

 Flow

n̂

BT

ST

f S Bh (T T )−

For a fluid flowing past a solid surface, the bulk temperature TB is equal to the free stream temper-

ature, TFS.

For the case of bleed holes in a solid, film effectiveness (η) accounts for the coolant bleeding through
the cooling holes to the external surface of the solid. The bulk temperature TB is then a combination

of the free stream temperature TFS and the temperature of the coolant exiting the bleed hole, TEX:

(6.8)� F� EX= − +η η

where 0 < η < 1.

Typically, TEX is obtained from a FLUID116 element using the extra node option for SURF151 or

SURF152.
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Figure 6.3:  Cooling Passages in a Solid
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Note that positive specified heat flow is into the boundary (i.e., in the direction opposite of {n}), which
accounts for the negative signs in Equation 6.6 (p. 228) and Equation 6.7 (p. 229).

Combining Equation 6.2 (p. 228) with Equation 6.6 (p. 228) and Equation 6.7 (p. 229)

(6.9)T = ∗

(6.10)�
f B s= −

Premultiplying Equation 6.3 (p. 228) by a virtual change in temperature, integrating over the volume of
the element, and combining with Equation 6.9 (p. 230) and Equation 6.10 (p. 230) with some manipulation
yields:

(6.11)
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where:

vol = volume of the element
δT = an allowable virtual temperature (=δT(x,y,z,t))

6.1.2. Radiation

Radiant energy exchange between neighboring surfaces of a region or between a region and its sur-
roundings can produce large effects in the overall heat transfer problem. Though the radiation effects
generally enter the heat transfer problem only through the boundary conditions, the coupling is especially
strong due to nonlinear dependence of radiation on surface temperature.

Extending the Stefan-Boltzmann Law for a system of N enclosures, the energy balance for each surface
in the enclosure for a gray diffuse body is given by Siegal and Howell([88] (p. 925)(Equation 8-19)) ,
which relates the energy losses to the surface temperatures:

(6.12)
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ε
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1
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where:

N = number of radiating surfaces
δji = Kronecker delta

εi = effective emissivity (input on EMIS or MP command) of surface i

Fji = radiation view factors (see below)

Ai = area of surface i

Qi = energy loss of surface i

σ = Stefan-Boltzmann constant (input on STEF or R command)
Ti = absolute temperature of surface i

For a system of two surfaces radiating to each other, Equation 6.12 (p. 230) can be simplified to give the
heat transfer rate between surfaces i and j as (see Chapman([356] (p. 941))):

(6.13)
i

i

i i i ij

j

j j

i j=
−

+ +
−









−4 4

ε
ε

ε

ε

σ

where:

Ti, Tj = absolute temperature at surface i and j, respectively

If Aj is much greater than Ai, Equation 6.13 (p. 231) reduces to:

(6.14)� � � �� � �= −ε σ' � �

where:

��

�� � �

� =
− +ε ε

6.1.2.1. View Factors

The view factor, Fij, is defined as the fraction of total radiant energy that leaves surface i which arrives

directly on surface j, as shown in Figure 6.4: View Factor Calculation Terms (p. 231). It can be expressed
by the following equation:

Figure 6.4: View Factor Calculation Terms

N i N j

θ i θ j

A j

dA j

A i
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(6.15)ij

i

i j

j
A

i
A ��

= ∫∫ 2

θ θ

π

where:

Ai,Aj = area of surface i and surface j

r = distance between differential surfaces i and j
θi = angle between Ni and the radius line to surface d(Aj)

θj = angle between Nj and the radius line to surface d(Ai)

Ni,Nj = surface normal of d(Ai) and d(Aj)

To ensure a good energy balance, it is important to satisfy both row sum and reciprocity relationships
for the view factor matrix (VFSM command).

For a perfect enclosure, the row sum must satisfy the following requirement:

��
�

nelm

=
∑ = ∀ =
1

P

nelm

1

2 i

Facets are 

numbered in

counter clockwise

direction

where Fij are the view factor matrix values.

For a leaky enclosure, the row sum must satisfy the following requirement:
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=
∑ ≤ ∀ =
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Radiation Leakage

nelm
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2

i

Facets are 

numbered in

counter clockwise

direction

For a perfect enclosure, the following residual must be less than the specified convergence value (input
as CONV on the VFSM command).

′ = − ′∑ ∀ =
=

i ij
j

nelm

1

where ' indicates the new view factor values.

F 
ij

1

2

i

1 2 nelmj

nelm

‘

For a leaky enclosure, the following residual must be less than the specified convergence value (input
as CONV on the VFSM command).

′ = − ′∑∑ ∀ =
==

� �� ��
�

����

�

����

��

where Fij is the original view factor values.
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To ensure a good energy balance, the following reciprocity relationship must also be met:

i ij j ji ∀ =

where Ai is the area of the ith facet.
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direction

6.1.2.2. Radiation Usage

Four methods for analysis of radiation problems are included:

1. Radiation link element LINK31(LINK31 - Radiation Link (p. 430)). For simple problems involving radiation
between two points or several pairs of points. The effective radiating surface area, the form factor and
emissivity can be specified as real constants for each radiating point.

2. Surface effect elements - SURF151 in 2-D and SURF152 in 3-D for radiating between a surface and a point
(SURF151 - 2-D Thermal Surface Effect (p. 532) and SURF152 - 3-D Thermal Surface Effect (p. 533) ). The
form factor between a surface and the point can be specified as a real constant or can be calculated
from the basic element orientation and the extra node location.

3. Radiation matrix method (Radiation Matrix Method (p. 237)). For more generalized radiation problems
involving two or more surfaces. The method involves generating a matrix of view factors between radi-
ating surfaces and using the matrix as a superelement in the thermal analysis.

4. Radiosity solver method (Radiosity Solution Method (p. 241)). For generalized problems in 3-D involving
two or more surfaces. The method involves calculating the view factor for the flagged radiating surfaces
using the hemicube method and then solving the radiosity matrix coupled with the conduction problem.
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6.2. Derivation of Heat Flow Matrices

As stated before, the variable T was allowed to vary in both space and time. This dependency is separated
as:

(6.16)T
e=

where:

T = T(x,y,z,t) = temperature
{N} = {N(x,y,z)} = element shape functions
{Te} = {Te(t)} = nodal temperature vector of element

Thus, the time derivatives of Equation 6.16 (p. 235) may be written as:

(6.17)ɺ �
�=

∂
∂

=

δT has the same form as T:

(6.18)δ δ �
�=

The combination {L}T is written as

(6.19)�=

where:

[B] = {L}{N}T

Now, the variational statement of Equation 6.11 (p. 230) can be combined with Equation 6.16 (p. 235)
thru Equation 6.19 (p. 235) to yield:
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Terms are defined in Heat Flow Fundamentals (p. 227). ρ is assumed to remain constant over the volume

of the element. On the other hand, c and 
ɺɺɺ

 may vary over the element. Finally, {Te},
ɺ
	  , and {δTe}

are nodal quantities and do not vary over the element, so that they also may be removed from the in-
tegral. Now, since all quantities are seen to be premultiplied by the arbitrary vector {δTe}, this term may

be dropped from the resulting equation. Thus, Equation 6.20 (p. 235) may be reduced to:

(6.21)
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Equation 6.21 (p. 235) may be rewritten as:

(6.22)
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Comments on and modifications of the above definitions:

1. �
��

 is not symmetric.

2. �
 ¡

 is calculated as defined above, for SOLID90 only. All other elements use a diagonal matrix, with

the diagonal terms defined by the vector ¢£¤ ¥∫
.

3. ¦
§

 is frequently diagonalized, as described in Lumped Matrices (p. 391).

4. If ¨
©

 exists and has been diagonalized and also the analysis is a transient (Key = ON on the TIMINT

command), ª
«

 has its terms adjusted so that they are proportioned to the main diagonal terms of

¬


. ®
¯

, the heat generation rate vector for Joule heating is treated similarly, if present. This adjust-
ment ensures that elements subjected to uniform heating will have a uniform temperature rise. However,
this adjustment also changes nonuniform input of heat generation to an average value over the element.

5. For phase change problems, °
±

 is evaluated from the enthalpy curve (Tamma and Namnuru([42] (p. 923)))
if enthalpy is input (input as ENTH on MP command). This option should be used for phase change
problems.

6.3. Heat Flow Evaluations

6.3.1. Integration Point Output

The element thermal gradients at the integration points are:

(6.23)
²

= =
∂
∂

∂
∂

∂
∂
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where:

{a} = thermal gradient vector (output as TG)
{L} = vector operator
T = temperature

Using shape functions, Equation 6.23 (p. 236) may be written as:

(6.24)e=

where:

[B] = shape function derivative matrix evaluated at the integration points
{Te} = nodal temperature vector of element

Then, the heat flux vector at the integration points may be computed from the thermal gradients:

(6.25)�= − = −

where:

{q} = heat flux vector (output as TF)
[D] = conductivity matrix (see Equation 6.2 (p. 228))

Nodal gradient and flux vectors may be computed from the integration point values as described in
Nodal and Centroidal Data Evaluation (p. 409).

6.3.2. Surface Output

The convection surface output is:

(6.26)c
f S B= −

where:

qc = heat flow per unit area due to convection
hf = film coefficient (input on SF or SFE commands)

TS = temperature at surface of model

TB = bulk temperature of the adjacent fluid (input on SF or SFE commands)

6.4. Radiation Matrix Method

In the radiation matrix method, for a system of two radiating surfaces, Equation 6.14 (p. 231) can be ex-
panded as:

(6.27)i i ij i i j i j i j= + + −σε 2 2

or

(6.28)� � �= −′

where:
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′ = + +i ij i i j i jσε 2 2

K' cannot be calculated directly since it is a function of the unknowns Ti and Tj. The temperatures from

previous iterations are used to calculate K' and the solution is computed iteratively.

For a more general case, Equation 6.12 (p. 230) can be used to construct a single row in the following
matrix equation:

(6.29)= 4

such that:

(6.30)each row � �n
��

�
��

�

� �

[ ]= −
−







 = …

δ

ε
ε

ε

(6.31)���� �	
 � � = − = …δ σ�� ��

Solving for {Q}:

(6.32)ts= �

and therefore:

(6.33)�� = −1

Equation 6.32 (p. 238) is analogous to Equation 6.12 (p. 230) and can be set up for standard matrix
equation solution by the process similar to the steps shown in Equation 6.27 (p. 237) and Equa-
tion 6.28 (p. 237).

(6.34)= ′

[K'] now includes T3 terms and is calculated in the same manner as in Equation 6.28 (p. 237)). To be able
to include radiation effects in elements other than LINK31, MATRIX50 (the substructure element) is used
to bring in the radiation matrix. MATRIX50 has an option that instructs the solution phase to calculate
[K']. The AUX12 utility is used to create the substructure radiation matrix. AUX12 calculates the effective

conductivity matrix, [Kts], in Equation 6.32 (p. 238), as well as the view factors required for finding [Kts].
The user defines flat surfaces to be used in AUX12 by overlaying nodes and elements on the radiating
edge of a 2-D model or the radiating face of a 3-D model.

6.4.1. View Factor Calculation (2-D): Radiation Matrix Method

Two methods are available in the radiation matrix method to calculate the view factors (VTYPE com-
mand):

6.4.1.1. Non-Hidden Method

The non-hidden procedure calculates a view factor for every surface to every other surface whether the
view is blocked by an element or not. In this procedure, the following equation is used and the integ-
ration is performed adaptively.

For a finite element discretized model, Equation 6.15 (p. 232) for the view factor Fij between two surfaces

i and j can be written as:
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(6.35)ij

i

ip jq

ip jq

q

n

p

m

=










==
∑∑

2
11

θ θ

π

where:

m = number of integration points on surface i
n = number of integration points on surface j

When the dimensionless distance between two viewing surfaces D, defined in Equation 6.36 (p. 239), is
less than 0.1, the accuracy of computed view factors is known to be poor (Siegal and Howell([88] (p. 925))).

(6.36)
���

�ax

=

where:

dmin = minimum distance between the viewing surfaces A1 and A2

Amax = max (A1, A2)

So, the order of surface integration is adaptively increased from order one to higher orders as the value
of D falls below 8. The area integration is changed to contour integration when D becomes less than
0.5 to maintain the accuracy. The contour integration order is adaptively increased as D approaches
zero.

6.4.1.2. Hidden Method

The hidden procedure is a simplified method which uses Equation 6.15 (p. 232) and assumes that all the
variables are constant, so that the equation becomes:

(6.37)��

�

� �=
π

θ θ
�

The hidden procedure numerically calculates the view factor in the following conceptual manner. The
hidden-line algorithm is first used to determine which surfaces are visible to every other surface. Then,
each radiating, or “viewing”, surface (i) is enclosed with a hemisphere of unit radius. This hemisphere
is oriented in a local coordinate system (x' y' z'), whose center is at the centroid of the surface with the
z axis normal to the surface, the x axis is from node I to node J, and the y axis orthogonal to the other
axes. The receiving, or “viewed”, surface (j) is projected onto the hemisphere exactly as it would appear
to an observer on surface i.

As shown in Figure 6.5: Receiving Surface Projection (p. 240), the projected area is defined by first extend-
ing a line from the center of the hemisphere to each node defining the surface or element. That node
is then projected to the point where the line intersects the hemisphere and transformed into the local
system x' y' z', as described in Kreyszig([23] (p. 922))

239
Release 15.0 - © SAS IP, Inc. All rights reserved. - Contains proprietary and confidential information

of ANSYS, Inc. and its subsidiaries and affiliates.

Radiation Matrix Method



Figure 6.5:  Receiving Surface Projection

z'
y'

x'
= 60ºθj

= 0ºθj

The view factor, Fij, is determined by counting the number of rays striking the projected surface j and

dividing by the total number of rays (Nr) emitted by surface i. This method may violate the radiation

reciprocity rule, that is, AiFi-j ≠ Aj Fj-i.

6.4.2. View Factors of Axisymmetric Bodies

When the radiation view factors between the surfaces of axisymmetric bodies are calculated (GEOM,1,n
command), special logic is used. In this logic, the axisymmetric nature of the body is exploited to reduce
the amount of computations. The user, therefore, needs only to build a model in plane 2-D representing
the axisymmetric bodies as line “elements.”

Consider two axisymmetric bodies A and B as shown in Figure 6.6: Axisymmetric Geometry (p. 240).

Figure 6.6:  Axisymmetric Geometry

A
B

A
B

The view factor of body A to body B is calculated by expanding the line “element” model into a full 3-
D model of n circumferential segments (GEOM,1,n command) as shown in Figure 6.7: End View of
Showing n = 8 Segments (p. 241).
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Figure 6.7:  End View of Showing n = 8 Segments

I = 1
k = 1

A

B

3
2

2
...

3
...

View factor of body A to B is given by

(6.38)k

n

k

n

= −
==
∑∑ ℓ
ℓ 11

where:

Fk - ℓ  = view factor of segment k on body A to segment ℓ  on body B

The form factors between the segments of the axisymmetric bodies are computed using the method
described in the previous section. Since the coefficients are symmetric, the summation Equa-
tion 6.38 (p. 241) may be simplified as:

(6.39)
�

= −
=
∑ �

�

ℓ
ℓ

Both hidden and non-hidden methods are applicable in the computation of axisymmetric view factors.
However, the non-hidden method should be used if and only if there are no blocking surfaces. For ex-
ample, if radiation between concentric cylinders are considered, the outer cylinder can not see part of
itself without obstruction from the inner cylinder. For this case, the hidden method must be used, as
the non-hidden method would definitely give rise to inaccurate view factor calculations.

6.4.3. Space Node

A space node may be defined (SPACE command) to absorb all energy not radiated to other elements.
Any radiant energy not incident on any other part of the model will be directed to the space node. If
the model is not a closed system, then the user must define a space node with its appropriate boundary
conditions.

6.5. Radiosity Solution Method

In the radiosity solution method for the analysis of gray diffuse radiation between N surfaces, Equa-
tion 6.12 (p. 230) is solved in conjunction with the basic conduction problem.

For the purpose of computation it is convenient to rearrange Equation 6.12 (p. 230) into the following
series of equations

(6.40)δ ε ε σij i ij j

o
i i

j

N

− −  =
=
∑ 4

�
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and

(6.41)i i

o
ij j

o

j

N

= −
=
∑

1

Equation 6.40 (p. 241) and Equation 6.41 (p. 242) are expressed in terms of the outgoing radiative fluxes

(radiosity) for each surface, �

�

, and the net flux from each surface qi. For known surface temperatures,

Ti, in the enclosure, Equation 6.41 (p. 242) forms a set of linear algebraic equations for the unknown,

outgoing radiative flux (radiosity) at each surface. Equation 6.41 (p. 242) can be written as

(6.42)� =

where:

�� �� � ��= − −δ ε

�

� = rad	
s	ty flux f
r surface 	

� � �= ε σ 4

[A] is a full matrix due to the surface to surface coupling represented by the view factors and is a
function of temperature due to the possible dependence of surface emissivities on temperature. Equa-

tion 6.42 (p. 242) is solved using a Newton-Raphson procedure for the radiosity flux {qo}.

When the qo values are available, Equation 6.41 (p. 242) then allows the net flux at each surface to be
evaluated. The net flux calculated during each iteration cycle is under-relaxed, before being updated
using

(6.43)
�

n�
�
k

�
k= + −+φ φ�

where:

φ = radiosity flux relaxation factor
k = iteration number

The net surface fluxes provide boundary conditions to the finite element model for the conduction
process. The radiosity Equation 6.42 (p. 242) is solved coupled with the conduction Equation 6.12 (p. 230)
using a segregated solution procedure until convergence of the radiosity flux and temperature for each
time step or load step.

The surface temperatures used in the above computation must be uniform over each surface in order
to satisfy conditions of the radiation model. In the finite element model, each surface in the radiation
problem corresponds to a face or edge of a finite element. The uniform surface temperatures needed
for use in Equation 6.42 (p. 242) are obtained by averaging the nodal point temperatures on the appro-
priate element face.

For open enclosure problems using the radiosity method, an ambient temperature needs to be specified
using a space temperature (SPCTEMP command) or a space node (SPCNOD command), to account for
energy balance between the radiating surfaces and the ambient.
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6.5.1. View Factor Calculation (3-D): Hemicube Method

For solving radiation problems in 3-D, the radiosity solution method calculates the view factors using
the hemicube method as compared to the traditional double area integration method for 3-D geometry.
Details related to using the hemicube method for view factor calculation are given in Glass ([272] (p. 936))
and Cohen and Greenberg ([276] (p. 936)). For 2-D and axisymmetric models, see View Factor Calculation
(2-D): Radiation Matrix Method (p. 238) and View Factors of Axisymmetric Bodies (p. 240).

The hemicube method is based upon Nusselt's hemisphere analogy. Nusselt's analogy shows that any
surface, which covers the same area on the hemisphere, has the same view factor. From this it is evident
that any intermediate surface geometry can be used without changing the value of the view factors.
In the hemicube method, instead of projecting onto a sphere, an imaginary cube is constructed around
the center of the receiving patch. A patch in a finite element model corresponds to an element face of
a radiating surface in an enclosure. The environment is transformed to set the center of the patch at
the origin with the normal to the patch coinciding with the positive Z axis. In this orientation, the
imaginary cube is the upper half of the surface of a cube, the lower half being below the 'horizon' of
the patch. One full face is facing in the Z direction and four half faces are facing in the +X, -X, +Y, and
-Y directions. These faces are divided into square 'pixels' at a given resolution, and the environment is
then projected onto the five planar surfaces. Figure 6.8: The Hemicube (p. 243) shows the hemicube
discretized over a receiving patch from the environment.

Figure 6.8: The Hemicube
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Figure 6.9:  Derivation of Delta-View Factors for Hemicube Method
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The contribution of each pixel on the cube's surface to the form-factor value varies and is dependent
on the pixel location and orientation as shown in Figure 6.9: Derivation of Delta-View Factors for Hemicube
Method  (p. 244). A specific delta form-factor value for each pixel on the cube is found from modified
form of Equation 6.15 (p. 232) for the differential area to differential area form-factor. If two patches
project on the same pixel on the cube, a depth determination is made as to which patch is seen in that
particular direction by comparing distances to each patch and selecting the nearer one. After determ-
ining which patch (j) is visible at each pixel on the hemicube, a summation of the delta form-factors
for each pixel occupied by patch (j) determines the form-factor from patch (i) at the center of the cube
to patch (j). This summation is performed for each patch (j) and a complete row of N form-factors is
found.

At this point the hemicube is positioned around the center of another patch and the process is repeated
for each patch in the environment. The result is a complete set of form-factors for complex environments
containing occluded surfaces. The overall view factor for each surface on the hemicube is given by:

(6.44)ij n

n

N
i j

j= =
=
∑ ∆ ∆

1
2

φ φ

π

where:

N = number of pixels
∆F = delta-view factor for each pixel

The hemicube resolution (input on the HEMIOPT command) determines the accuracy of the view factor
calculation and the speed at which they are calculated using the hemicube method. Default is set to
10. Higher values increase accuracy of the view factor calculation.
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Chapter 7: Fluid Flow

Reduced order modeling of fluid flow effects is available in the ANSYS Mechanical APDL program. This
chapter deals with the thin film effects which you can model using Mechanical APDL. For detailed fluid
flow analysis capabilities, refer to the ANSYS Fluent and ANSYS CFX products.

A thin film is a small gap of fluid between moving surfaces. This thin layer of fluid can alter the struc-
tural response of the structure by adding stiffness and/or damping to the system. Movement normal
to the gap produces a squeeze film effect (modeled with FLUID136 and FLUID138 elements). Movement
tangential to the gap produces a slide film effect (modeled with FLUID139 elements).

The following thin film topics are available:
7.1. Squeeze Film Theory
7.2. Slide Film Theory

7.1. Squeeze Film Theory

Reynolds equations known from lubrication technology and theory of rarified gas physics are the the-
oretical background to analyze fluid structural interactions of microstructures (Blech([337] (p. 940)),
Griffin([338] (p. 940)), Langlois([339] (p. 940))). FLUID136 and FLUID138 can be applied to structures where
a small gap between two plates opens and closes with respect to time. This happens in the case of
accelerometers where the seismic mass moves perpendicular to a fixed wall, in micromirror displays
where the mirror plate tilts around a horizontal axis, and for clamped beams such as RF filters where a
flexible structure moves with respect to a fixed wall. Other examples are published in literature
(Mehner([340] (p. 940))).

FLUID136 and FLUID138 can be used to determine the fluidic response for given wall velocities. Both
elements allow for static, harmonic and transient types of analyses. Static analyses can be used to
compute damping parameter for low driving frequencies (compression effects are neglected). Harmonic
analysis can be used to compute damping and squeeze effects at the higher frequencies. Transient
analysis can be used for non-harmonic load functions. Both elements assume isothermal viscous flow.

7.1.1. Flow Between Flat Surfaces

FLUID136 is used to model the thin-film fluid behavior between flat surfaces and is based on the gen-
eralized nonlinear Reynolds equation known from lubrication theory.

(7.1)
∂
∂

= ∇ ⋅ ∇ abs

ρ ρ
η

3

where:

d = local gap separation
ρ = density
t = time

∇ ⋅  = divergence operator

∇  = gradient operator

245
Release 15.0 - © SAS IP, Inc. All rights reserved. - Contains proprietary and confidential information

of ANSYS, Inc. and its subsidiaries and affiliates.



η = dynamic viscosity
Pabs = absolute pressure

Moving structure

Thin-film

Fixed surface

d

Assuming an ideal gas:

(7.2)ρ = �b�

where:

R = gas constant
T = temperature

Substituting Equation 7.2 (p. 246) into Equation 7.1 (p. 245) gives:

(7.3)
∂

∂
= ∇ ⋅ ∇��� ���

���

3

η

After substituting ambient pressure plus the pressure for the absolute pressure (Pabs = P0 + P) this

equation becomes:

(7.4)
∂
∂

+










∂
∂

+
∂
∂

+










∂
∂

=
∂
∂

+ +
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∂
∂

Equation 7.4 (p. 246) is valid for large displacements and large pressure changes (KEYOPT(4) = 1). Pressure
and velocity degrees of freedom must be activated (KEYOPT(3) = 1 or 2).

For small pressure changes (P/P0 << 1), Equation 7.4 (p. 246) becomes:

(7.5)
�

z

� 2

2

2

2η
ν

∂

∂
+
∂

∂












=

∂
∂

+

where νz = wall velocity in the normal direction. That is:

(7.6)ν	 =
∂
∂

Equation 7.5 (p. 246) is valid for large displacements and small pressure changes (KEYOPT(4) = 0). Pressure
and velocity degrees of freedom must be activated (KEYOPT(3) = 1 or 2).

For small displacements (d/d0 << 1) and small pressure changes (P/P0 << 1), Equation 7.5 (p. 246) becomes:

(7.7)
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where

do = nominal gap.

This equation applies when pressure is the only degree of freedom (KEYOPT(3) = 0).

For incompressible flows (ρ is constant), the generalized nonlinear Reynolds equation (Equation 7.1 (p. 245))
reduces to:

(7.8)z

3 2

2

2

2η
ν

∂

∂
+
∂

∂












=

This equation applies for incompressible flow (KEYOPT(4) = 2). Pressure and velocity degrees of freedom
must be activated (KEYOPT(3) = 1 or 2).

Reynolds squeeze film equations are restricted to structures with lateral dimensions much larger than
the gap separation. Futhermore, viscous friction may not cause a significant temperature change. Con-
tinuum theory (KEYOPT(1) = 0) is valid for Knudsen numbers smaller than 0.01.

The Knudsen number Kn of the squeeze film problem can be estimated by:

(7.9)
o ref

abs

=

where:

Lo = mean free path length of the fluid

Pref = reference pressure for the mean free path Lo

Pabs = Po + P

For small pressure changes, Pabs is approximately equal to P0 and the Knudsen number can be estimated

by:

(7.10)
� ���

�

=

For systems that operate at Knudsen numbers <0.01, the continuum theory is valid (KEYOPT(1) = 0).
The effective viscosity ηeff is then equal to the dynamic viscosity η.

For systems which operate at higher Knudsen numbers (KEYOPT(1) = 1), an effective viscosity ηeff con-

siders slip flow boundary conditions and models derived from Boltzmann equation. This assumption
holds for Knudsen numbers up to 880 (Veijola([342] (p. 940))):

(7.11)η
η

���

n

=
+ 1 159.

For micromachined surfaces, specular reflection decreases the effective viscosity at high Knudsen
numbers compared to diffuse reflection. Surface accommodation factors, α, distinguish between diffuse
reflection (α = 1), specular reflection (α = 0), and molecular reflection (0 < α < 1) of the molecules at
the walls of the squeeze film. Typical accommodation factors for silicon are reported between 0.8 and
0.9, those of metal surfaces are almost 1. Different accommodation factors can be specified for each
wall by using α1 and α2 (input as A1 and A2 on R command). α1 is the coefficient associated with the

top moving surface and α2 is the coefficient associated with the bottom metallic surface. Results for
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high Knudsen numbers with accommodation factors (KEYOPT(1) =2) are not expected to be the same
as those for high Knudsen numbers without accommodation factors (KEYOPT(1) =1).

The effective viscosity equations for high Knudsen numbers are based on empirical correlations. Fit
functions for the effective viscosity of micromachined surfaces are found in Veijola([342] (p. 940)). The
effective viscosity is given by the following equation if α1 = α2:

(7.12)η
η

eff
=

1

and by the following equation if α1 ≠α2:

(7.13)η
η

���
=

3

where D is the inverse Knudsen number:

n

=
π

and Q1, Q2, and Q3 are Poiseuille flow rate coefficients:

p p
= α α

� 2

for p = 1, 2, or 3.

If both surfaces are the same (α1 = α2), the Poiseuille flow rate coefficient is given by:

� � �
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If the bottom fixed plate is metallic (α2 = 1) and the top moving plate is not metallic (α1 ≠1), the

Poiseuille flow rate coefficient is given by:

� � �
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The general solution valid for arbitrary α1 and α2 is a simple linear combination of Q1 and Q2:
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7.1.2. Flow in Channels

FLUID138 can be used to model the fluid flow though short circular and rectangular channels of micro-
meter size. The element assumes isothermal viscous flow at low Reynolds numbers, the channel length
to be small compared to the acoustic wave length, and a small pressure drop with respect to ambient
pressure.

In contrast to FLUID116, FLUID138 considers gas rarefaction, is more accurate for channels of rectangular
cross sections, allows channel dimensions to be small compared to the mean free path, allows evacuated
systems, and considers fringe effects at the inlet and outlet which considerably increase the damping
force in case of short channel length. FLUID138 can be used to model the stiffening and damping effects
of fluid flow in channels of micro-electromechanical systems (MEMS).

Using continuum theory (KEYOPT(1) = 0) the flow rate Q of channels with circular cross-section (KEYOPT(3)
= 0) is given by the Hagen-Poiseuille equation:

(7.14)
c

=
2

η
∆

Q = flow rate in units of volume/time
r = radius
lc = channel length

A = cross-sectional area
∆P = pressure difference along channel length

This assumption holds for low Reynolds numbers (Re < 2300), for l >> r and r >> Lm where Lm is the
mean free path at the current pressure.

(7.15)m o
o o

o

=

In case of rectangular cross sections (KEYOPT(3) = 1) the channel resistance depends on the aspect ratio
of channel. The flow rate is defined by:

(7.16)
h

�

=
�

ηχ
∆

where:

rh = hydraulic radius (defined below)

A = true cross-sectional area (not that corresponding to the hydraulic radius)
χ = so-called friction factor (defined below)

The hydraulic radius is defined by:

(7.17)�= =
+

and the friction factor χ is approximated by:

(7.18)χ =
− + +











−
5 �

1
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where:

H = height of channel
W = width of channel (must be greater than H)
n = H/W

A special treatment is necessary to consider high Knudsen numbers and short channel length (KEYOPT(1)
= 1) (Sharipov([343] (p. 940))).

7.2. Slide Film Theory

Slide film damping occurs when surfaces move tangentially with respect to each other. Typical applica-
tions of slide film models are damping between fingers of a comb drive and damping between large
horizontally moving plates (seismic mass) and the silicon substrate. Slide film damping can be described
by a nodal force displacement relationship. FLUID139 is used to model slide film fluid behavior and
assumes isothermal viscous flow.

Slide film problems are defined by:

(7.19)ρ
ν

η
ν∂

∂
=

∂

∂

2

2

where:

P = pressure
ν = plate fluid velocity
η = dynamic viscosity
z = normal direction of the laterally moving plates
t = time

Slide film problems can be represented by a series connection of mass-damper elements with internal
nodes where each damper represents the viscous shear stress between two fluid layers and each mass
represents its inertial force. The damper elements are defined by:

(7.20)
i

=
η

where:

C = damping coefficient
A = actual overlapping plate area
di = separation between two internal nodes (not the gap separation)

The mass of each internal node is given by:

(7.21)�= ρ

where:

ρ = fluid density

In case of slip flow boundary conditions (KEYOPT(3) = 1) the fluid velocity at the moving plate is
somewhat smaller than the plate velocity itself. Slip flow BC can be considered by additional damper
elements which are placed outside the slide film whereby the damping coefficient must be:
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(7.22)
m

=
η

where:

Lm = mean free path length of the fluid at the current pressure

In case of second order slip flow (KEYOPT(3) = 2) the damping coefficient is:

(7.23)�

Kn

= +






























−
−

η η
0 788 10

1

.

where Kn is defined with Equation 7.10 (p. 247)

Note that all internal nodes are placed automatically by FLUID139.

Two node models are sufficient for systems where the operating frequency is below the cut-off frequency
which is defined by:

(7.24)c =
η

πρ 2

where:

fc = cut-off frequency

d = gap separation

In this special case, damping coefficients are almost constant, regardless of the frequency, and inertial
effects are negligible. At higher frequencies, the damping ratio increases significantly up to a so-called
maximum frequency, which is defined by:

(7.25)
�

�ax =
η

πρ �

where:

fmax = maximum frequency

The meaning of both numbers is illustrated below:

Figure 7.1:  Flow Theory, Cut-off, and Maximum Frequency Interrelation

In case of large signal damping, the current overlapping plate are as defined by:

251
Release 15.0 - © SAS IP, Inc. All rights reserved. - Contains proprietary and confidential information

of ANSYS, Inc. and its subsidiaries and affiliates.

Slide Film Theory



(7.26)new init n i= + −

where:

Anew = actual area

Ainit = initial area

ui = nodal displacement in operating direction of the first interface node

un = nodal displacement of the second interface node

For rectangular plates which move parallel to its edge, the area change with respect to the plate dis-
placement (dA/du) is equal to the plate width. These applications are typical for micro-electromechan-
ical systems as comb drives where the overlapping area changes with respect to deflection.
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Chapter 8: Acoustics

The following topics related to acoustics are available:
8.1. Acoustic Fundamentals
8.2. Derivation of Acoustic Matrices
8.3. Propagation, Radiation, and Scattering of Acoustic Pressure Waves
8.4. Acoustic Fluid-Structural Interaction (FSI)
8.5. Pure Scattered Pressure Formulation
8.6. Acoustic Output Quantities
8.7.Transfer Admittance Matrix

8.1. Acoustic Fundamentals

The following acoustic fluid fundamentals topics are available:
8.1.1. Governing Equations
8.1.2. Finite Element Formulation of the Wave Equation

8.1.1. Governing Equations

In acoustic fluid-structural interaction (FSI) problems, the structural dynamics equation must be considered
along with the Navier-Stokes equations of fluid momentum and the flow continuity equation

From the law of conservation of mass law comes the continuity equation:

(8.1)
∂
∂

+
∂
∂

+
∂

∂
+
∂
∂

=
ρ ρ ρ ρ

x y z

where:

vx, vy and vz = components of the velocity vector in the x, y and z directions, respectively

ρ = density
x, y, z = global Cartesian coordinates
t = time

The Navier-Stokes equations are as follows:

(8.2)

∂
∂

+
∂

∂
+
∂

∂
+
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= −
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∂
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∂
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(8.3)
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+
∂
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(8.4)
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∂
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∂
+
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∂
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 +
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∂

∂
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 +µ µ

where:

gx, gy, gz = components of acceleration due to gravity (input on ACEL command)

ρ = density
µe = effective viscosity (discussed below)

Rx, Ry, Rz = distributed resistances (discussed below)

Tx, Ty, Tz = viscous loss terms (discussed below)

The discretized structural dynamics equation can be formulated using the structural elements as shown
in Equation 15.5 (p. 764). The fluid momentum (Navier-Stokes) equations and continuity equations are
simplified to get the acoustic wave equation using the following assumptions:

1. The fluid is compressible (density changes due to pressure variations).

2. There is no mean flow of the fluid.

The acoustic wave equation is given by:

(8.5)∇ ⋅ ∇ −
∂

∂
+ ∇ ⋅ ∇

∂
∂

= −
∂
∂

+ ∇ ⋅
0 0

2

2

2
0 0

2
0ρ ρ

µ
ρ ρ ρ

µµ
ρ ρ0 0

∇

where:

c = speed of sound oρ  in fluid medium (input as SONC on the MP command)

ρo = mean fluid density (input as DENS on the MP command)

K = bulk modulus of fluid
µ = dynamic viscosity (input as VISC on the MP command)
p = acoustic pressure (=p(x, y, z, t))
Q = mass source in the continuity equation (input as JS on the BF command)
t = time

Since the viscous dissipation has been taken in account using the Stokes hypothesis, Equation 8.5 (p. 254)
is referred to as the lossy wave equation for propagation of sound in fluids. The discretized structural
Equation 15.5 (p. 764) and the lossy wave Equation 8.5 (p. 254) must be considered simultaneously in FSI
problems. The wave equation will be discretized in the next subsection, followed by the derivation of
the damping matrix to account for the dissipation at the FSI interface. The acoustic pressure exerting
on the structure at the FSI interface will be considered in Derivation of Acoustic Matrices (p. 256) to form
the coupling stiffness matrix.

Harmonically varying pressure is given by:

(8.6)j tv v
= ω

where:

p = amplitude of the pressure
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−

ω = 2πf
f = frequency of oscillations of the pressure

Equation 8.5 (p. 254) is reduced to the following inhomogeneous Helmholtz equation:

(8.7)∇ ⋅ ∇ + + ∇ ⋅ ∇ = − + ∇ ⋅ ∇
0

2

0
2

0 0
2

0 0ρ
ω

ρ
ω

µ
ρ ρ

ω
ρ

µ
ρ ρ0

Note that some theories may not be applicable for 2-D acoustic elements using Equation 8.7 (p. 255).
See FLUID29 and FLUID129 for available details.

8.1.2. Finite Element Formulation of the Wave Equation

The finite element formulation is obtained by testing wave Equation 8.5 (p. 254) using the Galerkin
procedure (Bathe [2] (p. 921)). Equation 8.5 (p. 254) is multiplied by testing function w and integrated
over the volume of the domain (Zienkiewicz [86] (p. 925)) with some manipulation to yield the following:

(8.8)

�
�

�

�
�
� �

�ρ
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ρ ρ
F F FΩ Ω Ω
∫∫∫

∂

∂
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∂
∂

+ ∇∫∫∫ ⋅ ∇∇

− ∫∫ +
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∂

⋅∇ + ∫∫ ⋅∇
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Ò Ò
� �

� �
�
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ρ

µ

ρ

FF F

∫∫∫
∂
∂

+ ∇∫∫∫ ⋅ ∇
� �

�ρ
µ

ρΩ

^ ^

where:

dv = volume differential of acoustic domain ΩF

ds = surface differential of acoustic domain boundary ΓF

�= Γ�

From the equation of momentum conservation, the normal velocity on the boundary of the acoustic
domain is given by:

(8.9)
∂

∂
= ⋅

∂
∂

= − +
∂
∂

⋅∇ + ⋅∇n �,

v

� �
� �

�
�ρ

µ

ρ

µ

ρ

� � �

Substituting Equation 8.9 (p. 255) into Equation 8.8 (p. 255) yields the “weak” form of Equation 8.5 (p. 254),
given by:

(8.10)
�

	

	

	
�
	 	

�ρ
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ρ ρ

 
 
Ω Ω Ω
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∂
∂
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µ

ρ

The normal acceleration of the fluid particle can be presented using the normal displacement of the
fluid particle, given by:
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(8.11)
∂

∂
= ⋅

∂

∂

n F F, ^
2

2

v

where:

v
�

After using Equation 8.11 (p. 256), Equation 8.10 (p. 255) is expressed as:

(8.12)0
�

�

�
0
� �
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ρ ρ
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0 0
�ρ
µ

ρ

�

8.2. Derivation of Acoustic Matrices

Equation 8.12 (p. 256) contains the fluid pressure p and the structural displacement components ux,F,

uy,F, and uz,F as the dependent variables to solve. The finite element approximating shape functions for

the spatial variation of the pressure and displacement components are given by:

(8.13)T
e=

(8.14)�
�= ′

where:

{N} = element shape function for pressure
{N'} = element shape function for displacements
{Pe} = nodal pressure vector

{ue} = {uxe},{uye},{uze} = nodal displacement component vectors

From Equation 8.13 (p. 256) and Equation 8.14 (p. 256), the second time derivative of the variables and
the virtual change in the pressure can be expressed as follows:

(8.15)
∂

∂
=

�

�

�
	
ɺɺ

(8.16)
∂

∂
= ′







�
�
ɺɺ

(8.17)δ δ
�=

After substituting Equation 8.13 (p. 256) and Equation 8.14 (p. 256) into Equation 8.12 (p. 256), the finite
element statement of the wave Equation 8.5 (p. 254) is expressed as:

(8.18)
�

�
�
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µ

ρ ρ
� �

�
�

�
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Ω Ω
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ρ
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where:

{n} = outward normal vector at the fluid boundary
{q} = nodal mass source vector

ɺ

Other terms are defined in Acoustic Fundamentals (p. 253). Equation 8.18 (p. 256) can be written in matrix
notation to create the following discretized wave equation:

(8.19),F e F e F e
T

e F F
ɺɺ ɺ ɺɺ+ + + =ρ0
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8.3. Propagation, Radiation, and Scattering of Acoustic Pressure Waves

The following topics are available are available in this section:
8.3.1. Acoustic Boundary Conditions
8.3.2. Absorbing Boundary Condition (ABC)
8.3.3. Perfectly Matched Layers (PML)
8.3.4. Acoustic Excitation Sources
8.3.5. Sophisticated Acoustic Media

8.3.1. Acoustic Boundary Conditions

For Dirichlet or Neumann boundary conditions, i.e., on a sound-soft boundary with p = p0 (input as

PRES on the D command) or on a sound-hard boundary with ⋅ ∇ =^
, the surface integration will be

eliminated.

The Robin boundary condition on impedance boundary ΓZ is given by:

(8.20)n � n S� �

v v r v
− =

where:
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vn,F = normal velocity of fluid particle on the boundary

vn,S = normal velocity of structure surface

Y = boundary admittance
Z (boundary impedance) = 1/Y (Z is input as IMPD on the SF command)

Substituting Equation 8.20 (p. 257) into Equation 8.10 (p. 255) yields:

(8.21)
Z Z

n F n S

Γ Γ
∫∫

∂

∂
= ∫∫

∂
∂

+
∂

∂
, ,

For simplicity, the inviscid fluid will be investigated. The matrix forms in Equation 8.19 (p. 257) are rewritten
as:

(8.22)�
T

�

= ∫∫ρ0
Γ

(8.23)��
�

� �
�

� �

= − ∫∫ + ∫∫∫ρ ρ
ρ	 	

	Γ Ω

ɺ ɺ

In acoustic design, the attenuation coefficient (i.e., the absorption coefficient) is used to define the ab-
sorption properties of the material. The attenuation coefficient is the ratio of the absorbed sound power
density to the incident sound power density. The ratio is expressed as follows:

(8.24)α = a

i
c

where:

� � �= ⋅ =
v^

�� �� ��= ⋅ =
v�

Because the module of reflection coefficient is given as ref ���= = − ≤ ≤α , the equi-

valent impedance (assumed Im(z)=0) of the attenuating material is expressed as:

(8.25)=
+ −

− −
�

α

α

where:

z0 = ρ0c0 = sound impedance

The impedance value of the Robin boundary condition can be defined by the sound impedance z0 =

ρ0c0 (input as INF on the SF command), the attenuation coefficient (input as CONV on the SF command),

or the general complex impedance (admittance the for modal analysis) (input as IMPD on the SF com-
mand). The Robin boundary condition can be used for the harmonic response or modal analysis.
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8.3.2. Absorbing Boundary Condition (ABC)

Exterior structural acoustics problems typically involve a structure submerged in an infinite, homogeneous,
inviscid fluid. For a source-free and inviscid fluid, Equation 8.5 (p. 254) is simplified as follows:

(8.26)∇ ⋅ ∇ =
∂

∂
+

0 0
2

2

2ρ ρ
Ω

where:

Ω+ =

The pressure wave must satisfy the Sommerfeld radiation condition (which states that the waves gen-
erated within the fluid are outgoing) at infinity. This is expressed as:

(8.27)
( )/

r

d

→∞

− ∂
∂

+ =1 � ɺ

where:

r = distance from the origin

d = dimensionality of the problem (i.e., d =3 or d =2 if Ω+ is 3-D or 2-D, respectively)

A primary difficulty encountered when using finite elements to model an infinite medium arises from
the need to satisfy the Sommerfeld radiation condition, as expressed in Equation 8.27 (p. 259). A typical

approach to this problem involves truncating the unbounded domain Ω+ by introducing an absorbing
(artificial) boundary Γa at some distance from the structure (Equation 8.5 (p. 254)).

Figure 8.1:  Absorbing Boundary

The homogeneous Helmholtz equation (Equation 8.26 (p. 259)) is then solved in the annular region Ω+,

which is bounded by the absorbing boundary Γa. For the resulting problem in Ω+ to be well-posed, an

appropriate condition must be specified on Γa. To this end, the following second-order conditions are

used on Γa (Kallivokas et al. [218] (p. 933)):

In two dimensions:

(8.28)n n+ = − + −








 + + +









γ κ

γ
λλ κ κγ�ɺɺ

where:

n = outward normal to Γa

Pn = pressure derivative in the normal direction
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Pλλ = pressure derivative along Γa

k = curvature of Γa

γ = stability parameter

In three dimensions:

(8.29)

ɺ ɺɺ ɺ
n n

u

u

v

+ = − + −










+ +








 +






γ
γ

γ
















+ −( )

v

2

where:

n = outward normal
u and v = orthogonal curvilinear surface coordinates (e.g., the meridional and polar angles in
spherical coordinates)
Pu, Pv = pressure derivatives in the Γa surface directions

H and K = mean and Gaussian curvature, respectively
E and G = usual coefficients of the first fundamental form

Following a Galerkin based procedure, Equation 8.26 (p. 259) is multiplied by testing function w and in-

tegrated over the annular domain Ωf. By using the divergence theorem on the resulting equation it can
be shown that:

(8.30)
0

�

�

�
0 0ρ ρ ρ

F F a FΩ Ω Γ Γ
∫∫∫

∂

∂
+ ∇∫∫∫ ⋅ ∇ − ∫∫ ⋅∇ − ∫∫∫ ⋅ ∇ =^^

0ρ

Upon discretization of Equation 8.30 (p. 260), the first term on the left hand side will yield the mass
matrix of the fluid, while the second term will yield the stiffness matrix. The following finite element
approximations for quantities on the absorbing boundary Γa placed at a radius R are introduced:

(8.31)T
e

T
e

T
e

( ) ( ) ( ) ( )= = =1 1 � �

where:

{N} = vectors of shape functions

p, q(1), q(2) = unknown nodal values (p is output as degree of freedom PRES. q(1) and q(2) are
solved for but not output.)

Taking the nodal shape function as the testing function, the element stiffness and damping matrices
can be further reduced. The two dimensional case is reduced to:

(8.32)
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where:

L
T

�

= ∫
Γ

dl = arc-length differential

These matrices are 6 x 6 in size, having 2 nodes per element with 3 degrees of freedom per node (p,

q(1), q(2)). (See FLUID129 for details.)

The three dimensional case is reduced to:

(8.34)
D S S

S S

3

2

2 2
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−













(8.35)
� �

�

�

�
=

−













where:

^

�
�

�

= ∫∫
ρ

ρ
0

0 Γ

�
� 	 �




= ∫∫ ∇ ∇
ρ

ρ
�

� Γ

∇�

ds = area differential

For the three dimensional case, the surface element can be a quadratic or triangle element with corner
and mid-nodes that have 2 degrees of freedom per node (p, q) (Barry et al. [217] (p. 933)). (See FLUID130
for details.)

For the axisymmetric case:

(8.36)a
 A A

A A

�
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−













π

(8.37)�
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π

where:

�
�

�

= ∫
Γ

r = radius

These matrices are 4x4 in size with 2 nodes per element and 2 degrees of freedom per node (p, q).

The local absorbing boundary conditions in this section are applicable to modal, harmonic response,
or transient analyses.
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8.3.3. Perfectly Matched Layers (PML)

Perfectly matched layers are artificial ansiotropic materials that absorb all incoming waves without any
reflections, except for the gazing wave that parallels the PML interface in the propagation direction.
PMLs are currently constructed by the propagation of acoustic waves in the media for harmonic response
analysis (Zhao [406] (p. 944)).

In the frequency domain, the governing lossless and source-free momentum and conservation are given
by:

(8.38)∇ = − ωρ0
v

(8.39)∇ ⋅ = −
v

�
2ρ
ω

The anisotropic PML material is assumed as follows:

(8.40)ρ ρ= � Λ

(8.41)ζ
ρ

=
�

�
Λ

where:

[Λ] = diagonal tensor diag{sx, sy, sz}, and sx, sy, sz are complex constants.

In order to satisfy the vector operation, the governing acoustic equations for PMLs are written as:

(8.42)∇ = − ⋅ωρ
v

(8.43)∇ ⋅ ⋅ = −−ζ ω1 v

If the modified operator ∇s  is expressed as:

(8.44)∇ =
∂
∂

+
∂
∂

+
∂
∂S

x y z

^ ^ ^

Then the wave equation for a PML with a modified differential operator is expressed as:

(8.45)∇ ⋅ ∇ + =� �

�

�

�
�ρ

ω

ρ

The interface between the PML and the real acoustic medium can be rendered reflectionless for all
frequencies and angles of incidence of a wave propagating from the acoustic medium to the PML if
the elements of [Λ] are defined as follows:

(8.46)i
i= + =( )σ

ω

where:

σi = attenuation constant
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Multiplying sxsysz with Equation 8.45 (p. 262) results in the final wave equation needed to construct the

PML:

(8.47)∇ ⋅ ⋅∇ + =
0

2

0
2ρ

ω

ρ
Ψ x y z

where:

[Ψ] = diagonal tensor diag{sysz/sx, szsx/sy, sxsy/sz}

By using the Galerkin method and setting the pressure to zero (input as PRES on the D command) on
the backed boundary, the "weak" formulation of an acoustic pressure wave in PML is expressed as:

(8.48)
Ω

Ψ
PML

� � �∫∫∫ ∇ ⋅ ⋅∇ − =
�

�

�
�ρ

ω

ρ

Equation 8.48 (p. 263) can be written in matrix notation to produce the following discretized wave
equation:

(8.49)− + + =ω ω�
��� ��� ��� e

where:

R	

��

T

��

= ∫∫∫ =
ρ

ρ
�

�
�

Ω

Im
Im

���
�

��� ���

= ∇∫∫∫ ∇ − ∫∫∫
ρ

ωρ

ωρ

ρ
�

�

�

�
�

Ω Ω
Ψ � =

�����
 

!"#

= ∇∫∫∫ ∇ =
ρ

ρ
$

$ Ω
Ψ

SRe = real part of complex constant sxsysz

SIm = imaginary part of complex constant sxsysz

[ΨRe] = real part of complex tensor [Ψ]

[ΨIm] = imaginary part of complex tensor [Ψ]

The PML material is defined using FLUID30, FLUID220, and FLUID221 elements with KEYOPT(4) = 1.
Since the PML material is constructed in Cartesian coordinates, the edges of the 3-D PML region must
be aligned with the axes of the global Cartesian coordinate system. More than one 1-D PML region may
exist in a finite element model. The element coordinate system (ESYS command) uniquely identifies
each PML region. A parabolic attenuation distribution is used to minimize numerical reflections in the
PML. ANSYS, Inc. recommends using at least three PML element layers to obtain satisfactory accuracy.
Some buffer elements between the PML region and objects should be utilized. Since a PML acts as an
infinite open domain, any boundary conditions and material properties need to be carried over into
the PML region. The pressure must be set to zero (input as PRES on the D command) on the exterior
surface of the PML, excluding Neumann boundaries (symmetric planes in the model). Any kinds of ex-
citation sources are prohibited in the PML region. Refer to Perfectly Matched Layers (PML) in the
Mechanical APDL High-Frequency Electromagnetic Analysis Guide for more information about using PMLs.
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8.3.4. Acoustic Excitation Sources

Sound excitation sources are a fundamental part of an acoustic analysis. Various excitation sources,
such as a monopole or plane wave can be imposed in simulations. The following methods can be used
to introduce sound excitation sources:

• Specified pressure or normal velocity on the domain boundary

• Mass source in the wave Equation 8.5 (p. 254)

• Analytic wave sources:

– Incident pressure applied on the exterior boundary (Robin boundary condition)

– Incident pressure applied on the PML interface

– Solve the wave equation with pure scattered pressure as a variable (Pure Scattered Pressure For-
mulation (p. 280))

8.3.4.1. Specified Pressure or Normal Velocity on the Domain Boundary

Specified pressure (input as PRES on the D command) or normal velocity on the domain boundary offers
a straightforward method to introduce the excitation source for harmonic response analysis (normal
acceleration for transient analysis) (input as SHLD on the SF command) or the velocity for harmonic
response analysis (acceleration for transient analysis) (input as EF on the BF command) (Equa-
tion 8.10 (p. 255)) .

8.3.4.2. Mass Source in the Wave Equation

Mass source in the wave Equation 8.5 (p. 254) (input as JS on the BF command) can be used to introduce
excitations for a pressure wave.

A point mass source is given by:

(8.50)p s s s= − − −δ δ δ

where:

Qp = magnitude of point mass source with unit [kg/s]

(xs, ys, zs) = source origin
δ = Dirac delta function

A line mass source is given by:

(8.51)l � �= − −δ δ

where:

Ql = magnitude of line mass source with unit [kg/(ms)]

A surface mass source is given by:

(8.52)� �= −δ

where:
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Qs = magnitude of surface mass source with unit [kg/(m2s)]

The volumetric mass source Q in Equation 8.8 (p. 255) has the unit [kg/(m3s)].

Depending on how the load is applied on the finite element, the program will interpret the load as a

point, line, surface, or volumetric mass source. For a transient analysis, the mass source rate ( ∂ ∂ )
in Equation 8.8 (p. 255) should be defined.

8.3.4.3. Analytic Wave Sources

The various incident wave sources are defined using the AWAVE command for harmonic response
analysis.

A time-harmonic incident planar wave (input as PLAN on the AWAVE command) is given by:

(8.53)
inc inc

j jk r r

inc

jk r r� s � s= =− ⋅ − − ⋅ −
,

( )

,

( )

0 0
φ

v v v v v v

where:

Pinc,0= magnitude of incident planar wave

φ = initial phase angle of incident planar wave (usually ignored)
r
�

v

�

The particle velocity is given by:

(8.54)� f � ����
^= ⋅

�ωρ

v

A time-harmonic radiated monopole pressure (input as MONO on the AWAVE command) is introduced
by:

(8.55)
�	 
 


�

�

=
−

− ⋅ −



v v v

v v

� �

where:

v
= =

�

� �= − − =
� v v v v

k = wave number

If the normal velocity is along the 
�

 direction, the velocity of particle is given by:

(8.56)
� �

�

�� � �

�

�

�

� �

= − +
− −

− ⋅ −

�

�ωρ
v v v v

v v v

Assuming that the monopole is a pulsating sphere (r=a) with surface pressure pa, the pressure can be

expressed as:
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(8.57)
a

jka
jk r r

s

�

=
−

− ⋅ −
v v v

v v

( )

If the normal velocity on the pulsating sphere surface is equal to va, the pressure is expressed as:

(8.58)�
��� �� � �

�

�

=
− −

− ⋅ −ρ0

v v v

v v

� �

Other applicable incident sources (Whitaker [[408] (p. 944)]) are also defined by the AWAVE command.

To apply the incident wave to the model, the splitting pressure should be introduced on the exterior
excitation surface when the total pressure is solved by FEM. The total pressure consists of the incident

pressure pinc and scattered pressure psc. This can be expressed as:

(8.59)inc 	c= +

For a planar wave, the incident wave and scattered wave can be written respectively as:

(8.60)
�� 
�� � � �� �= − ⋅ −
�

v v v
� �

(8.61)�� �� �� � �� �= − ⋅ −
�

v v v
� �

where:

v

�

Assuming the normal scattered wave vector is in the opposite direction of the normal incident wave
vector, this can be expressed as:

(8.62)�  ⋅ = − ⋅
v v

^ ^

After substituting Equation 8.54 (p. 265) into the boundary integration of Equation 8.8 (p. 255), this can
be expressed as:

(8.63)
! ! !ρ ρ

ω
ρΓ Γ Γext ext ext

"#$ %$ "∫∫ ∇ ⋅ = ∫∫ ∇ + ⋅ =
⋅

∫∫ " "#$

ext

−
⋅

∫∫
!

ω
ρΓ

& &
& & & &

where:

' =
*

The damping matrix and source vector in Equation 8.19 (p. 257) for lossless and source-free fluid with
the planar incident wave on the exterior boundary is given by:

(8.64)

+ +

F
, T

-./

= −
⋅

∫∫
ρ1Γ

(8.65)

2 2

3
4 456

789

= −
⋅

∫∫
:

ω
ρΓ
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A similar procedure can be used for a spherical incident wave, but the scattered wave is assumed to

be a planar wave in the − i

^

 direction. The damping matrix and source vector in Equation 8.19 (p. 257)

for lossless and source-free fluid with the spherical incident wave on the exterior boundary is given by:

(8.66)
� �

F
T

ext

= −
⋅

∫∫
ρ0Γ

(8.67)
� �

�

s

�nc

���

= − ∫∫ +
−

⋅ω
ρ ωρΓ � �

v v

If we assume that the incident wave perpendicularly projects on the transparent exterior surface of the
model, the analogous derivation can be achieved with the Robin boundary condition (Equa-
tion 8.20 (p. 257)), using the wave admittance Y0 as the impedance boundary. Since the incoming incident

wave is propagating into the model, the Robin boundary condition is expressed as:

(8.68)f
�	
 �	
� ⋅ =
v

�

where:



Assuming that the scattered wave has the same wave admittance as the incident wave, the Robin
boundary condition for the outgoing scattered wave is expressed as:

(8.69)�
�� ��⋅ =
v

�

�

where:

�

Substituting Equation 8.68 (p. 267) into the boundary integration of Equation 8.8 (p. 255) and utilizing
Equation 8.69 (p. 267) leads to:

(8.70)
�

�ρ
ω ω

Γ Γ Γ��� ��� ���

�
���

∫∫ ∇ ⋅ = − ∫∫ + ∫∫ '
�

The damping matrix and source vector in Equation 8.19 (p. 257) for lossless and source-free fluid with
the incident excitation on the impedance boundary is expressed as:

(8.71)�
�

�� 

= ∫∫ !

Γ

(8.72)"#
$

%
&%(

)*+

= ∫∫ω
Γ

The above equations are useful for the analysis of the wave scattering and the pipe structure, respectively.

The planar scattered pressure wave propagating along the opposite direction of the incident wave is
assumed to be on the exterior surface of the model, while the incident wave projects into the simulation
domain from outside of the model. Obviously, this assumption leads to a numerical error once the non-
planar scattered wave occurs. Hence, the PML is used to absorb the arbitrary scattered outgoing waves.
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Assuming that the PML region is a scattered pressure region and that other regions are total pressure
regions, the "weak" forms for the total pressure and the scattered pressure are respectively written as:

(8.73)
^

Ω ΓF S

tot tot tot
∫∫∫ ∇ ⋅ ∇ − − ⋅∫∫ ∇ =

0

2

0
2

0ρ
ω

ρ ρ
Ò

In PML scattered pressure region:

(8.74)
Ω

Ψ
PML

sc
x y z

sc
∫∫∫ ∇ ⋅ ⋅∇ − =

�

�

�
�ρ

ω

ρ

Total pressure can be split into scattered pressure and incident pressure on the interface between the
general acoustic region and the PML region. This can be expressed as:

(8.75)I
���

I
in�

I
��= +

The degrees of freedom on nodes with PML attributes are scattered pressure. The surface integration
of scattered pressure on the interface will be cancelled out in Equation 8.73 (p. 268) and Equa-
tion 8.74 (p. 268). Assuming that the inside model is source free, the general matrix notation in the
normal acoustic region, including the pressure on interface nodes, can be written as:

(8.76)− + + =ω ω�
� � �

Substituting Equation 8.75 (p. 268) into Equation 8.76 (p. 268) leads to the matrix equation for the interior
total pressure and the interface scattered pressure, expressed as:

(8.77)
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 +
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The matrix equation for whole domain is expressed as:

(8.78)

�� ��

�� ��

��

�
��

��

���



































=

where:

��  = complex stiffness matrix for interior total pressure from Equation 8.77 (p. 268)

�� ��  = complex stiffness matrix on interface from Equation 8.77 (p. 268)

��  = complex stiffness matrix for interface scattered pressure from Equation 8.77 (p. 268)

��  = complex stiffness matrix for PML interior scattered pressure from Equation 8.49 (p. 263)

finc = complex source vector from Equation 8.77 (p. 268)

8.3.5. Sophisticated Acoustic Media

The following topics are available in this section:
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8.3.5.1. Non-uniform Acoustic Media
8.3.5.2. Equivalent Fluid of Perforated Materials
8.3.5.3. Impedance Sheet Approximation
8.3.5.4.Viscous-Thermal Media

8.3.5.1. Non-uniform Acoustic Media

In non-uniform acoustic media the mass density and sound speed vary with the spatial position. Wave
Equation 8.5 (p. 254) in lossless media is rewritten as:

(8.79)∇ ⋅ ∇ −
∂

∂
= −

∂
∂0 0

2

2

2
0ρ ρ ρ

v v v v

According to the ideal gas law, the equation of state and the speed of sound in an ideal gas are respect-
ively expressed as:

(8.80)� v v
= γ

(8.81)state

v v v
= ρ

where:

γ = =P

V

CP = heat coefficient at a constant pressure per unit mass (input as C on the MP command)

CV = heat coefficient at a constant volume per unit mass (input as CVH on the MP command)

R = gas constant
T = temperature
Pstate = the absolute pressure of the gas measured in atmospheres

Assuming density ρ0 (input as DENS on the MP command) and sound speed c0 (input as SONC on the

MP command) at the reference temperature T0 (input on TREF command), and the reference static

pressure (input as Psref on R command) the density and sound speed in media are cast as follows:

(8.82)
v

v

= �

�

(8.83)ρ
ρ

,

v
v

v
�����

�����

= � �

�

The spatial temperature is input as TEMP on BF command and the nodal static pressure is input as
CHRGD on the BF command.

8.3.5.2. Equivalent Fluid of Perforated Materials

8.3.5.2.1. Johnson-Chapoux-Allard Model

Assuming that the skeleton of the perforated material is rigid, the perforated material can be approxim-
ated using the Johnson-Champoux-Allard equivalent fluid model, which uses the complex effective
density and velocity (Allard [407] (p. 944)). The wave equation with complex effective density and velocity
is given by:
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(8.84)∇ ⋅ ∇ + =
2

2ρ
ω

ρeff

a

eff eff

a

The effective density is given by:

(8.85)ρ
σϕ
ω

α ηωρ

ϕ σ
ρ α= +













+∞
∞

�
0

� � �

1 �

0
Λ

/

where:

ω = angular frequency
σ = fluid resistivity
Φ = porosity
α∞ = tortuosity

Λ = viscous characteristic length
ρ0 = density of fluid

η = dynamic (shear) viscosity

The effective bulk modulus is given by:

(8.86)

Κ

Λ

Λ
�

ω
γ

γ γ
η

ωρ

ωρ
η

=

− − +










+






rt

rt

�

�
�

�
�

� �












−�

where:

γ = specific heat ratio
P0 = static reference pressure (input as PSREF on the R command)

Prt=Cpη/κ = Prandtl number

Cp = specific heat

κ = thermal conductivity
Λ’ = thermal characteristic length

The material coefficients used in the Johnson-Champoux-Allard model are input with the TBDATA

command for the TB,PERF material as well as through MP commands.

The complex effective velocity is given by:

(8.87)��� ���= Κ ρ

The sound impedance is given by:

(8.88)c ��� ��� ���= =ρ ρΚ

The “weak” form of the Johnson-Champoux-Allard equivalent fluid model is given by:

(8.89)− ∫∫∫ + ∇∫∫∫ ⋅ ∇ − ∫∫ ∇ω
ρ ρ ρ

	

	

�� 
��

�


��

�


��F F FΩ Ω Γ
Ò �� ⋅ =

v

The matrix notation is expressed as:
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(8.90)− + + =ω ω2
F F F F

where:

�

eff eff

T
r i

�

= ∫∫∫ = +
�ρΩ

�

���

�
� �

	

= ∇∫∫∫ ∇ = +
ρΩ



�

� 

Z

= ∫∫ = +
Γ

,�
�

n �

v

= − ∫∫ω
Γ

The final matrix equation is expressed as:

(8.91)− + + =ω ω�
� � � �

where:

�� � �=

� �� � � � �= − ω

� � �� � � � � � �= − +ω
ω

8.3.5.2.2. Delany-Bazley and Miki Models

Instead of inputting five parameters in the Johnson-Champoux-Allard model, only one parameter, fluid
resistivity, is required in the Delany-Bazley and Miki models. In general, complex impedance is defined
by:

(8.92)c = +

The complex propagation constant s is defined by

(8.93)γ α β= +

where:

R = resistance
X = reactance
α = attenuation constant
β = phase constant

In both the Delany-Bazley and the Miki models, variables are approximated by the functions:

(8.94)

b

= +





















ρ

σ0 0
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(8.95)

d

= −





















ρ

σ0 0

(8.96)α
ω

σ
=











r

�

(8.97)β
ω

σ
= +























t

�

where:

f = frequency
σ = fluid resistivity

Coefficients are provided in the following table.

Table 8.1:  Coefficients of the Approximation Functions for Delany-Bazley and Miki Models

MikiDelany-

Bazley

Coeffi-

cient

0.06990.0497a

-0.632-0.754b

0.1070.0758c

-0.632-0.732d

0.1600.169q

-0.618-0.618r

0.1090.0858s

-0.618-0.700t

The proposed working range for the Delany-Bazley model is 0.01 < σ  < 1.00. The Miki model can be

extended to 0.01 < σ .

8.3.5.2.3. Complex Media Properties

The complex effective mass density and sound velocity in Equation 8.84 (p. 270) may be given by:

(8.98)ρ ρ ρeff � i= +

(8.99)��� � �= +

The Helmholtz equation with complex mass density and sound velocity is directly solved with the
defined parameters.

The complex effective mass density and sound velocity are input with the TBDATA command for the
TB,PERF material.
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8.3.5.3. Impedance Sheet Approximation

Analogous to Equation 8.20 (p. 257), the boundary condition across an impedance sheet in the acoustic
domain is given by:

(8.100)n F n F, ,
+ −− =
v v r v

where:

� ��
+
v

� ��
−
v

v

v

Assuming that the acoustic domain is divided into Ω+ and Ω- with the impedance sheet on the surface,
substituting Equation 8.100 (p. 273) into Equation 8.10 (p. 255) casts the damping matrix as Equa-
tion 8.22 (p. 258). For a thin perforated layer, the sheet impedance (input as IMPD on the BF command)
is given by:

(8.101)c
L c

c L

=
+

+

where:

ZL = load impedance

d = thickness of perforated layer

� eff eff= ρ  = sound impedance of the perforated material defined by Equation 8.88 (p. 270)

���

=
ω

 = complex wave number of the perforated material (ceff is defined by Equa-

tion 8.87 (p. 270))

For a thin perforated material layer backed with a rigid wall, the impedance is given by:

(8.102)	= −

8.3.5.4. Viscous-Thermal Media

An acoustic waves propagating in viscous-thermal media have a complex propagating constant in the
frequency domain. The attenuation of the acoustic wave is proportional to the shear and bulk viscosity
and the thermal conduction coefficient of the media.

8.3.5.4.1. Boundary Layer Impedance (BLI) Model

In a rigid-walled, bounded domain, the interaction between he acoustic movement and both the diffusion
of heat and the diffusion of the shear wave leads to a reactive and absorbing process on the walls. The
entropic and vortical perturbations diffuse into the rigid wall in a direction normal to the boundary and
decay to zero depending on the thickness of the boundary layers. A hybrid numerical and analytic
solution using the boundary layer impedance (BLI) model is proposed with the following assumptions
([414] (p. 944)):
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• The thicknesses of the boundary layers are much smaller than the dimensions of the numerical domain,
while the pressure variation is constant over the boundary layers’ thicknesses.

• The acoustic pressure is approximated by its zero expansion in the boundary layers and its flow is tangential
to the wall.

• Spatial variations of both velocity and temperature in the normal direction are much greater than spatial
variations in the tangential directions.

The fundamental Helmholtz governing equation and boundary condition in the BLI model is given by:

(8.103)

∇ + =

∂
∂

=

2 2

0

a

β

where:

� vh≈ −� �

β
γ

= +
−











w

� �

�

�

�
�

k0 = ω / c0

lvh = lv+(γ-1)lh
kw = the transverse wavenumber

� �= − �

� �= − 	


 = +4

3 � �µ η ρ

l’v = µ / (ρ0c0)

lh = λ / (ρ0c0Cp)

γ = Cp / Cv = the specific heat ratio

ω = the angular frequency
ρ0 = the mass density of the fluid

c0 = the sound speed of the fluid

µ = the dynamic viscosity
η = the bulk viscosity
λ = the thermal conductivity
Cp = the heat coefficient at constant pressure per unit mass

Cv = the heat coefficient at constant volume per unit mass

8.3.5.4.2. Low Reduced Frequency (LRF) Model

The low reduced frequency (LRF) model is derived from simplified Navier-Stokes equations with the
following assumptions ([415] (p. 944)):

• The acoustic wavelength is much greater than the length scale of the geometry

• The acoustic wavelength is much greater than the boundary layer thickness
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The Helmholtz wave equation with modified density and bulk module for the LRF model is as follows:

(8.104)∇ ⋅ ∇ + =
^ ^

0

2

0ρ
ω
Κ

where:

ρ
ρ

�
�= − =�

Κ Κ� �= =� σ
γ

ρ0 = the mass density

K0 = the modified bulk module

l = the length scale

= =
ρ ω

µ
�

σ = Cpη / κ = Prandtl number

γ = specific heat ratio
The viscous and thermal effects are taken into account by the function B(s/l) and n(sσ/l), respectively.

The analytic solution of both the functions B(s/l) and n(sσ/l) can be derived for three particular cases:
thin layer, tube with rectangular cross-section, and tube with circular cross section.

A thin layer is specified by thickness h. The functions B(s/l) and n(sσ/l) are derived by:

(8.105)








 = −

(8.106)
σ γ

γ
σ







 = +

− 



















−1

where:

σ σ

σ









 = −

A tube with a rectangular cross-section is specified by width w and height h. The functions B(s/l) and
n(sσ/l) are derived by:

(8.107)m n

m n m









 = −

+

� �

� �

� �

� � �

β β

β β β ββnnm
� � �

�3 5�3 5 +
∑∑

== , , ..., , ...

(8.108)
σ γ

γ
σ







 = +

− 



















−�

where:

275
Release 15.0 - © SAS IP, Inc. All rights reserved. - Contains proprietary and confidential information

of ANSYS, Inc. and its subsidiaries and affiliates.

Propagation, Radiation, and Scattering of Acoustic Pressure Waves



m n

m n

σ σ β β

β β β









 = −

2 2 2

2 2

2 2

2 2
mm nnm
2 2 2 2 2

13 513 5 + +
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== β σ, , ..., , ...

A tube with a circular cross section is specified by radius R. The functions B(s/l) and n(sσ/l) are derived
by:

(8.109)








 =

�

0

(8.110)
σ γ

γ
σ







 = +

− 



















−�

where:

σ σ

σ









 =

�

�

J0 = the zero-order Bessel function

J2 = the second-order Bessel function

8.4. Acoustic Fluid-Structural Interaction (FSI)

The following topics are available in this section:
8.4.1. Coupled Acoustic Fluid-Structural System with an Unsymmetric Matrix Equation
8.4.2. Coupled Acoustic Fluid-Structural System with Symmetric Matrix Equation for Full Harmonic Analysis
8.4.3. Coupled Acoustic Fluid-Structural System with Symmetric Matrix Equation for Lossless Modal Analysis

8.4.1. Coupled Acoustic Fluid-Structural System with an Unsymmetric Matrix

Equation

The coupling conditions on the interface between the acoustic fluid and the structure are given by:

(8.111)σ
v v v
S I+ = Γ

(8.112)
v v v v

� F �⋅ − ⋅ = Γ

where:

σ
v
�

p = acoustic pressure
v
�

v
�

v

Equation 8.111 (p. 276) is a kinetic condition relating the solid stress to the pressure imposed on the
interface by sound. Equation 8.112 (p. 276) is a kinematic condition that assumes that there is no friction
between the solid and acoustic fluid on the interface.
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In order to completely describe the FSI problem, the fluid pressure load acting at the interface is added
to Equation 15.5 (p. 764). This effect is included in FLUID29, FLUID30, FLUID220, and FLUID221 only if
KEYOPT(2) ≠ 1. Hence, the structural equation is rewritten as:

(8.113)F F F F
T

F+ + + + =ɺɺ ɺ ɺɺρ0

The fluid pressure load vector e
pr

 at the interface S is obtained by integrating the pressure over the

area of the surface as follows:

(8.114)�
��

i

= ∫∫
Γ

v

where:

{N'} = shape functions employed to discretize the displacement components u, v, and w (ob-
tained from the structural element).

Substituting the finite element approximating function for pressure given by Equation 8.16 (p. 256) into
Equation 8.114 (p. 277) leads to:

(8.115)�
�� �

�

�

= ∫∫
Γ

By comparing the integral in Equation 8.115 (p. 277) with the matrix definition of [R]T in Equa-
tion 8.19 (p. 257), the following relation becomes clear:

(8.116)�
	


�=

Substituting Equation 8.116 (p. 277) into Equation 8.113 (p. 277) results in the dynamic elemental equation
of the structure, expressed as:

(8.117)S � S � S � � S
ɺɺ ɺ+ + − =

Equation 8.19 (p. 257) and Equation 8.117 (p. 277) describe the complete finite element discretized
equations for the FSI problem. These equations are written in assembled form as:

(8.118)
�


�

�

�

�

��ρ













{ }
{ }











+




ɺɺ

ɺɺ 




{ }
{ }











+

−








{ }
{ }






ɺ

ɺ

�

�

�

�

�

�






=








�

�

The acoustic fluid element in an FSI problem will generate all the submatrices with a superscript F in

addition to the coupling submatrices ρ� , [R]T, and [R]. Submatrices with a superscript S will be generated

by the compatible structural element used in the model.

Assuming that the actual surface is at an elevation η relative to the mean surface in z-direction, the
pressure for a sloshing (free) surface is given by:

(8.119)�= ρ η

By utilizing the definition of velocity and the momentum conservation equation in addition to Equa-
tion 8.119 (p. 277), pressure can be expressed as:

(8.120)
ρ ρ� �

∂
∂

= − ɺɺ
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The surface integration of the "weak" form (Equation 8.19 (p. 257)) on the sloshing surface is given by:

(8.121)ρ ρF FSL SLΓ Γ
∫∫ ⋅ ∇ = − ∫∫ ɺɺ^

The acoustic fluid matrix equation with sloshing effect is expressed as:

(8.122)� � � �
T

�+ + + + =ɺɺ ɺ ɺɺρ0

where:

�

�

�

��

= ∫∫ =
ρ

ρ
�

Γ

Substituting Equation 8.122 (p. 278) into Equation 8.118 (p. 277) yields:

(8.123)
�

�
� �

e

e

�

	ρ +













{ }
{ }











+

ɺɺ

ɺɺ
�

e

e

�

�

e

e










{ }
{ }











+

−








{ }
{ }

ɺ

ɺ












=








�

�

If the impedance boundary is exerted on the FSI interface (input as IMPD on the SF command), the
coupling condition expressed in Equation 8.112 (p. 276) is rewritten as:

(8.124)
v v v v


 � I⋅ − ⋅ = −
ω

Γ

Substituting Equation 8.124 (p. 278) into Equation 8.19 (p. 257) yields:

(8.125)�  � ���  � 
�

 �
ɺɺ ɺ ɺɺ+ + + + =ρ�

where:

���
�

���

= ∫∫ =ρ�
Γ

Damping matrix [CFSI] on the impedance FSI interface has been shown to be the same as the damping

matrix in Equation 8.22 (p. 258). Therefore, the coupling matrix expressed in Equation 8.123 (p. 278) can
still be the final matrix equation.

8.4.2. Coupled Acoustic Fluid-Structural System with Symmetric Matrix

Equation for Full Harmonic Analysis

The matrix in Equation 8.123 (p. 278) has been shown to be unsymmetric. Solving Equation 8.123 (p. 278)
may consume more computer resources and time than solving the symmetric matrix equation. For the
frequency domain, assume that:

(8.126)= =ɺ ω

Substituting Equation 8.126 (p. 278) into Equation 8.117 (p. 277) and Equation 8.19 (p. 257) yields:

(8.127)� � � � � � � �
ɺɺ ɺ+ + − =ω

(8.128)� � � � � � �
�ω ω ω ω ω ρ+ + + +ɺɺ ɺ

� � �=
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Dividing coupled Equation 8.128 (p. 278) by − ωρ0  yields the acoustic matrix equation, written as:

(8.129)− + − − −
� � �ρ ρ ρ

ωF F e F e F e
T

e
ɺɺ ɺ = Fωρ�

The coupled matrix equation is given by:

(8.130)−
− −

















+

−

− −





ω

ρ ρ

ω

ρ

2

� �

S

� �

S

� �










+
−

































{ }
{ }










S

�

�

�
�ρ


=
















S

�

ωρ�

After solving Equation 8.130 (p. 279), the pressure is obtained using Equation 8.126 (p. 278).

8.4.3. Coupled Acoustic Fluid-Structural System with Symmetric Matrix

Equation for Lossless Modal Analysis

Transformation Equation 8.126 (p. 278) cannot be used for the modal analysis because of the involvement
of frequency. Thus, a displacement potential Φ is introduced. This leads to:

(8.131)
v
�

�

= ∇
ρ

ρ
ϕ�

The momentum and continuity equations in lossless and source free acoustic media are respectively
given by:

(8.132)
�

ρ
ω

�

� �∇ =
v

Ω

(8.133)	ρ


 
+ ∇ ⋅ =
v

Ω

The acoustic fluid-structural coupling conditions are rewritten as:

(8.134)σ
v v v
� I+ = Γ

(8.135)
v v

�



�⋅ − ⋅ ∇ =
ρ

ρ
ϕ� Γ^

Equation 8.132 (p. 279) is substituted into Equation 8.132 (p. 279) multiplied by ρ�∇ . Taking the integ-

ration over the acoustic fluid domain, Equation 8.132 (p. 279) is rewritten as:

(8.136)ρ
ρ

ω ρ
ρ

ϕ�
�

�
�∇∫∫∫ ⋅ ∇ = ∇ ⋅ ∇∫∫∫

� �� �

�

Ω Ω
Ω

The matrix notation of Equation 8.136 (p. 279) is given by:

(8.137)− + =ω ρ ϕ�
� � � �

�
� �Ω

Equation 8.132 (p. 279) is substituted into Equation 8.133 (p. 279) and multiplied by ρ� . Taking the in-

tegration over the acoustic fluid domain, Equation 8.133 (p. 279) is rewritten as:
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(8.138)ρ
ρ

ρ
ρ

ϕ0 2 0
2

F F� �

�

Ω Ω
Ω∫∫∫ + ∫∫∫ ∇ ⋅ ∇ =

By utilizing Green’s identity and Equation 8.138 (p. 280), Equation 8.138 (p. 280) becomes:

(8.139)ρ
ρ

ρ
ρ

ϕ ρ� � �
�

�

� �

S �

� � iΩ Ω Γ
Ω∫∫∫ − ∇∫∫∫ ⋅ ∇ + ∫∫ ⋅ =

v^̂

The matrix notation of Equation 8.139 (p. 280) is given by:

(8.140)
�ρ

ϕ� e � e
T

e �− + = Ω

The surface integration on the sloshing surface can be expressed as:

(8.141)ρ ρ ρ
ρ� � �

�l �l �l

	 	 z

	

	

Γ Γ Γ
Ω∫∫ ⋅ = ∫∫ = ∫∫

v
,




Adding the matrix notation of Equation 8.141 (p. 280) into Equation 8.140 (p. 280) yields:

(8.142)
�ρ

ϕ� �  � 
�

 �+ − + = Ω

Assembling Equation 8.122 (p. 278), Equation 8.137 (p. 279), and Equation 8.142 (p. 280) together yields
the following lossless symmetric eigen matrix equation:

(8.143)−
































+

−

− −ω

ρ ϕ

�

�

�

�

�

�

�

�

�

� �ρ ρ
ϕ

� � �

�
�

�

�

�

−




































=

It should be noted that an auxiliary degree of freedom, velocity potential Φ, is introduced to derive the
symmetric eigen equation. It should also be noted that the mass matrix of Equation 8.143 (p. 280) is related
to the velocity potential rather than pressure.

8.5. Pure Scattered Pressure Formulation

An alternative method to simulate the pressure wave excited by the analytic incident wave sources
(defined using the AWAVE command), is to use scattered pressure as the solved variable. Pure scattered
pressure formulation may be used in the following situations:

• The scattered pressure is much smaller than the incident pressure wave, and the scattered properties are
under the investigation.

• The analytic wave sources defined using the AWAVE command are inside the model for real acoustic
devices, such as an enclosed-back loudspeaker.

When the scattered pressure is investigated as the degree of freedom, the total pressure is split into
incident pressure and scattered pressure. This can be expressed as:

(8.144)tot �nc sc= +
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The pressure boundary conditions are also changed for the scattered pressure.

For the Dirichlet boundary (p =p0):

(8.145)sc inc= −0

For the Neumann boundary 

∂
∂

=










:

(8.146)�� ���⋅ ∇ = − ⋅∇^ ^

The boundary of each decomposed domain is assumed to consist of the truncation surface Γext, imped-

ance surface ΓZ, and FSI interface ΓFSI. This can be expressed as:

(8.147)Γ Γ Γ ΓS ext Z FSI= + +

The "weak" form for the scattered pressure derived from Equation 8.19 (p. 257) is written as:

(8.148)
Ω Γ Γ
∫∫∫ ∇ ⋅ ∇ − − ∫∫ ⋅∇ + ∫∫

�� �� �� �

��� 	

2

2ρ
ω

ρ ρ
ω �� =


By decomposing Equation 8.148 (p. 281) into the environment medium (Ω0) and non-environment me-

dium (Ωd), and assuming that the incident pressure wave satisfies the wave equation in the environment

medium, we can state that:

(8.149)∇ + =�
� �

�
�

�� ��

The "weak" form of the incident wave including acoustic-structure interaction can be written as:

(8.150)
V d

���

d d

���

d�

���

� �

∫∫∫ ∇ ⋅ ∇ − − ∫∫ ∇ ⋅ −
�

�

�

ρ
ω

ρ ρ
ωÒ

��

�

�

� �

��

���

�

���

� ��� �

∫∫ ⋅

+ ∫∫ + ∫∫ ∇ ⋅ + ∫∫

v� �

,ω
ρ

ω ���

�

���

�

+ ∫∫ ∇ ⋅ =
�ρ

� �

Substituting Equation 8.148 (p. 281) and Equation 8.150 (p. 281) into Equation 8.19 (p. 257) yields the
"weak" form for pure scattered pressure based formulation, expressed as:

(8.151)

Ω

Γ Γ

�

� ! "

#

$%

# #

$%

#

$%

∫∫∫ ∇ ⋅ ∇ −

− ∫∫ ∇ ⋅ +

&

&ρ
ω

ρ

ρ
ω ∫∫∫ − ∫∫ ⋅

= − ∫∫∫ ∇ ⋅ ∇ −

$%
'

(

)*%

( (

�+-

.

ω

ρ
ω

ρ

&

&

&

Γ

Ω

v/ /

)*%

(

)*%

* $

#

)*%

.

" �+-

/

1

+ ∫∫ ∇ ⋅

− ∫∫ − ∫∫ ∇

ρ

ω
ρ

Γ

Γ Γ

Ò

⋅⋅ − ∫∫ + ⋅∇
"

)*% )*%ω
ρ

/ /

Γ 3

By combining the Neumann boundary condition ΓN (expressed in Equation 8.145 (p. 281) ) with Equa-

tion 8.151 (p. 281), the matrix form is written as:
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(8.152)− + + − =ω ω ω ρ2 2
0F F F e

T
e F

where:

�

� �

�

�

= ∫∫∫ρ
ρ

� �
Ω

�
�

Z

= ∫∫ρ�
Γ

�

�

	




= ∫∫∫ ∇ ∇ρ
ρ�

Ω

� � �

SI

= ∫∫
Γ

�

d

inc

d d

inc

d� �

= − ∫∫∫ ∇ ⋅∇ − + ∫∫ ⋅∇
�

�ρ
ω

ρ ρΩ Γ
Ò

iinc
n s

�

inc i

�

��� �

− ∫∫

− ∫∫ ⋅ ∇ − ∫∫

ω

ρ
ω

,

Γ

Γ Γ

nnc inc

�

inc

N

+ ⋅∇ − ∫∫ ⋅∇
�ρ ρ

^ ^

Γ

Since the scattered pressure is solved in the acoustic domain and the total pressure is coupled with the
structural domain, the total pressure in the structural matrix in Equation 8.117 (p. 277) must be split to
ensure a consistent pressure degree of freedom in the solution. This is expressed as:

(8.153)� � �
�� ���

�

vɺɺ vɺ v
+ + − − + =

The coupling matrix equation is given by:

(8.154)−











+









 +

−
ω

ρ
ω�

�

�

�
�

�

�

�

�























{ }
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=







+
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�

�
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Equation 8.49 (p. 263) is used for the scattered pressure in the PML, because only scattered pressure is
absorbed and the incident is assumed to satisfy the wave equation in the environment medium.

8.6. Acoustic Output Quantities

Either the total nodal pressure or the scattered nodal pressure is solved and output at the nodes. Using
the computed nodal pressure values, the pressure gradient is evaluated at the nodes and the element
centroid, which is expressed as follows:

(8.155)∇ = ∇ %
&

Both the nodal velocity (output as PG on the PRNSOL, PLNSOL, and NSOL commands) and the element
centroid velocity (output as SMISC on the element table) are calculated for modal (ANTYPE,MODAL)
and full harmonic (ANTYPE,HARM) analyses as follows:

(8.156)
v
= − + ∇

'
(

'
(

'

µ

ρ ωρ
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The nodal and element centroid sound pressure levels (SPL) are output in the post-processor. SPL is
given by:

(8.157)SPL
rms

ref

rms

ref

=











=











2

2

where:

pref = reference pressure (input as PREF on R command, defaults to 20 x 10-6Pa)

��� =

The a-weighted sound pressure level (dBA) is defined by:

(8.158)A= +

where:

� =
+ +












+

4

� � � �

6 4

� � � � � �

×

+ +













The far-field pressure parameters (output via the PLFAR and PRFAR command) outside of the model
are expressed as:

(8.159)�
�

�
�

� V[ ]

v r
v v

v v
r

Ò=
∂

∂
−

∂

∂








∫∫ ��

where:

S[V] = enclosed equivalent source surface (defined as MXWF on SF command)

�

jk � �

�

	| |
v v

v v

v v

=
−

− −

π
v

v



k = wave number
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Figure 8.2:  Equivalent Source Principle

Equivalent source surface

��
�

The sound power level radiated by the sound source is expressed as:

(8.160)W
��d

���

=










where:

Wref = reference sound power (defaults to 10-12 w)

Wrad = radiated sound power

The radiated sound power is expressed as:

(8.161)��� = ∫∫ = ⋅∫∫Ω 2^v
θ θ ϕ

The directivity of the sound source is expressed as:

(8.162)D
	
�

ϕ θ
ϕ θ

=
Ω

where:

Ω Ω= ∫∫ = ∫∫ =θ θ ϕ

�ϕ θ = ⋅ =v

=�

The target strength (TS) is used to describe the reflected acoustic signals. Target strength is given by:

(8.163)��= � �

where:

R = radius at the target position
psc = scattered pressure at the target position

The time-averaged sound power through an area S in a harmonic analysis is defined by:
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(8.164)
S

= ∫∫ ⋅^

where:

p = complex pressure
v* = complex conjugate velocity

In a network, the return loss and transmission loss are respectively defined as:

(8.165)in

r

=








10

(8.166)��

t

=








��

where:

Pin = incident sound power at inlet

Pr = reflected sound power at inlet

Pt = transmitted sound power at outlet

8.7. Transfer Admittance Matrix

A complicated structure may be trimmed and represented by a 2×2 transfer admittance matrix that is
a part of the finite element model.

Figure 8.3: Two-Port Transfer Admittance Matrix

The transfer admittance matrix is given by:

(8.167)
�

�

�

2

�� �2

2� 22

�

2

�

2








=
















+








α

α

where:

p1 = pressure at port 1

vn1 = normal velocity at port 1

p2 = pressure at port 2

vn2 = normal velocity at port 2

Y11, Y22 = self-admittances

Y12, Y21 = mutual admittances

α1, α2 = internal sources (usually equal to zero in an acoustic analysis)
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The following related topics are available:
8.7.1.Transfer Admittance Matrix Connected to Acoustic Domains
8.7.2.Transfer Admittance Matrix Connected to the Structural and Acoustic Domain

8.7.1. Transfer Admittance Matrix Connected to Acoustic Domains

When two acoustic domains are separated by a transfer admittance matrix, the boundary surface integ-
rations with the normal velocity on the S1 and S2 surfaces in the “weak” form (Equation 8.8 (p. 255)-Equa-

tion 8.10 (p. 255)) are given by:

(8.168)
S

n
T

S

n nω ω ω
1 1

� � � � � �∫∫ = ∫∫ =, , ,

(8.169)
�

�
�

�

� �ω ω ω
2 2

� � � � � �∫∫ = ∫∫ =� � �

where:

[C] = damping matrix
The outward normal vectors o the integration surface point toward the inside of the transfer admittance
matrix. It is consistent with the defined direction of normal velocity in the transfer admittance matrix.
Therefore, the velocity vector can be replaced by the pressure via the transfer admittance matrix, while
the ports of the transfer admittance matrix are connected to the surface S1 and S2 such that:

(8.170)
�

�

ω ω�

�

�

�

�� � �� �

�� � ��





















=

	

	 �

�

�

� �

� �

















+









ω
α

α

The equivalent damping and stiffness matrices are given by:

(8.171)
r r

r r

ω ω

 



 


=












�� � �� �

�� � �� �

�

��









^

(8.172)
 

 

i i

i i

= −













ω

�� � �� �

�� � �� �

�

�








�

where the indices r and I represent the real and imaginary part of a complex variable.

The internal source is cast by:

(8.173)
�
= −









ω
α

α
� �

� �

8.7.2. Transfer Admittance Matrix Connected to the Structural and Acoustic

Domain

Assume the transfer admittance matrix to represent porous material on a structural surface, i.e. a port
of the transfer admittance matrix is connected to the FSI interface.

The “weak” form in the structural domain is given by:

(8.174)�σ ε ω ρ σ
v v v v v v v

Ò� � � � �v � F �
�

− ⋅∫∫∫ + ⋅∫∫ =�
� �Γ �Ω
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The “weak” form in the acoustic domain is given by:

(8.175)∇∫∫∫ ⋅ ⋅ ∇ − ∫∫∫ − ∫∫ ∇ ⋅−

Ω Ω Γ
Λ

F F F� � �

�,
1 2

2 2ρ
ω

ρ ρ
Ò

F �

�2 = ∫∫∫ω
ρΩ

Ω^

where:

nF,1 is the outward normal unit vector of the porous material domain and points toward the

solid
nF,2 is the outward normal unit vector of the acoustic domain and points toward the porous

material
In the fluid domain

ρ
ω

�

� � � �⋅ ∇ = − ⋅
v

Ω� �

The transfer admittance matrix (Equation 8.167 (p. 285)) is also written as:

(8.176)
S s

� a

s

a

�

�

�

�

�� ��

�� ��

�
⋅

⋅












=
















+

v

v
α

αα�









�

�

where:

nS,1 = the outward normal unit vector of the structural domain

ps = the pressure on the surface S1 of the structural domain

vs = the particle velocity on the surface S1 of the structural domain

pa = the pressure on the surface S2 of the acoustic domain

va = the particle velocity on the surface S2 of the acoustic domain

The transformation of the transfer admittance matrix in Equation 8.176 (p. 287) is given by:

(8.177)
�

	 


� �


�

�



�� �

� 

�

⋅












=










⋅










v

v


+








β

β
�



�

�

where:

��

��

��
��

��

�
�

��

��
��

��

�� ��
�� ��

��

�

= = − = −

= = − =

β
α

β αα α� �
��

��

−

With � �� �

� �

� �= −  and 
v v
� �= ω , the transformed transfer admittance matrix is re-written as:

(8.178)
�

� �

� �

��

�

�

�� ��

�� ��

�

⋅












=









− ⋅






v

v
ω





+








β

β
�

�

�

�

Considering the continuous boundary condition on the FSI interface:

(8.179)σ
v v v
�  !  �+ = Γ
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The boundary integration in the structure “weak” form is given by:

(8.180)
σ ω, , ,

v v v v v v v
S F S F S F S

� �Γ Γ
∫∫ ⋅ = − ⋅∫∫ − ⋅ +1 1 1 11 1 12 aa + β1 1

Using Equation 8.8 (p. 255) and Equation 8.9 (p. 255), the boundary integration in the acoustic “weak”
form is given by:

(8.181)− ∫∫ ∇ ⋅ = ∫∫ − ⋅ + +
� ��

� � s �

Γ Γ
� � �� � �� � �ρ

ω ω β� �
^ ^ v

Substituting the boundary integrations into Equation 8.174 (p. 286) and Equation 8.175 (p. 287), the
coupled matrix equation is derived as:

(8.182)−
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It is impossible to evaluate (Nn} on the acoustic surface S2, since the normal vector nF,1 is involved. An

alternative is to evaluate {Nn} on the solid surface S1, for instance:

* *

+ +

-. / 3 4
5

-. 6 3 4

7 7

= − ∫∫ = ∫∫89 9 : 89

; ;Γ Γ
ρ ω 5

9
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Chapter 9: Diffusion

The following topics related to diffusion are available:
9.1. Diffusion Fundamentals
9.2. Normalized Concentration Approach
9.3. Derivation of Diffusion Matrices
9.4. Diffusion Analysis Results

9.1. Diffusion Fundamentals

The diffusion process is governed by the first Fick's law:

(9.1){ } = −[ ]∇

It is also governed by the mass balance equation:

(9.2)∇ ⋅{ } + ∂
∂

=

where:

{J} = diffusion flux vector

















Dxx, Dyy, Dzz = diffusivity coefficients in the element X, Y, and Z directions, respectively (input as DXX,
DYY, DZZ on MP command)

C = C(x,y,z,t) = concentration (CONC degree of freedom)

r = diffusing substance generation rate per unit volume (input as DGEN on BF or BFE commands)

∇ = =
∂
∂

∂
∂

∂
∂









T

∇ ⋅  = divergence operator

t = time

Substituting Equation 9.1 (p. 289) into Equation 9.2 (p. 289) produces the second Fick’s law:

(9.3)
∂
∂

= [ ]∇2

where:
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∇2  = Laplacian operator.

The applicable boundary conditions and loads are:

1. Specified concentration (input as CONC on D, DA, DK, DL commands). Initial concentration can also be
applied using the CONC label with the IC command.

2. Specified diffusion flux rs acting on a surface (input as DFLUX on SF or SFE commands):

(9.4)T
s= −

where:

{n} = unit outward normal vector
{r} = diffusion flow vector

3. Diffusing substance generation rate r (input as DGEN on BF or BFE commands).

4. Diffusion flow rate (input as RATE on F and FK commands).

9.2. Normalized Concentration Approach

Equation 9.3 (p. 289), along with the boundary conditions and loads, governs the diffusion process in a
homogeneous domain. In an inhomogeneous domain, different materials have different saturated
concentrations. This difference in the saturation levels is responsible for the discontinuity in the concen-
tration across the material interface. To be able to use Equation 9.3 (p. 289) in a finite element analysis,

a continuous variable, normalized concentration , is introduced [404] (p. 943).

(9.5)
�at

=

where Csat is the saturated concentration of the material (input as CSAT on MP command).

Substituting the concentration 
���=  from Equation 9.5 (p. 290) into Equation 9.3 (p. 289) produces

a governing equation for the diffusion analysis in terms of normalized concentration :

(9.6)
∂ ( )

∂
= [ ]∇ ( ) +���

���
�

When Csat is not specified, it defaults to 1.0 and Equation 9.6 (p. 290) becomes Equation 9.3 (p. 289).

Csat cannot be temperature-dependent.

9.3. Derivation of Diffusion Matrices

The concentration is approximated over the finite element as follows:

(9.7)�

e= { } { }

where:

{N} = element shape functions
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{Ce} = nodal concentration vector (input/output as CONC)

The application of the variational principle and finite element approximation Equation 9.7 (p. 290) to
Equation 9.6 (p. 290) produces the matrix equation as:

(9.8)
d

e
d

e e
flx

e

g

e
nd



{ } +  

{ } = + +ɺ

where:

�
sat

vo�

T  = { }{ }∫

�
���

�
�

��	

�  = ∇{ }( ) [ ]∫ ∇{ }( )


��

�

�= { }{ }∫ =
S

�

� �

���

= { }{ }∫ =

vol = element volume

S = element surface

�
��{ } = ( )

9.4. Diffusion Analysis Results

After the matrix Equation 9.8 (p. 291) is solved for the nodal concentration vector {Ce}, the diffusion

gradient {g}, and the diffusion flux {J} are evaluated at the integration points as follows:

(9.9)���= ∇

(9.10){ } = −[ ]{ }

Nodal values of concentration gradient {g} (output as CG) and diffusion flux {J} (output as DF) are
computed from the integration points values, as described in Nodal and Centroidal Data Evaluation .

With the normalized concentration approach, the element “true” concentration ���  is calculated

at the element centroid and output as SMISC,1.
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Chapter 10: Coupling

Coupled-field analyses are useful for solving problems where the coupled interaction of phenomena
from various disciplines of physical science is significant. Several examples of this include: an electric
field interacting with a magnetic field, a magnetic field producing structural forces, a temperature field
influencing fluid flow, a temperature field giving rise to thermal strains and the usual influence of
temperature dependent material properties. The latter two examples can be modeled with most non-
coupled-field elements, as well as with coupled-field elements.

The following coupled-field topics are available:
10.1. Coupled Effects
10.2.Thermoelasticity
10.3.Thermoplasticity
10.4. Piezoelectrics
10.5. Electroelasticity
10.6. Piezoresistivity
10.7.Thermoelectrics
10.8. Review of Coupled Electromechanical Methods
10.9. Porous Media Flow
10.10. Structural-Diffusion Coupling

10.1. Coupled Effects

The following topics concerning coupled effects are available:
10.1.1. Elements
10.1.2. Coupling Methods

10.1.1. Elements

The following elements have coupled-field capability:

Table 10.1:  Elements Used for Coupled Effects

3-D Coupled-Field Solid (Derivation of Electromagnetic Matrices (p. 193), Coupled Ef-
fects (p. 293), SOLID5 - 3-D Coupled-Field Solid (p. 411))

SOLID5

2-D Coupled-Field Solid (Derivation of Electromagnetic Matrices (p. 193), Coupled Ef-
fects (p. 293), SOLID5 - 3-D Coupled-Field Solid (p. 411))

PLANE13

2-D Acoustic Fluid (Derivation of Acoustic Matrices (p. 256), FLUID29 - 2-D Acoustic
Fluid (p. 429))

FLUID29

3-D 8-Node Acoustic Fluid (Derivation of Acoustic Matrices (p. 256), FLUID30 - 3-D
Acoustic Fluid (p. 430))

FLUID30

2-D 8-Node Magnetic Solid (Derivation of Electromagnetic Matrices (p. 193), Electro-
magnetic Field Evaluations (p. 200), PLANE53 - 2-D 8-Node Magnetic Solid (p. 460))

PLANE53

Coupled Thermal-Electric Line (LINK68 - Coupled Thermal-Electric Line (p. 476))LINK68

3-D Magnetic Solid (SOLID97 - 3-D Magnetic Solid (p. 491))SOLID97
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Tetrahedral Coupled-Field Solid (Derivation of Electromagnetic Matrices (p. 193),
Coupled Effects (p. 293), SOLID98 - Tetrahedral Coupled-Field Solid (p. 492))

SOLID98

Coupled Thermal-Fluid Pipe (FLUID116 - Coupled Thermal-Fluid Pipe (p. 500))FLUID116

Electric Circuit Element (Stranded Coil Analyses (p. 210), CIRCU124 - Electric Cir-
cuit (p. 508))

CIR-
CU124

Electromechanical Transducer (Capacitance Computation (p. 220), Review of Coupled
Electromechanical Methods (p. 321), TRANS126 - Electromechanical Transducer (p. 513))

TRANS126

Coupled Thermal-Electric Shell (SHELL157 - Thermal-Electric Shell (p. 543))SHELL157

2-D 8-Node Coupled-Field Solid (PLANE223 - 2-D 8-Node Coupled-Field Solid (p. 621))PLANE223

3-D 20-Node Acoustic FluidFLUID220

3-D 10-Node Acoustic FluidFLUID221

3-D 20-Node Coupled-Field Solid (SOLID226 - 3-D 20-Node Coupled-Field Solid (p. 623))SOL-
ID226

3-D 10-Node Coupled-Field Solid (SOLID227 - 3-D 10-Node Coupled-Field Solid (p. 625))SOL-
ID227

2-D 8-Node Electromagnetic Solid (Derivation of Electromagnetic Matrices (p. 193),
Electromagnetic Field Evaluations (p. 200), PLANE233 - 2-D 8-Node Electromagnetic
Solid (p. 628))

PLANE233

3-D 20-Node Electromagnetic Solid (Derivation of Electromagnetic Matrices (p. 193),
Electromagnetic Field Evaluations (p. 200), SOLID236 - 3-D 20-Node Electromagnetic
Solid (p. 629))

SOL-
ID236

3-D 10-Node Electromagnetic Solid (Derivation of Electromagnetic Matrices (p. 193),
Electromagnetic Field Evaluations (p. 200), SOLID237 - 3-D 10-Node Electromagnetic
Solid (p. 630))

SOL-
ID237

There are certain advantages and disadvantages inherent with coupled-field formulations:

10.1.1.1. Advantages

1. Allows for solutions to problems otherwise not possible with usual finite elements.

2. Simplifies modeling of coupled-field problems by permitting one element type to be used in a single
analysis pass.

10.1.1.2. Disadvantages

1. Increases problem size (unless a segregated solver is used).

2. Inefficient matrix reformulation (if a section of a matrix associated with one phenomena is reformed, the
entire matrix will be reformed).

3. Larger storage requirements.

10.1.2. Coupling Methods

There are basically two methods of coupling distinguished by the finite element formulation techniques
used to develop the matrix equations. These are illustrated here with two types of degrees of freedom
({X1}, {X2}):

Release 15.0 - © SAS IP, Inc. All rights reserved. - Contains proprietary and confidential information
of ANSYS, Inc. and its subsidiaries and affiliates.294

Coupling



1. Strong (also matrix, simultaneous, or full) coupling - where the matrix equation is of the form:

(10.1)
11 12

21 22

1

2

1

2

















=








and the coupled effect is accounted for by the presence of the off-diagonal submatrices [K12] and

[K21]. This method provides for a coupled response in the solution after one iteration.

2. Weak (also load vector or sequential) coupling - where the coupling in the matrix equation is shown in
the most general form:

(10.2)
�� � �

�� � �

�

�


























� � �

� � �

and the coupled effect is accounted for in the dependency of [K11] and {F1} on {X2} as well as [K22]

and {F2} on {X1}. At least two iterations are required to achieve a coupled response.

The following is a list of the types of coupled-field analyses including methods of coupling present in
each:

Table 10.2:  Coupling Methods

Example Applications

Coupling

Method

Used

Analysis Category

High temperature turbineS, WThermal-Structural Analysis (p. 296)

Solenoid, high energy magnets
(MRI)

W

Magneto-Structural Analysis (Vector Poten-
tial) (p. 297)

Magneto-Structural Analysis (Scalar Poten-
tial) (p. 297)

Current fed massive conductorsSElectromagnetic Analysis (p. 298)

Electro-thermal MEMS actuatorsWElectro-Thermo-Structural Analysis (p. 299)

Direct current electromechanical
devices in general

WElectro-Magneto-Thermo-Structural Analys-
is (p. 299)

Electro-Magneto-Thermal Analysis (p. 300)

Transducers, resonatorsSPiezoelectric Analysis (p. 300)

Dielectric elastomersWElectroelastic Analysis (p. 301)

Sensors and actuators for smart
structures

S, WThermo-Piezoelectric Analysis (p. 301)

Pressure and force sensorsWPiezoresistive Analysis (p. 302)

Piping networksS, WThermo-Pressure Analysis (p. 303)

AcousticsS, WAcoustic-Structural Analysis (p. 303)

High temperature electronics, Peltier
coolers, thermoelectric generators

S, WThermo-Electric Analysis (p. 303)

Direct current transients: power in-
terrupts, surge protection

WMagnetic-Thermal Analysis (p. 304)
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Example Applications

Coupling

Method

Used

Analysis Category

Circuit-fed solenoids, transformers,
and motors

SCircuit-Magnetic Analysis (p. 304)

Hygroscopic swelling of polymers
in electronics packaging

S, WStructural-Diffusion Analysis (p. 304)

Temperature-dependent moisture
migration

WThermal-Diffusion Analysis (p. 305)

Sodium expansion in aluminum re-
duction cells

S, WStructural-Thermal-Diffusion Analysis (p. 305)

where:

S = strong coupling
W = weak coupling

The solution sequence follows the standard finite element methodology. Convergence is achieved when
changes in all unknowns (i.e. DOF) and knowns, regardless of units, are less than the values specified
(on the CNVTOL command). Some of the coupling described above is always or usually one-way. For
example, in Category A, the temperatures affect the displacements of the structure by way of the thermal
strains, but the displacements usually do not affect the temperatures.

The following descriptions of coupled phenomena will include:

1. Applicable element types

2. Basic matrix equation indicating coupling terms in bold print. In addition to the terms indicated in bold
print, any equation with temperature as a degree of freedom can have temperature-dependency in all
terms.

3. Applicable analysis types, including the matrix and/or vector terms possible in each analysis type.

The nomenclature used on the following pages is given in Table 10.3: Nomenclature of Coefficient
Matrices (p. 306) at the end of the section. In some cases, element KEYOPTS are used to select the DOF
of the element. DOF will not be fully active unless the appropriate material properties are specified.
Some of the elements listed may not be applicable for a particular use as it may be only 1-D, whereas
a 3-D element is needed (e.g. FLUID116).

10.1.2.1. Thermal-Structural Analysis

(see Derivation of Structural Matrices (p. 12), Derivation of Heat Flow Matrices (p. 235), and Thermoelasti-
city (p. 309))

1. Element type: SOLID5, PLANE13, SOLID98, PLANE223, SOLID226, SOLID227

2. Matrix equation:

(a). Strong coupling

(10.3)
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(b). Weak coupling

(10.4)
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where:

[Kt] = [Ktb] + [Ktc]

{F} = {Fnd} + {Fpr} + {Fac}

{Q} = {Qnd} + {Qg} + {Qc}

3. Analysis types:

(a). Strong coupling: static, transient, or harmonic

(b). Weak coupling: static or transient

Note

Strong coupling is supported only by PLANE223, SOLID226, and SOLID227.

{Qted} is applicable to only PLANE223, SOLID226, and SOLID227.

10.1.2.2. Magneto-Structural Analysis (Vector Potential)

(see Derivation of Electromagnetic Matrices (p. 193) and Piezoelectrics (p. 313))

1. Element type: PLANE13

2. Matrix equation:

(10.5)
m
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ɺ m
i








+



















=



ψ







where:

{F} = {Fnd} + {Fpr} + {Fac} + {Fth} + {Fjb} + {Fmx}

Ψ� �

n� s p�= + +ψ ψ ψ

3. Analysis types: Static or Transient

10.1.2.3. Magneto-Structural Analysis (Scalar Potential)

1. Element type: SOLID5, SOLID98

2. Matrix equation:

(10.6)
�

f




















=






φ ψ

where:
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{F} = {Fnd} + {Fpr} + {Fac} + {Fth} + {Fmx}

Ψ f f

nd b pm= + +ψ ψ ψ

3. Analysis types: Static

10.1.2.4. Electromagnetic Analysis

(see Derivation of Electromagnetic Matrices (p. 193))

1. Element type: PLANE13, PLANE53, SOLID97, PLANE233, SOLID236, SOLID237

2. Matrix equation:

(a) Time-integrated electric potential formulation

(10.7)
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where:

Ψ� �

�� s ��= + +ψ ψ ψ

{I} = {Ind}

The above formulation is used with PLANE13, PLANE53, and SOLID97. It is also available with KEY-
OPT(2) = 2 of PLANE233, SOLID236, and SOLID237.

(b) Electric potential formulation

(10.8)
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The above formulation is the default with PLANE233, SOLID236, and SOLID237.

3. Analysis types: Static, harmonic or transient

10.1.2.5. Stranded Coil Analysis

(see Stranded Coil Analysis)

1. Element type: PLANE53, SOLID97, PLANE233, SOLID236, SOLID237

2. Matrix equation:

(a) A-VOLT-EMF formulation

(10.9)
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where:

{I} = {Ind}

The above formulation is used with PLANE233, SOLID236, and SOLID237.

(b) A-CURR formulation

(10.10)
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The above formulation is used with KEYOPT(1) = 2 (voltage-fed stranded coil) of PLANE53 and
SOLID97. For the circuit-coupled stranded coil with PLANE53 and SOLID97, see section 11.1.2.17
Circuit-Magnetic Analysis.

3. Analysis types: Static, harmonic or transient

10.1.2.6. Electro-Thermo-Structural Analysis

(see Derivation of Structural Matrices (p. 12), Derivation of Heat Flow Matrices (p. 235), Thermoelasti-
city (p. 309), and Thermoelectrics (p. 319))

1. Element type: PLANE223, SOLID226, SOLID227

2. Matrix equation

(10.11)
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where:

[Kt] = [Ktb] + [Ktc]

{F} = {Fnd} + {Fpr} + {Fac}

{Q} = {Qnd} + {Qg} + {Qc} + {Qj} + {Qp}

{I} = {Ind}

3. Analysis types: static and transient

10.1.2.7. Electro-Magneto-Thermo-Structural Analysis

(see Derivation of Electromagnetic Matrices (p. 193) and Piezoelectrics (p. 313))

1. Element types: SOLID5, SOLID98

2. Matrix equation:
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(10.12)
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where:

[Kt] = [Ktb] + [Ktc]

{F} = {Fnd} + {Fth} + {Fac} + {Fjb} + {Fpr} + {Fmx}

{Q} = {Qnd} + {Qg} + {Qj} + {Qc}

{I} = {Ind}

Ψ � �

nd g p�= + +ψ ψ ψ

3. Analysis types: Static or Transient

10.1.2.8. Electro-Magneto-Thermal Analysis

(see Derivation of Electromagnetic Matrices (p. 193))

1. Element types: SOLID5, SOLID98

2. Matrix equation:

(10.13)
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where:

[Kt] = [Ktb] + [Ktc]

{Q} = {Qnd} + {Qg} + {Qj} + {Qc}

{I} = {Ind}

Ψ � �

�� 	 
�= + +ψ ψ ψ

3. Analysis types: Static or Transient

10.1.2.9. Piezoelectric Analysis

(see Piezoelectrics (p. 313))

1. Element types: SOLID5, PLANE13, SOLID98, PLANE223, SOLID226, and SOLID227.

Release 15.0 - © SAS IP, Inc. All rights reserved. - Contains proprietary and confidential information
of ANSYS, Inc. and its subsidiaries and affiliates.300

Coupling



2. Matrix equation:

(10.14)
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where:

{F} = {Fnd} + {Fth} + {Fac} + {Fpr}

{L} = {Lnd} + {Lc} + {Lsc}+{Lth}

Note

{Lc} and {Lsc} are applicable to only PLANE223, SOLID226, and SOLID227.

3. Analysis types: Static, modal, harmonic, or transient

10.1.2.10. Electroelastic Analysis

(see Electroelasticity (p. 317))

1. Element types: PLANE223, SOLID226, and SOLID227.

2. Matrix equation:

(10.15)
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where:

{F} = {Fnd} + {Fth} + {Fac} + {Fpr} + {Fe}

{L} = {Lnd} + {Lc} + {Lsc}

3. Analysis types: Static or transient

10.1.2.11. Thermo-Piezoelectric Analysis

(see Derivation of Structural Matrices (p. 12), Derivation of Heat Flow Matrices (p. 235), Thermoelasti-
city (p. 309), and Piezoelectrics (p. 313))

1. Element type: PLANE223, SOLID226, SOLID227

2. Matrix equation:

a. Strong coupling:
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(10.16)
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b. Weak coupling:

(10.17)
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where:

[Kt] = [Ktb] + [Ktc]

{F} = {Fnd} + {Fpr} + {Fac}

{Q} = {Qnd} + {Qg} + {Qc}

{L} = {Lnd} + {Lc} + {Lsc}

3. Analysis types:

a. Strong coupling: static, transient, harmonic, modal

b. Weak coupling: static or transient

10.1.2.12. Piezoresistive Analysis

(see Piezoresistivity (p. 318))

1. Element type: PLANE223, SOLID226, SOLID227

2. Matrix equation:

(10.18)
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where:

[Kv] = conductivity matrix (see Equation 10.61 (p. 319)) updated for piezoresistive effects

{F} = {Fnd} + {Fth} + {Fpr} + {Fac)

{I} = {Ind}
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3. Analysis types: Static or transient

10.1.2.13. Thermo-Pressure Analysis

(see FLUID116 - Coupled Thermal-Fluid Pipe (p. 500))

1. Element type: FLUID116

2. Matrix equation:

(10.19)
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where:

[Kt] = [Ktb] + [Ktc] + [Ktm]

{Q} = {Qnd} + {Qc} + {Qg}

{W} = {Wnd} + {Wh}

3. Analysis types: Static or Transient

10.1.2.14. Acoustic-Structural Analysis

(See Derivation of Acoustic Matrices (p. 256).)

1. Element type: FLUID29, FLUID30, FLUID220, and FLUID221 (with other structural elements)

2. Matrix equation:

(10.20)
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Values for [M], [C], and [K] are provided by other elements.

3. Analysis types: Transient, harmonic and modal analyses can be performed.

10.1.2.15. Thermo-Electric Analysis

1. Element types: SOLID5, LINK68, SOLID98, SHELL157, PLANE223, SOLID226, and SOLID227

2. Matrix equation:

(10.21)
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where:

[Kt] = [Ktb] + [Ktc]

{Q} = {Qnd} + {Qc} + {Qg} + {Qj} + {Qp}
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{I} = {Ind}

Note

{Qp}, [Kvt], and [Cv] are used only for PLANE223, SOLID226, and SOLID227.

3. Analysis types: Static or Transient

10.1.2.16. Magnetic-Thermal Analysis

(see Derivation of Electromagnetic Matrices (p. 193))

1. Element type: PLANE13

2. Matrix equation:

(10.22)

AA

t

AA

t
























+
ɺ

ɺ

















=








iψ

where:

[Kt] = [Ktb] + [Ktc]

Ψ� �

nd s pm= + +ψ ψ ψ

{Q} = {Qnd} + {Qg} + {Qj} + {Qc}

3. Analysis types: Static or Transient

10.1.2.17. Circuit-Magnetic Analysis

(See Stranded Coil Analyses (p. 210))

1. Element type: PLANE53, SOLID97, CIRCU124

2. Matrix equation:

(10.23)
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3. Analysis types: Static, Transient, or Harmonic

10.1.2.18. Structural-Diffusion Analysis

(see Derivation of Structural Matrices (p. 12), Derivation of Diffusion Matrices (p. 290), and Structural-
Diffusion Coupling (p. 323))

1. Element type: PLANE223, SOLID226, SOLID227

2. Matrix equation:
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a. Strong coupling:

(10.24)
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b. Weak coupling:

(10.25)
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where:

{F} = {Fnd}+ {Fpr}+ {Fac}

3. Analysis types: static and transient

10.1.2.19. Thermal-Diffusion Analysis

(see Derivation of Heat Flow Matrices (p. 235), Derivation of Diffusion Matrices (p. 290))

1. Element type: PLANE223, SOLID226, SOLID227

2. Matrix equation:

(10.26)
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where:

[Kt] = [Ktb] + [Ktc]

{Q} = {Qnd}+ {Qc}+ {Qg}+ {Qp}

3. Analysis types: static and transient

10.1.2.20. Structural-Thermal-Diffusion Analysis

(see Derivation of Structural Matrices (p. 12), Derivation of Heat Flow Matrices (p. 235), Derivation of
Diffusion Matrices (p. 290), Thermoelasticity (p. 309), and Structural-Diffusion Coupling (p. 323))

1. Element type: PLANE223, SOLID226, SOLID227

2. Matrix equation

a. Strong coupling:

(10.27)
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b. Weak coupling:

(10.28)
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where:

{F} = {Fnd}+ {Fpr}+ {Fac}

{Q} = {Qnd}+ {Qc}+ {Qg}+ {Qp}

3. Analysis type: static and transient

Table 10.3:  Nomenclature of Coefficient Matrices

UsageMeaningSymbol

[1]structural mass matrix (discussed in Derivation of Structural Matrices (p. 12))[M]

[1]fluid-structure coupling mass matrix (discussed in Derivation of Acoustic
Matrices (p. 256))

[Mfs]

[1]acoustic mass matrix (discussed in Derivation of Acoustic Matrices (p. 256))[Mp]

[2]structural damping matrix (discussed in Derivation of Structural
Matrices (p. 12))

[C]

[2]thermal specific heat matrix (discussed in Derivation of Heat Flow
Matrices (p. 235))

[Ct]

[2]thermoelastic damping matrix (discussed in Thermoelasticity (p. 309))[Ctu]

[2]magnetic damping matrix (discussed in Electromagnetic Field Evalu-
ations (p. 200))

[CAA]

[2]acoustic damping matrix (discussed in Derivation of Acoustic
Matrices (p. 256))

[Cp]

[2]magnetic-electric damping matrix (discussed in Derivation of Electromag-
netic Matrices (p. 193))

[CAv]

[2]electric damping matrix (discussed in Derivation of Electromagnetic
Matrices (p. 193))

[Cvv]

[2]inductive damping matrix (discussed in Stranded Coil Analyses (p. 210))[CiA]

[2]dielectric permittivity coefficient matrix (discussed in Quasistatic Electric
Analysis (p. 199))

[Cv]

[2]dielectric damping matrix (discussed in Quasistatic Electric Analysis (p. 199))[Cvh]

[3]structural stiffness matrix (discussed in Derivation of Structural
Matrices (p. 12))

[K]

[3]thermal conductivity matrix (may consist of 1, 2, or 3 of the following 3
matrices) (discussed in Derivation of Heat Flow Matrices (p. 235))

[Kt]

[3]thermal conductivity matrix of material (discussed in Derivation of Heat
Flow Matrices (p. 235))

[Ktb]

[3]thermal conductivity matrix of convection surface (discussed in Derivation
of Heat Flow Matrices (p. 235))

[Ktc]
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UsageMeaningSymbol

[3]thermal conductivity matrix associated with mass transport (discussed in
Derivation of Heat Flow Matrices (p. 235))

[Ktm]

[3]thermoelastic stiffness matrix (discussed in Thermoelasticity (p. 309))[Kut]

[3]scalar magnetic potential coefficient matrix (discussed in Derivation of
Electromagnetic Matrices (p. 193))

[Km]

[3]vector magnetic potential coefficient matrix (discussed in Derivation of
Electromagnetic Matrices (p. 193))

[KAA]

[3]potential-current coupling stiffness matrix (discussed in Stranded Coil
Analyses (p. 210))

[KAi]

[3]resistive stiffness matrix (discussed in Stranded Coil Analyses (p. 210))[Kii]

[3]current-emf coupling stiffness (discussed in Stranded Coil Analyses (p. 210))[Kie]

[3]electrical conductivity coefficient matrix (discussed in Derivation of Electro-
magnetic Matrices (p. 193))

[Kv]

[3]piezoelectric stiffness matrix (discussed in Piezoelectrics (p. 313))[Kz]

[3]thermo-piezoelectric stiffness matrix (discussed in Piezoelectrics (p. 313))[Kzt]

[3]dielectric coefficient matrix (discussed in Piezoelectrics (p. 313))[Kd]

[3]Seebeck coefficient coupling matrix[Kvt]

[3]Diffision-elastic stiffness matrix (discussed in Structural-Diffusion Coup-
ling (p. 323))

[Kud]

1. Coefficient matrices of second time derivatives of unknowns.

2. Coefficient matrices of first time derivative of unknowns

3. Coefficient matrices of unknowns

Vectors of Knowns

Associated Input /

Output Label

MeaningSymbol

FX ... MZapplied nodal force vector (discussed in Derivation of Structural
Matrices (p. 12))

{Fnd}

FX ... MZNewton-Raphson restoring load vector (discussed in Newton-
Raphson Procedure (p. 711)

{Fnr}

FX ... MZthermal strain force vector (discussed in Derivation of Structural
Matrices (p. 12))

{Fth}

FX ... MZpressure load vector (discussed in Derivation of Structural
Matrices (p. 12))

{Fpr}

FX ... MZforce vector due to acceleration effects (i.e., gravity) (discussed
in Derivation of Structural Matrices (p. 12))

{Fac}

FX ... FZLorentz force vector (discussed in Derivation of Electromagnetic
Matrices (p. 193))

{Fjb}

FX ... FZMaxwell force vector (discussed in Derivation of Electromag-
netic Matrices (p. 193))

{Fmx}
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Associated Input /

Output Label

MeaningSymbol

FX ...FZelectrostatic body force load vector (discussed in Electroelasti-
city (p. 317))

{Fe}

FX ... MZbody force load vector due to non-gravity effects (discussed
in Derivation of Heat Flow Matrices (p. 235))

{Fb}

FX ... MZdiffusion strain force vector (discussed in Structural-Diffu-
sion Coupling (p. 323))

{Fdi}

HEAT, HBOT, HE2, ...
HTOP

applied nodal heat flow rate vector (discussed in Derivation
of Heat Flow Matrices (p. 235))

{Qnd}

HEAT, HBOT, HE2, ...
HTOP

heat flux vector (discussed in Derivation of Heat Flow
Matrices (p. 235))

{Qf}

HEAT, HBOT, HE2, ...
HTOP

convection surface vector (discussed in Derivation of Heat
Flow Matrices (p. 235))

{Qc}

HEAT, HBOT, HE2, ...
HTOP

heat generation rate vector for causes other than Joule heating
(discussed in Derivation of Heat Flow Matrices (p. 235))

{Qg}

HEATheat generation rate vector for Joule heating (discussed in
Electromagnetic Field Evaluations (p. 200))

{Qj}

HEATPeltier heat flux vector (discussed in Thermoelectrics (p. 319)){Qp}

HEATheat generation rate vector for thermoelastic damping{Qted}

CSGX, CSGY, CSGZapplied nodal source current vector (associated with {A}) (dis-
cussed in Derivation of Electromagnetic Matrices (p. 193))

{ }ψi
nd

FLUXapplied nodal flux vector (associated with {ϕ}) (discussed in
Derivation of Electromagnetic Matrices (p. 193))

� �ψf
��

FLUXsource (Biot-Savart) vector (discussed in Derivation of Electro-
magnetic Matrices (p. 193))

{Ψg}

FLUXcoercive force (permanent magnet) vector (discussed in Deriv-
ation of Electromagnetic Matrices (p. 193))

{Ψpm}

FLUXsource current vector (discussed in Derivation of Electromag-
netic Matrices (p. 193))

{Ψs}

AMPSapplied nodal electric current vector (discussed in Derivation
of Electromagnetic Matrices (p. 193))

{Ind}

VLTGapplied voltage drop vector (discussed in Stranded Coil Ana-
lysis)

{V0}

AMPS (CHRG for
PLANE223, SOL-

applied nodal charge vector (discussed in Piezoelectrics (p. 313)){Lnd}

ID226, and SOL-
ID227)

CHRGDcharge density load vector (discussed in Derivation of Electro-
magnetic Matrices (p. 193))

{Lc}

CHRGSsurface charge density load vector (discussed in Derivation of
Electromagnetic Matrices (p. 193))

{Lsc}

TEMP, EPTHthermo-piezoelectric load vector (discussed in Piezoelec-
trics (p. 313))

{Lth}
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Associated Input /

Output Label

MeaningSymbol

FLOWapplied nodal fluid flow vector (discussed in FLUID116 -
Coupled Thermal-Fluid Pipe (p. 500))

{Wnd}

FLOWstatic head vector (discussed in FLUID116 - Coupled Thermal-
Fluid Pipe (p. 500))

{Wh}

RATEdiffusion flow rate vector{R}

Vectors of Unknowns

UX ... ROTZdisplacement vector (discussed in Derivation of Structural
Matrices (p. 12))

{u}

TEMP, TBOT, TE2,
... TTOP

thermal potential (temperature) vector (discussed in Derivation
of Heat Flow Matrices (p. 235))

{T}

VOLTelectric potential vector (discussed in Derivation of Electromag-
netic Matrices (p. 193))

{V}

VOLTvoltage drop in a stranded coil analysis (discussed in Stranded
Coil Analysis)

{∆V}

VOLTtime integrated electric potential vector (discussed in Derivation
of Electromagnetic Matrices (p. 193))

{ν}

MAGmagnetic scalar potential vector (discussed in Derivation of
Electromagnetic Matrices (p. 193))

{φ}

AX, AY, AZmagnetic vector potential or edge-flux (discussed in Derivation
of Electromagnetic Matrices (p. 193))

{A}

or AZ

CURRelectric current vector (discussed in Stranded Coil Ana-
lyses (p. 210))

{i}

EMFelectromagnetic force drop vector (discussed in Stranded Coil
Analyses (p. 210))

{e}

PRESpressure vector (discussed in and Derivation of Acoustic
Matrices (p. 256))

{P}

CONCconcentration vector (discussed in Derivation of Diffusion
Matrices (p. 290))

{C}

time derivative.

second time derivative. .

10.2. Thermoelasticity

The capability to do a thermoelastic analysis exists in the following elements:

PLANE223 - 2-D 8-Node Coupled-Field Solid
SOLID226 - 3-D 20-Node Coupled-Field Solid
SOLID227 - 3-D 10-Node Coupled-Field Solid

These elements support both the thermal expansion and piezocaloric effects, and use the strong (matrix)
coupling method.
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In addition to the above, the following elements support the thermal expansion effect only in the form
of a thermal strain load vector, i.e. use weak coupling method:

SOLID5 - 3-D 8-Node Coupled-Field Solid
PLANE13 - 2-D 4-Node Coupled-Field Solid
SOLID98 - 3-D 10-Node Coupled-Field Solid

Constitutive Equations of Thermoelasticity

The coupled thermoelastic constitutive equations (Nye([359] (p. 941))) are:

(10.29)ε σ α= +−1 ∆

(10.30)
T p= +α σ

ρ

0

∆

where:

{ε} = total strain vector = [εx εy εz εxy εyz εxz]T

S = entropy density

{σ} = stress vector = [σx σy σz σxy σyz σxz]T

∆T = temperature change = T - Tref

T = current temperature
T0 = absolute reference temperature = Tref + Toff

Tref = reference temperature (input on TREF command or as REFT on MP command)

Toff = offset temperature from absolute zero to zero (input on TOFFST command)

[D] = elastic stiffness matrix (inverse defined in Equation 2.4 (p. 6) or input using TB,ANEL
command)

{α} = vector of coefficients of thermal expansion = [αx αy αz 0 0 0]T (input using, for example,

ALPX, ALPY, ALPZ on MP command)
ρ = density (input as DENS on MP command)
Cp = specific heat at constant stress or pressure (input as C on MP command)

Using {ε} and ∆T as independent variables, and replacing the entropy density S in Equation 10.30 (p. 310)
by heat density Q using the second law of thermodynamics for a reversible change

(10.31)= �

we obtain

(10.32)σ ε β= − ∆

(10.33)�
v= +� β ε ρ ∆

where:

{β} = vector of thermoelastic coefficients = [D] {α}

� �
�= = −s�ecific heat at constant strain or �olume

�

ρ
α β

Substituting Q from Equation 10.33 (p. 310) into the heat flow equation Equation 6.1 (p. 227) produces:

Release 15.0 - © SAS IP, Inc. All rights reserved. - Contains proprietary and confidential information
of ANSYS, Inc. and its subsidiaries and affiliates.310

Coupling



(10.34)
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where:

xx

yy

zz

=
















= thermal conducti�it� matri�

Kxx, Kyy, Kzz = thermal conductivities (input as KXX, KYY, KZZ on MP command)

Derivation of Thermoelastic Matrices

Applying the variational principle to stress equation of motion and the heat flow conservation equation
coupled by the thermoelastic constitutive equations, produces the following finite element matrix
equation:

(10.35)
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where:

[M] = element mass matrix (defined by Equation 2.58 (p. 14))
[C] = element structural damping matrix (discussed in Damping Matrices (p. 673))
[K] = element stiffness matrix (defined by Equation 2.58 (p. 14))
{u} = displacement vector
{F} = sum of the element nodal force (defined by Equation 2.56 (p. 14)) and element pressure
(defined by Equation 2.58 (p. 14)) vectors

[Ct] = element specific heat matrix (defined by Equation 6.22 (p. 235))

[Kt] = element thermal conductivity matrix (defined by Equation 6.22 (p. 235))
{T} = temperature vector
{Q} = sum of the element heat generation load and element convection surface heat flow
vectors (defined by Equation 6.22 (p. 235))

�� � �= = −�	�
��� ���
��	�s��� s��ff��ss 
����� β
���
∫

[B] = strain-displacement matrix (see Equation 2.44 (p. 12))
{N} = element shape functions

[Ctu] = element thermoelastic damping matrix = -T0[Kut]T

Energy Calculation

In static and transient thermoelastic analyses, the element instantaneous total strain energy is calculated
as:

(10.36)�
���

�= ∫ σ ε

where:

Ut = total strain energy (output as an NMISC element item UT).
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Note that Equation 10.36 (p. 311) uses the total strain, whereas the standard strain energy (output as
SENE) uses the elastic strain.

In a harmonic thermoelastic analysis, the time-averaged element total strain energy is given by:

(10.37)t
vol

T= ∫ σ ε

where:

{ε}* = complex conjugate of the total strain

The real part of Equation 10.37 (p. 312) represents the average stored strain energy, while its imaginary
part - the average energy loss due to thermoelastic damping.

The thermoelastic damping can be quantified by the quality factor Q derived from the total strain energy
Equation 10.37 (p. 312) using the real and imaginary solution sets:

(10.38)

�
j

N

�
j

N

e

e

− =

=

=
∑

∑

1 1

1

where:

Ne = number of thermoelastic elements

10.3. Thermoplasticity

The capability to do a thermoplastic analysis exists in the following elements:

PLANE223 - 2-D 8-Node Coupled-Field Solid
SOLID226 - 3-D 20-Node Coupled-Field Solid
SOLID227 - 3-D 10-Node Coupled-Field Solid

These elements support the thermoplastic effect which manifests itself as an increase in temperature
during plastic deformation due to the conversion of some of the plastic work into heat.

In a thermoplastic analysis, the stress equation of motion (Equation 2.51 (p. 13)) and heat flow conser-

vation equation (Equation 6.1 (p. 227)) are coupled by the plastic heat density rate ɺ p  defined as:

(10.39)ɺ ɺ� �= β

where:

β = fraction of plastic work

ɺ �

converted to heat; also referred to as Taylor-Quinney coefficient (input as QRATE on MP com-
mand)

ɺ �  = plastic work rate = σ ε� �ɺ

where:
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σ  = stress vector = σ σ σ σ σ σx y z xy yz xz
T

ɺεp  = plastic strain vector = ε ε ε ε ε ε�
�

�
�

�
�

��
�

��
�

��
� �

The coupled-field finite element matrix equation for the thermoplastic analysis is:
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where:

[M] = element mass matrix (defined by Equation 2.58 (p. 14))
[C] = element structural damping matrix (discussed in Damping Matrices (p. 673))
[K] = element stiffness matrix (defined by Equation 2.58 (p. 14))
{u} = displacement vector
{F} = sum of the element nodal force (defined by Equation 2.56 (p. 14)) and element pressure
(defined by Equation 2.58 (p. 14)) vectors

[Ct] = element specific heat matrix (defined by Equation 6.22 (p. 235))

[Kt] = element diffusion conductivity matrix (defined by Equation 6.22 (p. 235))
{T} = temperature vector
{Q} = sum of the element heat generation rate load and element convection surface heat flow
vectors (defined by Equation 6.22 (p. 235))

�{ }  = element plastic heat generation rate load = 

vol
n
�

Q N d �	
∫ ɺ

where:

ɺ
�
�

 = element plastic heat density rate at substep n (output as NMISC,5)

{N} = element shape functions

10.4. Piezoelectrics

The capability of modeling piezoelectric response exists in the following elements:

SOLID5 - 3-D 8-Node Coupled-Field Solid
PLANE13 - 2-D 4-Node Coupled-Field Solid
SOLID98 - 3-D 10-Node Coupled-Field Solid
PLANE223 - 2-D 8-Node Coupled-Field Solid
SOLID226 - 3-D 20-Node Coupled-Field Solid
SOLID227 - 3-D 10-Node Coupled-Field Solid

Constitutive Equations of Piezoelectricity

In linear piezoelectricity the equations of elasticity are coupled to the charge equation of electrostatics
by means of piezoelectric constants (IEEE Standard on Piezoelectricity([89] (p. 925))):

(10.40)E= −

(10.41) S= + ε

or equivalently
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(10.42)

E

T S








=

−











 −







ε

where:

{T} = stress vector (referred to as {σ} elsewhere in this manual)
{D} = electric flux density vector

{S} = elastic strain vector (referred to as {εel} elsewhere in this manual)
{E} = electric field intensity vector

[cE] = elasticity matrix (evaluated at constant electric field (referred to as [D] elsewhere in this
manual))
[e] = piezoelectric stress matrix

[εS] = dielectric matrix (evaluated at constant mechanical strain)

Equation 10.40 (p. 313) and Equation 10.41 (p. 313) are the usual constitutive equations for structural and
electrical fields, respectively, except for the coupling terms involving the piezoelectric matrix [e].

The elasticity matrix [c] is the usual [D] matrix described in Structural Fundamentals (p. 5) (input using

the MP commands). It can also be input directly in uninverted form [c] or in inverted form [c]-1 as a
general anisotropic symmetric matrix (input using TB,ANEL):

(10.43)=

11 12 13

22 23

33

14 15 16
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The piezoelectric stress matrix [e] (input using TB,PIEZ with TBOPT = 0) relates the electric field vector
{E} in the order X, Y, Z to the stress vector {T} in the order X, Y, Z, XY, YZ, XZ and is of the form:

(10.44)=
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The piezoelectric matrix can also be input as a piezoelectric strain matrix [d] (input using TB,PIEZ with
TBOPT = 1). ANSYS will automatically convert the piezoelectric strain matrix [d] to a piezoelectric stress
matrix [e] using the elasticity matrix [c] at the first defined temperature:

(10.45)=

The orthotropic dielectric matrix [εS] uses the electrical permittivities (input as PERX, PERY and PERZ on
the MP commands) and is of the form:
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(10.46)ε

ε

ε

ε

S =

















11

22

33

The anisotropic dielectric matrix at constant strain [εS] (input using TB,DPER,,,,0 command) is used by
PLANE223, SOLID226, and SOLID227 and is of the form:

(10.47)ε

ε ε ε

ε ε

ε
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�ymm

=

















�� �� ��

�� ��

��

The dielectric matrix can also be input as a dielectric permittivity matrix at constant stress [εT] (input
using TB,DPER,,,,1). The program will automatically convert the dielectric matrix at constant stress to a
dielectric matrix at constant strain:

(10.48)ε ε� T T= −

where:

[εS] = dielectric permittivity matrix at constant strain

[εT] = dielectric permittivity matrix at constant stress
[e] = piezoelectric stress matrix
[d] = piezoelectric strain matrix

Derivation of Piezoelectric Matrices

After the application of the variational principle and finite element discretization (Allik([81] (p. 925))),
the coupled finite element matrix equation derived for a one element model is:

(10.49)
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where:

[K] = element stiffness matrix (defined by Equation 2.58 (p. 14))
[M] = element mass matrix (defined by Equation 2.58 (p. 14))
[C] = element structural damping matrix (discussed in Damping Matrices (p. 673))
{F} = vector of nodal and surface forces (defined by Equation 2.56 (p. 14) and Equa-
tion 2.58 (p. 14))

[Kd] = element dielectric permittivity coefficient matrix ([Kvs] in Equation 5.121 (p. 200) or [Kvh]
in Equation 5.120 (p. 199))
{L} = vector of nodal, surface, and body charges (defined by Equation 5.121 (p. 200))

� �

�ol

= =∫ pie	
e�ec�ric c
up�ing a�rix

[B] = strain-displacement matrix (see Equation 2.44 (p. 12))

[Cvh] = element dielectric damping matrix (defined by Equation 5.120 (p. 199))

��

���

��= ∇∫ =Τ Τ
ε

{εth} = thermal strain vector (as defined by equation Equation 2.3 (p. 6))
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{N} = element shape functions

Note

In a strongly coupled thermo-piezoelectric analysis (see Equation 10.16 (p. 302)), the
electric potential and temperature degrees of freedom are coupled by:

zt

vol

= − ∇∫
Τ Τ Τα

where:

{α} = vector of coefficient of thermal expansion.

Energy Calculation

In static and transient piezoelectric analyses, the PLANE223, SOLID226, and SOLID227 element instant-
aneous elastic energy is calculated as:

(10.50)E
���

T

= { } { } ( )∫

where:

UE = elastic strain energy (output as an NMISC element item UE).

and the electrostatic energy is calculated as:

(10.51)D
���

�

= { } { } ( )∫

where:

UD = dielectric energy (output as an NMISC element item UD)

In a harmonic piezoelectric analysis, the time-averaged element energies are calculated as:

(10.52)�
�	


�

= { } { } ( )∫
∗

(10.53)�
��

�

= { } { } ( )∫
∗

where:

{S}* = complex conjugate of the elastic strain
{D}* = complex conjugate of the electric flux density

The real parts of equations (Equation 10.52 (p. 316)) and (Equation 10.53 (p. 316)) represent the average
stored elastic and dielectric energies, respectively. The imaginary parts represent the average elastic
and electric losses. Therefore, the quality factor Q can be calculated from the total stored energy as:
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(10.54)
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∑

∑
1 1

1

where:

Ne = number of piezoelectric elements

The total stored energy UE + UD is output as SENE. Therefore, the Q factor can be derived from the real

and imaginary records of SENE summed over the piezoelectric elements.

10.5. Electroelasticity

The capability of modeling electrostatic force coupling in elastic dielectrics exists in the following ele-
ments:

PLANE223 - 2-D 8-Node Coupled-Field Solid
SOLID226 - 3-D 20-Node Coupled-Field Solid
SOLID227 - 3-D 10-Node Coupled-Field Solid

Elastic dielectrics exhibit a deformation when subject to an electrostatic field. The electrostatic body

force that causes the deformation can be derived from the Maxwell stress tensor [σM] (Landau and Lif-
shitz([358] (p. 941))).

(10.55)σ

σ σ σ

σ σ
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symm z
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= + T T−

where:

{E} = electric field intensity vector
{D} = electric flux density vector

= =
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Applying the variational principle to the stress equation of motion with the electrostatic body force
loading and to the charge equation of electrostatics, produces the following finite element equation
for electroelasticity:

(10.56)
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where:

[K] = element structural stiffness matrix (see [Ke] in Equation 2.58 (p. 14))

[M] = element mass matrix (see [Me] in Equation 2.58 (p. 14))
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[C] = element structural damping matrix (discussed in Damping Matrices (p. 673))
{F} = vector of nodal and surface forces (defined by Equation 2.56 (p. 14) and Equa-
tion 2.58 (p. 14))

e T M

v

= = −��ctor of nodal �l�ctrostatic forc�s σ
���
∫

[B] = strain-displacement matrix (see Equation 2.44 (p. 12))

σ σ σ σ σ σ σ�
x
�

y
�

z
�

xy
�

yz
�

xz
� �= =���w	

 ��	�� �	���

[Kd] = element dielectric permittivity coefficient matrix (see [Kvs] in Equation 5.121 (p. 200))
{L} = vector of nodal, surface, and body charges (see {Le} in Equation 5.121 (p. 200))

10.6. Piezoresistivity

The capability to model piezoresistive effect exists in the following elements:

PLANE223 - 2-D 8-Node Coupled-Field Solid
SOLID226 - 3-D 20-Node Coupled-Field Solid
SOLID227 - 3-D 10-Node Coupled-Field Solid

In piezoresistive materials, stress or strain cause a change of electric resistivity:

(10.57)ρ ρ= +�

where:
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(10.58)= π σ

where:

{r} = vector of matrix [r] components = [rx  ry  rz  rxy  ryz  rxz]T
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= =piezoresistive stress matrix
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(input on TBB,PZRS command

with = 0)��O��

σ σ σ σ σ σ σ= =������ ����	� 
 y � 
y y� 
�
�

Similarly, for strains:

(10.59)l= ε

where:

[m] = piezoresistive strain matrix (input on TB,PZRS command with TBOPT = 1)

{εel} = elastic strain vector

The coupled-field finite element matrix equation for the piezoresistive analysis is given by:

(10.60)
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The terms used in the above equation are explained in Piezoresistive Analysis (p. 302) where the con-

ductivity matrix [Kv] is derived as:

(10.61)
� � � �

���

= ∇ ∇−∫ ρ �

10.7. Thermoelectrics

The capability to model thermoelectric effects exists in the following elements:

PLANE223 - 2-D 8-Node Coupled-Field Solid
SOLID226 - 3-D 20-Node Coupled-Field Solid
SOLID227 - 3-D 10-Node Coupled-Field Solid

These elements support the Joule heating effect (irreversible), and the Seebeck, Peltier, and Thomson
effects (reversible).

In addition to the above, the following elements support a basic thermoelectric analysis that takes into
consideration Joule heating effect only:

SOLID5 - 3-D 8-Node Coupled-Field Solid
LINK68 - 3-D 2-Node Coupled Thermal-Electric Line
SOLID98 - 3-D 10-Node Coupled-Field Solid
SHELL157 - 3-D 4-Node Thermal-Electric Shell

Constitutive Equations of Thermoelectricity
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The coupled thermoelectric constitutive equations (Landau and Lifshitz([358] (p. 941))) are:

(10.62)= − ∇Π

(10.63)= − ∇σ α

Substituting [Π] with T[α] to further demonstrate the coupling between the above two equations,

(10.64)= − ∇α

(10.65)= − ∇σ α

where:

[Π] = Peltier coefficient matrix = T[α]
T = absolute temperature
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{q} = heat flux vector (output as TF)
{J} = electric current density (output as JC for elements that support conduction current calcu-
lation)
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{E} = electric field (output as EF)
αxx, αyy, αzz = Seebeck coefficients (input as SBKX, SBKY, SBKZ on MP command)

Kxx, Kyy, Kzz = thermal conductivities (input as KXX, KYY, KZZ on MP command)

ρxx, ρyy, ρzz = resistivity coefficients (input as RSVX, RSVY, RSVZ on MP command)

Note that the Thomson effect is associated with the temperature dependencies of the Seebeck coefficients
(MPDATA,SBKX also SBKY, SBKZ).

Derivation of Thermoelectric Matrices

After the application of the variational principle to the equations of heat flow (Equation 6.1 (p. 227)) and
of continuity of electric charge (Equation 5.5 (p. 178)) coupled by Equation 10.62 (p. 320) and Equa-
tion 10.63 (p. 320), the finite element equation of thermoelectricity becomes (Antonova and
Looman([90] (p. 925))):
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where:

[Kt] = element thermal conductivity matrix (defined by Equation 6.22 (p. 235))

[Ct] = element specific heat matrix (defined by Equation 6.22 (p. 235))
{Q} = sum of the element heat generation load and element convection surface heat flow
vectors (defined by Equation 6.22 (p. 235))

[Kv] = element electrical conductivity coefficient matrix (defined by Equation 5.119 (p. 199))

[Cv] = element dielectric permittivity coefficient matrix (defined by Equation 5.119 (p. 199))
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Π

{N} = element shape functions
{I} = vector of nodal current load

10.8. Review of Coupled Electromechanical Methods

The sequential coupling between electrical and mechanical finite element physics domains for coupled
Electromechanical analysis can be performed by the ANSYS Multi-field solver. The ANSYS Multi-field
solver allows the most general treatment of individual physics domains. However, it cannot be applied
to small signal modal and harmonic analyses because a total system eigen frequency analysis requires
matrix coupling. Moreover, sequential coupling generally converges slower.

Strong Electromechanical coupling can be performed by the transducer element TRANS126, Gyimesi
and Ostergaard([248] (p. 934)), Gyimesi and Ostergaard([330] (p. 939)), TRANS126 - Electromechanical
Transducer (p. 513).

TRANS126 completely models the fully coupled system, converting electrostatic energy into mechanical
energy and vise versa as well as storing electrostatic energy. Coupling between electrostatic forces and
mechanical forces is obtained from virtual work principles (Gyimesi and Ostergaard([248] (p. 934))).

TRANS126 takes on the form of a 2-node line element with electrical voltage and mechanical displacement
DOFs as across variables and electric current and mechanical force as through variables. Input for the
element consists of a capacitance-stroke relationship that can be derived from electrostatic field solutions
and using the CMATRIX command macro (Gyimesi et al.([288] (p. 937)), Gyimesi and Oster-
gaard([289] (p. 937))).

The element can characterize up to three independent translation degrees of freedom at any point to
simulate 3-D coupling. Thus, the electrostatic mesh is removed from the problem domain and replaced
by a set of TRANS126 elements hooked to the mechanical and electrical model providing a reduced
order modeling of a coupled electromechanical system (Gyimesi and Ostergaard ([286] (p. 937)), Gyimesi
et al.([287] (p. 937))).
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TRANS126 allows treatment of all kinds of analysis types, including prestressed modal and harmonic
analyses. However, TRANS126 is limited geometrically to problems when the capacitance can be accurately
described as a function of a single degree of freedom, usually the stroke of a comb drive. In a bending
electrode problem, like an optical switch, obviously, a single TRANS126 element can not be applied.
When the gap is small and fringing is not significant, the capacitance between deforming electrodes
can be practically modeled reasonably well by several capacitors connected parallel. The EMTGEN

(electromechanical transducer generator) command macro can be applied to this case.

Convergence issues may be experienced with TRANS126 when applied to the difficult hysteric pull-in
and release analysis (Avdeev et al.([331] (p. 939))) because of the negative total system stiffness matrix.
The issue is resolved when the augmented stiffness method is applied.

10.9. Porous Media Flow

The coupled pore-pressure thermal elements used in analyses involving porous media are listed in
Coupled Pore-Pressure Element Support.

The program models porous media containing fluid by treating the porous media as a multiphase ma-
terial and applying an extended version of Biot’s consolidation theory. The flow is considered to be a
single-phase fluid. The porous media is assumed to be fully saturated.

Following are the governing equations for Biot consolidation problems:

(10.67)

∇ • + = ∇ • ′ − + =

+ + ∇ • =







σ σ α

αεV
m

ɺ ɺ

where

Total Cauchy stress=σ

Rate change operator (if used above a term)=i

Divergence operator of a vector or second order tensor=∇ •

Biot effective stress tensor=′′σ

Biot coefficient=α

Pore pressure (positive sign for hydrostatic pressure)=p

Second-order identity tensor=I

Body force of the porous media=f

Volumetric strain of the solid skeleton=ε�

Biot modulus=Km

Flow flux vector=q

Flow source=s

The relationship between the Biot effective stress and the elastic strain of solid skeletons is given by:

′′ =σ εe

where εe is the second-order elastic strain tensor and D is the fourth order elasticity tensor.
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The relationship between the fluid flow flux and the pore pressure is described by Darcy's Law:

= − ∇

where k is the second-order permeability tensor and ∇  is the gradient operator.

Governing Equation Considerations

Equation 10.67 (p. 322) also addresses the use of hyperelastic materials, allowing for an initial, efficient
analysis of porous materials with hyperelasticity models. In this case, however, the program assumes
that all Biot and permeability parameters remain constant during deformation.

Material and Model Parameter Input

The following commands are available for inputting material and model parameters:

• TB,PM - - Input porous media material parameters.

• SF,,FFLX or SFE,,,FFLX -- Input flow flux boundary conditions.

• BFE,,FSOU -- Input flow source.

Positive values: Fluids flow out of the source points or elements. Negative values: Fluids flow into the
source points or elements.

Effective Stress Output

The following commands are available to output effective stresses: PLNSOL,ESIG, PLESOL,ESIG,
PRNSOL,ESIG, and PRESOL,ESIG.

Total Stress Output

The following commands are available to output total stresses: PLNSOL,S, PLESOL,S, PRNSOL,S, and
PRESOL,S.

Additional Information

For related information, see the following documentation:

Pore-Fluid-Diffusion-Structural Analysis in the Coupled-Field Analysis Guide

Coupled Pore-Fluid Diffusion and Structural Model of Porous Media in the Material Reference

TB,PM command

10.10. Structural-Diffusion Coupling

The capability to do a diffusion strain analysis exists in the following elements:

PLANE223 - 2-D 8-Node Coupled-Field Solid
SOLID226 - 3-D 20-Node Coupled-Field Solid
SOLID226 - 3-D 20-Node Coupled-Field Solid

Constitutive Equations

In a coupled structural-diffusion analysis, the total strain is composed of elastic {εel} and diffusion {εd}
parts, respectively:

323
Release 15.0 - © SAS IP, Inc. All rights reserved. - Contains proprietary and confidential information

of ANSYS, Inc. and its subsidiaries and affiliates.

Structural-Diffusion Coupling



(10.68)
el di -1

sat{ } { } { } = [ ] { } { }

{ε} = total strain vector = [εx εy εz εxy εyz εxz]T= {εel} + {εd}

{εel} = elastic strain vector (output as EPEL)

{εdi}= diffusion strain vector (output as EPDI)

{σ} = stress vector = [σx σy σz σxy σyz σxz]T (output as SIG)

∆C = concentration change = C - Cref

C = concentration (input/output as CONC); normalized concentration if Csat>1

Cref = reference concentration (input as CREF on MP command)

[D] = elastic stiffness matrix (inverse defined in Equation 2.4 (p. 6) or input using TB,ANEL command)

{β}= vector of coefficients of diffusion expansion = [βx βy βz 0 0 0]T (input using BETX, BETY, BETZ on

MP command)

Csat = saturated concentration (input as CSAT on MP command)

Derivation of Structural-Diffusion Matrices

Applying the variational principle to the structural equation (discussed in Derivation of Structural
Matrices (p. 12)) and diffusion equation (Equation 9.6 (p. 290)) coupled by the constitutive equation
(Equation 10.68 (p. 324)), produces the following finite element matrix equation for the structural-diffusion
analysis:

(10.69)
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where:

[M] = element mass matrix (defined by Equation 2.58 (p. 14))

[C] = element structural damping matrix (discussed in Damping Matrices (p. 673))

[K] = element stiffness matrix (defined by Equation 2.58 (p. 14))

{u} = displacement vector

{F} = sum of the element nodal force (defined by Equation 2.56 (p. 14)) and element pressure (defined
by Equation 2.58 (p. 14)) vectors

[Cd] = element diffusion damping matrix (defined by Equation 9.8 (p. 291))

[Kd] = element diffusion conductivity matrix (defined by Equation 9.8 (p. 291))

{C} = concentration vector; normalized if Csat > 1
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{R} = nodal diffusion flow rate vector (defined by Equation 9.8 (p. 291))

ud



 [ ]]∫ [ ] { } { }( )

vol

T

sat

T

[B] = strain-displacement matrix (see Equation 2.44 (p. 12))

{N} = element shape functions

When the load vector coupling (KEYOPT(2)=1 with PLANE223, SOLID226, SOLID227) is used, the finite
element matrix equation becomes symmetric:
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Chapter 11: Shape Functions

This chapter provides the shape functions for elements. The shape functions are referred to by the in-
dividual element descriptions in Element Library (p. 411). All subheadings for this chapter are included
in the table of contents to aid in finding a specific type of shape function.

The following shape function topics are available:
11.1. Understanding Shape Function Labels
11.2. 2-D Lines
11.3. 3-D Lines
11.4. Axisymmetric Shells
11.5. Axisymmetric Harmonic Shells and General Axisymmetric Surfaces
11.6. 3-D Shells
11.7. 2-D and Axisymmetric Solids
11.8. Axisymmetric Harmonic Solids
11.9. 3-D Solids
11.10. Electromagnetic Tangential Vector Elements

11.1. Understanding Shape Function Labels

The given functions are related to the nodal quantities by:

Table 11.1:  Shape Function Labels

Meaning

In-

put/Out-

put La-

bel

Variable

Translation in the x (or s) directionUXu

Translation in the y (or t) directionUYv

Translation in the x (or r) directionUZw

Rotation about the x directionROTXθx

Rotation about the y directionROTYθy

Rotation about the z directionROTZθz

X-component of vector magnetic potentialAXAx

Y-component of vector magnetic potentialAYAy

Z-component of vector magnetic potentialAZAz

ConcentrationCONCC

PressurePRESP

TemperatureTEMP,
TBOT,

T

TE2, ...
TTOP
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Meaning

In-

put/Out-

put La-

bel

Variable

Electric potential or source currentVOLTV

Scalar magnetic potentialMAGφ

The vector correspondences are not exact, since, for example, u, v, and w are in the element coordinate
system, whereas UX, UY, UZ represent motions in the nodal coordinate system. Generally, the element
coordinate system is the same as the global Cartesian system, except for:

1. Line elements (2-D Lines (p. 328) to Axisymmetric Harmonic Shells and General Axisymmetric Sur-
faces (p. 332)), where u motions are axial motions, and v and w are transverse motions.

2. Shell elements (3-D Shells (p. 335)), where u and v are in-plane motions and w is the out-of-plane motion.

Subscripted variables such as uJ refer to the u motion at node J. When these same variables have

numbers for subscripts (e.g. u1), nodeless variables for extra shape functions are being referred to. Co-

ordinates s, t, and r are normalized, going from -1.0 on one side of the element to +1.0 on the other,
and are not necessarily orthogonal to one another. L1, L2, L3, and L4 are also normalized coordinates,

going from 0.0 at a vertex to 1.0 at the opposite side or face.

Elements with midside nodes allow those midside nodes to be dropped in most cases. A dropped
midside node implies that the edge is and remains straight, and that any other effects vary linearly
along that edge.

Gaps are left in the equation numbering to allow for additions. Labels given in subsection titles within
parentheses are used to relate the given shape functions to their popular names, where applicable.

Some elements in Element Library (p. 411) (notably the 8-node solids) imply that reduced element
geometries (e.g., wedge) are not available. However, the tables in Element Library (p. 411) refer only to
the available shape functions. In other words, the shape functions used for the 8-node brick is the same
as the 6-node wedge.

11.2. 2-D Lines

This section contains shape functions for line elements without and with rotational degrees of freedom
(RDOF).

Figure 11.1:  2-D Line Element
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11.2.1. 2-D Lines without RDOF

These shape functions are for 2-D line elements without RDOF.

(11.1)I J= − + +

(11.2)� �= − + +

(11.3)� �= − + +

11.2.2. 2-D Lines with RDOF

These shape functions are for 2-D line elements with RDOF.

(11.4)� �= − + +

(11.5)
� �

z �

= − −








 + + −





















+ −

2 2

,θ z �
2 2

,− + − +θ

11.3. 3-D Lines

This section contains shape functions for various line elements.

Figure 11.2:  3–D Line Element
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11.3.1. 3-D 2-Node Lines (Not Combining Translations and Rotations)

These shape functions are for 3-D 2-node line elements without RDOF, such as LINK33, LINK68, or
BEAM188.

(11.6)� 	= − + +
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(11.7)I J= − + +

(11.8)� �= − + +

(11.9)θ θ θx x� x�= − + +

(11.10)θ θ θy y� y�= − + +

(11.11)θ θ θz z� z�= − + +

(11.12)� 	= − + +

(11.13)
 �= − + +

(11.14)� = − + +

11.3.2. 3-D 2-Node Lines (Combining Translations and Rotations)

These shape functions are for 3-D 2-node line elements with RDOF.

(11.15)� �= − + +

(11.16)
� �

� �

= − −








 + + −





















+ −

2 2

,θ � �
2 2

,− − − +θ

(11.17)
� �

� �

= − −








 + + −





















− −

� �

�θ � �
� �

�− − − +θ

(11.18)θ θ θ� � � � �= − + +� �

11.3.3. 3-D 3-Node Lines

These shape functions are for 3-D 3-node line elements such as BEAM188 and BEAM189.

(11.19)� � K= − + + + + −� � �

(11.20)�  != − + + + + −" " "

(11.21)# $ %= − + + + + −& & &
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(11.22)θ θ θ θx xI xJ xK= − + + + + −2 2 2

(11.23)θ θ θ θy y� y� y�= − + + + + −� � �

(11.24)θ θ θ θz z� z� z�= − + + + + −� � �

(11.25)� 	 
= − + + + + −� � �

11.3.4. 3-D 4-Node Lines

These shape functions are for 3-D 4-node line elements such as BEAM188.

(11.26)
� 

�

= − + + − + + − −

+ − − + +

3 � 3 �

3 �
L − − − +3 �

(11.27)
� �

�

= − + + − + + − −

+ − − + +

� � � �

� �
� − − − +� �

(11.28)
� �

�

= − + + − + + − −

+ − − + +

� � � �

� �
� − − − +� �

(11.29)
θ θ θ

θ

� � � � �

� �

= − + + − + + − −

+ − −

 !  !

 !

, ,

,
 !

� "+ + − − − +,θ

(11.30)
θ θ θ

θ

# # $ # %

# &

= − + + − + + − −

+ − −

' ( ' (

' (

) )

)
' (

# *+ + − − − +)θ

(11.31)
θ θ θ

θ

+ + - + .

+ /

= − + + − + + − −

+ − −

0 1 0 1

0 1

4 4

4
0 1

+ 5+ + − − − +4θ

11.4. Axisymmetric Shells

This section contains shape functions for 2-node axisymmetric shell elements under axisymmetric load.
These elements may have extra shape functions (ESF).

11.4.1. Axisymmetric Shell without ESF

These shape functions are for 2-node axisymmetric shell elements without extra shape functions, such
as SHELL61.

(11.32)6 7= − + +
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(11.33)I J= − + +

(11.34)
� �

�

= − −








 + + −





















+ −

2 2

2θ 2− − − +�θ

11.5. Axisymmetric Harmonic Shells and General Axisymmetric Surfaces

This section describes shape functions for axisymmetric shell elements under nonaxisymmetric load
and for general axisymmetric surfaces.

11.5.1. Axisymmetric Harmonic Shells
11.5.2. General Axisymmetric Surfaces

11.5.1. Axisymmetric Harmonic Shells

This section describes shape functions for 2-node axisymmetric shell elements under nonaxisymmetric
(harmonic) load. These elements may or may not have extra shape functions (ESF).

11.5.1.1. Axisymmetric Harmonic Shells without ESF
11.5.1.2. Axisymmetric Harmonic Shells with ESF

Figure 11.3:  Axisymmetric Harmonic Shell Element
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s
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The shape functions for axisymmetric harmonic shells use the quantities sin ℓ β and cos ℓ β, where ℓ  =

input quantity MODE on the MODE command. The sin ℓ β and cos ℓ β are interchanged if Is = -1, where

Is = input quantity ISYM on the MODE command. If ℓ  = 0, both sin ℓ β and cos ℓ β are set equal to 1.0.

11.5.1.1. Axisymmetric Harmonic Shells without ESF

These shape functions are for 2-node axisymmetric harmonic shell elements without extra shape functions,
such as SHELL61 with KEYOPT(3) = 1.

(11.35)� �= − + + ℓβ
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(11.36)I J= − + + ℓβ

(11.37)

� �

�

= − −








 + + −


























+

2 2

θ 2 2− − − − +



�θ βℓ

11.5.1.2. Axisymmetric Harmonic Shells with ESF

These shape functions are for 2-node axisymmetric harmonic shell elements with extra shape functions,
such as SHELL61 with KEYOPT(3) = 0.

(11.38)

� �= − −








 + + −


























+

� �

1
�

�
�− − − − +




 ℓβ

(11.39)

� �= − −








 + + −


























+

� �

�
�

�
�− − − − +




 ℓβ

(11.40)

	 


	

= − −








 + + −


























+

� �

θ � �− − − − +




θ βℓ

11.5.2. General Axisymmetric Surfaces

This section contains shape functions for 2- or 3- node-per-plane general axisymmetric surface elements
such as SURF159. These elements are available in various configurations, including combinations of the
following features:

• With or without midside nodes

• A varying number of node planes (Nnp) in the circumferential direction (defined via KEYOPT(2)).

The elemental coordinates are cylindrical coordinates and displacements are defined and interpolated
in that coordinate system, as shown in Figure 11.4: General Axisymmetric Surface Elements (when Nnp

= 3) (p. 334).
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Figure 11.4:  General Axisymmetric Surface Elements (when Nnp = 3)
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When Nnp is an odd number, the interpolation function used for displacement is:

(11.41)
i i i i

m
i
m

m

NP

= + +∑
=

−

θ θ
1

1

2

where:

i = r, θ, z
hi (s, t) = regular Lagrangian polynominal interpolation functions like Equation 11.6 (p. 329) or

Equation 11.19 (p. 330).

� �
�

�
�

, ,b  = coefficients for the Fourier terms.

When Nnp is an even number, the interpolation function is:

(11.42)
� � � �

�
�
�

�

��

�

��

= + +∑

+ +

=

−

θ θ

θ

�

�

�

� θ

All of the coefficients in Equation 11.41 (p. 334) and Equation 11.42 (p. 334) can be expressed by nodal
displacements, using ur = u, uj = v, uz = w without midside nodes, and Nnp = 3:
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(11.43)

I J

I

= − + +





+





+ − +

1 1

2

θ

JJ

I J

2

3 3

+





− +







+ − + +

θ θ







− −





θ θ

(11.44)�= −
�

(analogous to u)

(11.45)�= −
�

������	�
� �� 


Similar to the element without midside nodes, the u, v, and w with midside nodes are expressed as:

(11.46)

� � M= − − + + + −





+
� � �

� θ


+ − − + + + −





−
� � �

�
� � M θ ++











+ − − + + + −



� � �

�

θ

� � M  − −








θ θ

(11.47)�= − ���������� �� ��

(11.48)�= −  !"!#$%$&' *$ w+

11.6. 3-D Shells

This section contains shape functions for 3-D shell elements. These elements are available in a number
of configurations, including certain combinations of the following features:

• triangular or quadrilateral.

- if quadrilateral, with or without extra shape functions (ESF).

• with or without rotational degrees of freedom (RDOF).

- if with RDOF, with or without shear deflections (SD).

• with or without midside nodes.
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Figure 11.5:  3-D Shell Elements
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11.6.1. 3-D 3-Node Triangular Shells without RDOF (CST)

These shape functions are for 3-D 3-node triangular shell elements without RDOF, such as SHELL41,
SHELL131, or SHELL132:

(11.49)I J K= + +1 2 3

(11.50)� � �= + +� � �

(11.51)� � �= + +	 
 �

(11.52)x x� x x�= + +� � �

(11.53)y y� y� y�= + +� � �

(11.54)z z� z� z�= + +� � �

(11.55)� �  = + +! " #

(11.56)φ φ φ φ= + +$ % &' ( )

11.6.2. 3-D 6-Node Triangular Shells without RDOF (LST)

These shape functions are for 3-D 6-node triangular shell elements without RDOF, such as SHELL281
when used as a triangle:

(11.57)
* + ,

L M

= − + − + −

+ + +
- - . . / /

- . . / N / -

(11.58)0= − 4analogous to u56

(11.59)7= − 89:9;<=<>? @< >AB

(11.60)θ θC C= − DEFEGHOHPQ RH PST

(11.61)θ θU U= − VWXWYZ[Z\] ^Z \_`

Release 15.0 - © SAS IP, Inc. All rights reserved. - Contains proprietary and confidential information
of ANSYS, Inc. and its subsidiaries and affiliates.336

Shape Functions



(11.62)θ θz z= − (analogous to u)1

(11.63)I= − ���������� �� �	


(11.64)�= − �������� �� ���

(11.65)� � ��������� !� �"

11.6.3. 3-D 3-Node Triangular Shells with RDOF but without SD

These shape functions are for the 3-D 3-node triangular shell elements with RDOF, but without shear
deflection.

(11.66)# J K= + +$ 2 3

(11.67)% & '= + +* + ,

(11.68)w = -./ exp0ici/0y defi-ed4 A D5T e0eme-/ i6 76ed

11.6.4. 3-D 4-Node Quadrilateral Shells without RDOF and without ESF (Q4)

These shape functions are for 3-D 4-node triangular shell elements without RDOF and without extra
displacement shapes, such as SHELL41 with KEYOPT(2) = 1.

(11.69)
8 9

: L

= − − + + −

+ + + + − +

(11.70);= − <=>=?@B@CE F@ CG

(11.71)H= − MNONPQRQSU VQ SW

(11.72)θ θX X= − YZ[Z\]^]_` b] _h

(11.73)θ θj j= − kqrqv{|{}~ �{ }�

(11.74)θ θ� �= − ���������� �� ��

(11.75)� ��= − ���������� �� ��

(11.76)� ��= − �������� ¡ ¢�  £

(11.77)¤ ¤¥= − ¦§¨§©ª«ª¬ ®ª ¬¯

(11.78)°= − ±²³²´µ¶µ·¸ ¹µ ·º

(11.79)»= − ¼½¾½¿ÀÁÀÂÃ ÄÀ ÂÅ
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(11.80)I= − (analogous to u)

(11.81)φ φ= −� ���������� 	� �


11.6.5. 3-D 4-Node Quadrilateral Shells without RDOF but with ESF (QM6)

These shape functions are for 3-D 4-node quadrilateral shell elements without RDOF but with extra
shape functions, such as SHELL41 with KEYOPT(2) = 0:

(11.82)

� J

K L

= − − + + −

+ + + + − +

+ 1
2

2
2− + −

(11.83)�= − ��������� �� ��

11.6.6. 3-D 8-Node Quadrilateral Shells without RDOF

These shape functions are for 3-D 8-node quadrilateral shell elements without RDOF, such as SHELL281:

(11.84)

� �

�

= − − − − − + + − − −

+ + + �

M N

+ − + − + − + −

+ − − + + −�

O P

�

� �+ − + + − −

(11.85)�= − ���� !"!#$ %! #&

(11.86)'= − *+,+-./.03 4. 05

(11.87)θ θx x= − 67879:;:<= >: <?

(11.88)θ θy y= − @ABACDEDFG HD FQ

(11.89)θ θz z= − RSTSUVWVXY ZV X[

(11.90)\= − ]^_^`bcbde fb dh

(11.91)i= − jkmkpqrqvw {q v|

(11.92)}= − ~��������� �� ��
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(11.93)I (analogous to u)

11.6.7. 3-D 4-Node Quadrilateral Shells with RDOF but without SD and without

ESF

These shape functions are for 3-D 4-node quadrilateral shell elements with RDOF but without shear
deflection and without extra shape functions:

(11.94)
� J

K L

= − − + + −

+ + + + − +

(11.95)�= − ���������	 
� ��

(11.96)w = �� exp�ici��y defi�ed. F�r ver��id �ri����e�

11.6.8. 3-D 4-Node Quadrilateral Shells with RDOF but without SD and with

ESF

These shape functions are for 3-D 4-node quadrilateral shell elements with RDOF but without shear
deflection and with extra shape functions:

(11.97)

� �

� �

= − − + + −

+ + + + − +

+ 1
2

2
2− + −

(11.98)�= − ��������� !� �"

(11.99)# = $%& '*+,-/-&,0 3'4-$'35 6%78 %9'8,:-3 &8-:$;,'<

11.7. 2-D and Axisymmetric Solids

This section contains shape functions for 2-D and axisymmetric solid elements. These elements are
available in a number of configurations, including certain combinations of the following features:

• triangular or quadrilateral.

- if quadrilateral, with or without extra shape functions (ESF).

• with or without midside nodes.
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Figure 11.6:  2-D and Axisymmetric Solid Element
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11.7.1. 2-D and Axisymmetric 3-Node Triangular Solids (CST)

These shape functions are for 2-D 3-node and axisymmetric triangular solid elements, such as PLANE13
or PLANE182 with only 3 nodes input:

(11.100)I J K= + +1 2 3

(11.101)� � �= + +� � �

(11.102)� � �= + +	 
 �

(11.103)z z� z z�= + +� � �

(11.104)x x� �� ��= + +� � �

(11.105)y y� �� ��= + +� � �

(11.106)  !  "  #= + +$ % &

(11.107)' () (*= + ++ , -

(11.108). / 0= + +4 5 6

(11.109)7 8 9= + +: ; <

(11.110)=
>
=

? == + +@ A B

(11.111)D
C
D

E F= + +G H L

11.7.2. 2-D and Axisymmetric 6-Node Triangular Solids (LST)

These shape functions are for 2-D 6-node and axisymmetric triangular solids, such as PLANE35:

(11.112)
M N O

P Q R

= − + − + −

+ + +
S S T T U

S T T U U S

(11.113)V= − +W W Xanalogous to uY
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(11.114)I= − +1 1 (analogous to u)

(11.115)z z�= −� � ���������	 
� ��

(11.116)�= − +  ���������� �� ��

(11.117)�= − +� � �������� ! "�  #

(11.118)$= − +% % &'*'+,-,./ 0, .2

(11.119)3 4 4 567689:9;< =9 ;>( )

11.7.3. 2-D and Axisymmetric 4-node Quadrilateral Solid without ESF (Q4)

These shape functions are for the 2-D 4-node and axisymmetric quadrilateral solid elements without
extra shape functions, such as PLANE13 with KEYOPT(2) = 1 or LINK68.

(11.120)
? J

K L

= − − + + −

+ + + + − +

(11.121)@= − ABCBDEFEGH ME GN

(11.122)O= − PQRQSTUTVW XT VY

(11.123)Z Z[= − \]^]_`b`cd e` cf

(11.124)x xh= − ijkjmpqprv wp ry

(11.125){ {|= − }~�~������ �� ��

(11.126)� ��= − ���������� �� ��

(11.127)�= − ���������� �� ��

(11.128)�= − � ¡ ¢£¤£¥¦ §£ ¥¨

(11.129)©= − ª«¬«®¯®°± ²® °³

(11.130)´
µ
´= − ¶ ·¸¹¸º»¼»½¾ ¿» ½

(11.131)À
Á
À= − Â ÃÄÅÄÆÇÈÇÉÊ ËÇ É

11.7.4. 2-D and Axisymmetric 4-node Quadrilateral Solids with ESF (QM6)

These shape functions are for the 2-D 4-node and axisymmetric solid elements with extra shape functions,
such as PLANE13 with KEYOPT(2) = 0. (Taylor et al.([49] (p. 923)))
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(11.132)

I J

K L

= − − + + −

+ + + + − +

+ 1
2

2
2− + −

(11.133)�= − (analogous to u)

Equation 11.132 (p. 342) is adjusted for axisymmetric situations by removing the u1 or u2 term for elements

near the centerline, in order to avoid holes or “doubled” material at the centerline.

11.7.5. 2-D and Axisymmetric 8-Node Quadrilateral Solids (Q8)

These shape functions are for the 2-D 8-node and axisymmetric quadrilateral elements such as PLANE77
and PLANE183:

(11.134)

� �

�

= − − − − − + + − − −

+ + + �

M N

+ − + − + − + −

+ − − + + −�

O P

�

� �+ − + + − −

(11.135)�= − ��	�
���� �� �

(11.136)�= − ���������� �� ��

(11.137)z z�= − ���� !"!#$ %! #&

(11.138)'= − *+,+-./.03 4. 05

(11.139)6= − 7898:;<;=> ?; =@

(11.140)A
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11.7.6. 2-D and Axisymmetric 4-Node Quadrilateral Infinite Solids

Figure 11.7:  4-Node Quadrilateral Infinite Solid Element
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These Lagrangian isoparametric shape functions and “mapping” functions are for the 2-D and axisym-
metric 4-node quadrilateral solid infinite elements such as INFIN110:

11.7.6.1. Lagrangian Isoparametric Shape Functions

(11.141)
z zI zJ

zK zL

= − − + + −

+ + − +

2 2

2 2− −

(11.142)�= − (analogous to A )�

(11.143)�= − ��������	
 �� � �

11.7.6.2. Mapping Functions

(11.144)
� �

�

= − − − + + − −

+ + + − ++ − + −�

(11.145)�= − ���������� �� x�
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11.7.7. 2-D and Axisymmetric 8-Node Quadrilateral Infinite Solids

Figure 11.8:  8-Node Quadrilateral Infinite Solid Element
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These Lagrangian isoparametric shape functions and “mapping” functions are for the 2-D and axisym-
metric 8-node quadrilateral infinite solid elements such as INFIN110:

11.7.7.1. Lagrangian Isoparametric Shape Functions

(11.146)

z zI zJ

zK

= − − − − − + − −

+ +

2

2

2

− − + − + + −

+ − −

zL

zM

(11.147)�= − (analogous to A )�

(11.148)�= − ��������	
 �� � �

11.7.7.2. Mapping Functions

(11.149)

� �

�

= − − − − − + − −

+ + − + − −

�

++ + + −

+ + + −

�

�

(11.150)�= − ���������� �� x�

The shape and mapping functions for the nodes N, O and P are deliberately set to zero.

11.8. Axisymmetric Harmonic Solids

This section contains shape functions for axisymmetric harmonic solid elements. These elements are
available in a number of configurations, including certain combinations of the following features:
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• triangular or quadrilateral.

- if quadrilateral, with or without extra shape functions (ESF).

• with or without midside nodes.

The shape functions of this section use the quantities sin ℓ β and cos ℓ β (where ℓ  = input as MODE on

the MODE command). sin ℓ β and cos ℓ β are interchanged if Is = -1 (where Is = input as ISYM on the

MODE command). If ℓ  = 0, sin ℓ β = cos ℓ β = 1.0.

Figure 11.9:  Axisymmetric Harmonic Solid Elements
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11.8.1. Axisymmetric Harmonic 3-Node Triangular Solids

These shape functions are for the 3-node axisymmetric triangular solid elements, such as PLANE25 with
only 3 nodes input:

(11.151)I J K= + +1 2 3 ℓβ

(11.152)� � �= + +� � � ℓβ

(11.153)� � �= + +	 
 � ℓβ

(11.154)�  �= + +� � � ℓβ

11.8.2. Axisymmetric Harmonic 6-Node Triangular Solids

These shape functions are for the 6-node axisymmetric triangular solids elements, such as PLANE83 input
as a triangle:

(11.155)
� � �

L M

= − + − + −

+ + +
� � � � �

� � � � NN � � ℓβ

(11.156)�= −� (analogous to u) ℓβ

(11.157)�= −� ����� ! "# $ "% ℓβ
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(11.158)I= −1 (analogous to u) ℓβ

11.8.3. Axisymmetric Harmonic 4-Node Quadrilateral Solids without ESF

These shape functions are for the 4-node axisymmetric harmonic quadrilateral solid elements without
extra shape functions, such as PLANE25 with KEYOPT(2) = 1, or PLANE75:

(11.159)
� J

K L

= − − + + −

+ + + + − + ℓβ

(11.160)�= − ���������	 
� �� ℓβ

(11.161)�= − ��������� �� �� ℓβ

(11.162)�= − ����������  � �! ℓβ

11.8.4. Axisymmetric Harmonic 4-Node Quadrilateral Solids with ESF

These shape functions are for the 4-node axisymmetric harmonic quadrilateral elements with extra
shape functions, such as PLANE25 with KEYOPT(2) = 0.

(11.163)
" # $

%

= − − + + − + + +

+ − + )++ − + −&
2

2
2

ℓβ

(11.164)'= − *+,+-./.03 4. 05 ℓβ

(11.165)6= − 7898:;<;=> ?; =@ ℓβ

Unless ℓ  (MODE) = 1, u1 or u2 and w1 or w2 motions are suppressed for elements near the centerline.

11.8.5. Axisymmetric Harmonic 8-Node Quadrilateral Solids

These shape functions are for the 8-node axisymmetric harmonic quadrilateral solid elements such as
PLANE78 or PLANE83.

(11.166)

A B

C

= − − − − − + + − − −

+ + + D

M N

+ − + − + − + −

+ − − + +E −−

+ − + + − −O P

E

E E
ℓβ

(11.167)F= − GHQHRSTSUV WS UX ℓβ
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(11.168)I= − (analogous to u) ℓβ

(11.169)�= − ���������� 	� �
 ℓβ

11.9. 3-D Solids

This section contains shape functions for 3-D solid elements. These elements are available in a number
of configurations, including certain combinations of the following features:

• Element shapes may be tetrahedra, pyramids, wedges, or bricks (hexahedra).

- If wedges or bricks, with or without extra shape functions (ESF)

• With or without rotational degrees of freedom (RDOF)

• With or without midside nodes

The wedge elements with midside nodes (15-node wedges) are either a condensation of the 20-node
brick element or are based on wedge shape functions.

11.9.1. 4-Node Tetrahedra

These shape functions are either a direct 4-node tetrahedral such as SOLID285 or a condensation of an
8-node brick element such as SOLID5, FLUID30, or SOLID98.

Figure 11.10:  3-D Solid Elements
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The resulting effective shape functions are:

(11.170)� J K M= + + +1 2 3 4

(11.171)�  � �= + + +� � � �

(11.172)� � � �= + + +� � � �

(11.173)x x� � � �= + + + ! " #

(11.174)y y$ % & '= + + +* + , -

(11.175)z z. / 0 5= + + +6 7 8 9
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(11.176)I J K M= + + +1 2 3 4

(11.177)� � � �= + + +� � � �

(11.178)� 	 
 �= + + +�  � �

(11.179)φ φ φ φ φ= + + +� � � �� � � �

(11.180)�
�
�

�
�

�
�

�
�= + + +� � � �

(11.181)D
 
D

!
D

"
D

#
D= + + +$ % & '

11.9.2. 10-Node Tetrahedra

These shape functions are for 10-node tetrahedron elements such as SOLID98 and SOLID227, or by
condensation for SOLID90.

Figure 11.11:  10-Node Tetrahedra Element
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(11.182)

( ) *

L +

= − + − + −

+ − + +
, , - - . .

/ / , - N O

P Q R

- . , .

, / - / . /

+

+ + +

(11.183)0= − +5 5 6analogous to u7

(11.184)8= − +9 9 :;<;=>?>@A B> @C

(11.185)E= − +F F GHSHTUVUWX YU WZ

(11.186)[= − +\ \ ]^_^`bcbde fb dh

(11.187)φ φ= − +i j j kmpmqrvrwx yr wz

(11.188){ | | }~�~������ �� ��

11.9.3. 5-Node Pyramids

This element is a condensation of an 8-node brick element.
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Figure 11.12:  8-Node Brick Element
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The resulting effective shape functions are:

(11.189)

I J

K

= − − − + + − −

+ + + − + L

M

− + −

+ +

11.9.4. 13-Node Pyramids

These shape functions are for 13-node pyramid elements which are based on a condensation of a 20-
node brick element:

Figure 11.13:  13-Node Pyramid Element
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(11.190)

I J

K

= − − − − − + + − − + −

+ +

2

+ − + + + − + − − +

+ − −

+

L

M

Q R S

T

2 2 2

2

− − + + − + + −

+ − −

++ − − − + + + − − + + + +

+ − + −
Y Z A

B

(11.191)�= − (analogous to u)

(11.192)�= − ���������	 
� ��

(11.193)�= − ��������� �� ��

(11.194)�= − ����������  � �!

(11.195)" #$%$&'*'+, -' +.

11.9.5. 6-Node Wedges without ESF

Figure 11.14:  6-Node Wedge Element
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The 6-node wedge elements are a condensation of an 8-node brick such as SOLID5 or FLUID30. These
shape functions are for 6-node wedge elements without extra shape functions:

(11.196)
/ 0 1

3 N O

= − + − + −

+ + + + +

4 5 6

4 5 6 +

(11.197)7= −8 9:;:<=>=?@ C= ?D
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(11.198)I= −1 (analogous to u)

(11.199)�= −� ���������	 
� ��

(11.200)�= − ���������� �� ��

(11.201)�= −� �������� ! "�  #

(11.202)φ φ= −$% &'*'+,-,./ 0, .2

11.9.6. 6-Node Wedges with ESF

The 6-node wedge elements are a condensation of an 8-node brick such as SOLID5. (See Figure 11.14: 6-
Node Wedge Element (p. 350).) These shape functions are for 6-node wedge elements with extra shape
functions:

(11.203)
3 J K

M N O

= − + − + −

+ + + + +

4 5 6

4 5 66 4
5+ + −

(11.204)7= −8 9:;:<=>=?@ A= ?B

(11.205)C= −D EFGFHLPLQR SL QT

11.9.7. 15-Node Wedges

These shape functions are for 15-node wedge elements such as SOLID90 that are based on a condens-
ation of a 20-node brick element Equation 11.230 (p. 354). or are computed directly.

Figure 11.15:  15-Node Wedge Element
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Elements in a wedge configuration use shape functions based on triangular coordinates and the r co-
ordinate going from -1.0 to +1.0.

(11.206)

I J= − − − − + − − − −

+

1 1 1
2

2 2
2

KK M

N

3 3 3
2

1 1

1
2

− − − − + − +

− − +

O

2 2 2
2

3 3 3
2

− + − −

+ − + − − + Q

R T U

V

1 2

2 3 3 1 1 2

2 3

−

+ − + − + +

+ ++ + + )+ −

+ − + −

X Y

Z A

3 1 1
2

2
2

3
2

(11.207)�= −� � (analogous to u)

(11.208)�= −� � ������	�
� �� 


(11.209)�= −� � ���������� �� ��

(11.210)�= −� � ����� ! "# $ "%

(11.211)& ' ' *+,+-./.04 5. 06

11.9.8. 8-Node Bricks without ESF

Figure 11.16:  8-Node Brick Element
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These shape functions are for 8-node brick elements without extra shape functions such as SOLID5 with
KEYOPT(3) = 1 or FLUID30:
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(11.212)

I J

K

= − − − + + − −

+ + + − ++ − + −

+ − − + + + − +

+

L

M N

O + + + + − + +P

(11.213)�= − (analogous to u)

(11.214)�= − ���������	 
� ��

(11.215)x x�= − ��������� �� ��

(11.216)y y�= − ����������  � �!

(11.217)z z"= − #$%$&'*'+, -' +.

(11.218)/ /0= − 1232456578 95 7:

(11.219); ;<= − =>?>@ABACD EA CF

(11.220)G GH= − QRSRTUVUWX YU WZ

(11.221)[= − \]^]_`b`cd e` cf

(11.222)h= − ijkjmpqprv wp r{

(11.223)|= − }~�~������ �� ��

(11.224)φ φ= −� ���������� �� ��

(11.225)�
�
�= − ���������� �� ��

(11.226)�
�
�= −  ¡¢¡£¤¥¤¦§ ¨¤ ¦©

11.9.9. 8-Node Bricks with ESF

(Please see Figure 11.16: 8-Node Brick Element (p. 352)) These shape functions are for 8-node brick ele-
ments with extra shape functions such as SOLID5 with KEYOPT(3) = 0:
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(11.227)

I J

K

= − − − + + − −

+ + + − ++ − + −

+ − − + + + − +

+

L

M N

O

1
2

2
2

3

+ + + + − + +

+ − + − +

P

−− 2

(11.228)�= − (analogous to u)

(11.229)�= − ���������	 
� ��

11.9.10. 20-Node Bricks

Figure 11.17:  20-Node Brick Element
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These shape functions are used for 20-node solid elements such as SOLID90:

(11.230)

� = − − − − − − − + + − − − − −
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+
� �

� �

�

− − + − − + − + + − + − + −
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− − −
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+ − −
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(11.231)�= − ���������� �� ��
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(11.232)I= − (analogous to u)

(11.233)�= − ���������� 	� �


(11.234)�= − �������� �� ��

(11.235)φ φ= −� ���������� �� � 

(11.236)! "#$#%&'&*+ ,& *-

11.9.11. 8-Node Infinite Bricks

Figure 11.18:  3-D 8-Node Brick Element
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These Lagrangian isoparametric shape functions and “mapping” functions are for the 3-D 8-node solid
brick infinite elements such as INFIN111:

11.9.11.1. Lagrangian Isoparametric Shape Functions

(11.237)
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(11.238)y = xl (ana�ogous to A )�

(11.239)z = z� ��������	
 �� � �

(11.240)= T� ���������� �� � ��

(11.241)= V� ���� !"!#$ %! & '*

(11.242)φ φ= + ,-.-/01023 40 5 67

11.9.11.2. Mapping Functions
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++ − + + −P

(11.244)8= − 9:;:<=>=?@ B= CD

(11.245)E= − FGHGQRSRUW XR YZ
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11.9.12. 3-D 20-Node Infinite Bricks

Figure 11.19:  20-Node Solid Brick Infinite Element
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These Lagrangian isoparametric shape functions and “mapping” functions are for the 3-D 20-node solid
brick infinite elements such as INFIN111:

11.9.12.1. Lagrangian Isoparametric Shape Functions

(11.246)
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(11.247)y = xl (ana�ogous to A )�

(11.248)z = z� ��������	
 �� � �

(11.249)= T� ���������� �� � ��

(11.250)= V� ���� !"!#$ %! & '*

(11.251)φ φ= + ,-.-/01023 40 5 67

11.9.12.2. Mapping Functions

(11.252)
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+ + − −
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(11.253):= − ;<=<>?@?BC D? EF

(11.254)G= − HUWUXYZY[\ ]Y ^_

The shape and mapping functions for the nodes U, V, W, X, Y, Z, A, and B are deliberately set to zero.

11.9.13. General Axisymmetric Solids

This section contains shape functions for general axisymmetric solid elements. These elements are
available in a number of configurations, including certain combinations of the following features:

• A quadrilateral, or a degenerated triangle shape to simulate an irregular area, on the master plane
(the plane on which the quadrilaterals or triangles are defined)

• With or without midside nodes

• A varying number of node planes (Nnp) in the circumferential direction (defined via KEYOPT(2))

The elemental coordinates are cylindrical coordinates and displacements are defined and interpolated
in that coordinate system, as shown in Figure 11.20: General Axisymmetric Solid Elements (when Nnp =

3) (p. 359).
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Figure 11.20:  General Axisymmetric Solid Elements (when Nnp = 3)

When Nnp is an odd number, the interpolation function used for displacement is:

(11.255)
i i i i

m
i
m

m

NP

= + +∑
=

−

θ θ
1

1

2

where:

i = r, θ, z
hi (s, t) = regular Lagrangian polynominal interpolation functions like Equation 11.120 (p. 341)

or Equation 11.134 (p. 342).

� �
�

�
�

, ,b  = coefficients for the Fourier terms.

When Nnp is an even number, the interpolation function is:

(11.256)
� � � �

�
�
�

�

��

�

��

= + +∑

+ +

=

−

θ θ

θ

�

�

�

� θ

The temperatures are interpolated by Lagrangian polynominal interpolations in s, t plane, and linearly
interpolated with θ in circumferential (θ) direction as:

(11.257)n
n

n n
n n= +

−
−









 −

+
+

θ θ
θ θ�

�

where:

θ θ θ	 	≤ ≤ +


≤  = node plane number in circumferential direction
Tn = same as Equation 11.128 (p. 341) and Equation 11.138 (p. 342).
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11.9.13.1. General Axisymmetric Solid with 4 Base Nodes

All of the coefficients in Equation 11.255 (p. 359) and Equation 11.256 (p. 359) can be expressed by node
displacements. Using ur = u, uj = v, uz = w, and take Nnp = 3 as an example.

(11.258)

I J K L= − − + + − + + + + − +
1 1 1 1

I J
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+ − − + + − +
2 2
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+ + + − +





− +










+

θ θ

3 3 3 3I J K L− − + + − + + + + − +





− −








θ θ

(11.259)�= −
�

(analogous to u)

(11.260)�= −
�

������	�
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11.9.13.2. General Axisymmetric Solid with 3 Base Nodes

(11.261)
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(11.262)�=
� � �������� ! "�  #

(11.263)$=
% & '*+*,-.-/0 4- /5

11.9.13.3. General Axisymmetric Solid with 8 Base Nodes

Similar to the element with 4 base nodes, the u, v, and w are expressed as:
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(11.264)
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(11.265)�= − (analogous to u)

(11.266)�= − ��������	
 �� w�

11.9.13.4. General Axisymmetric Solid with 6 Base Nodes
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11.10. Electromagnetic Tangential Vector Elements

In electromagnetics, we encounter serious problems when node-based elements are used to represent
vector electric or magnetic fields. (See Electric Scalar Potential (p. 190).) Node-based elements require
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special treatment for enforcing boundary conditions of electromagnetic field at material interfaces,
conducting surfaces and geometric corners. Tangentially continuous vector elements or edge elements,
whose degrees of freedom are associated with the edges of the finite element mesh, have been shown
to be free of such shortcomings. ([413] (p. 944))

11.10.1. Tetrahedral Elements

The tetrahedral element is the simplest tessellated shape and is able to model arbitrary 3-D geometric
structures. It is also well suited for automatic mesh generation. The tetrahedral element, by far, is the
most popular element shape for 3-D applications in FEA.

For the 1st-order tetrahedral element (KEYOPT(1) = 1), the degrees of freedom (DOF) are at the edges
of element i.e., (DOFs = 6) (Figure 11.21: 1st-Order Tetrahedral Element (p. 362)). In terms of volume co-
ordinates, the vector basis functions are defined as:

(11.270)
r

IJ IJ I J J I= ∇ − ∇λ λ λ λ

(11.271)
r

�K �K � K K �= ∇ − ∇λ λ λ λ

(11.272)
r

�� �� � � � �= ∇ − ∇λ λ λ λ

(11.273)
r

�L �L � L L �= ∇ − ∇λ λ λ λ

(11.274)
r

�� �� � � � �= ∇ − ∇λ λ λ λ

(11.275)
r

�� �� � � � �= ∇ − ∇λ λ λ λ

where:

hIJ = edge length between node I and J

λI, λJ, λK, λL = volume coordinates (λK = 1 - λI - λJ - λL)

∇ λI,
∇ λJ,

∇ λK, ∇ λL = the gradient of volume coordinates

Figure 11.21:  1st-Order Tetrahedral Element

I

J
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L

The tangential component of the approximated field is constant along the edge. The normal component
of field varies linearly.
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11.10.2. Hexahedral Elements

Tangential vector bases for hexahedral elements can be derived by carrying out the transformation
mapping a hexahedral element in the global xyz coordinate to a brick element in local str coordinates.

For the 1st-order brick element (KEYOPT(1) = 1), the degrees of freedom (DOF) are at the edges of element
(DOFs = 12) (Figure 11.22: 1st-Order Brick Element (p. 363)). The vector basis functions are cast in the
local coordinate

(11.276)
r

s
e s= ± ± ∇ parall�l to �-axi�

(11.277)
r

�
� �= ± ± ∇ �������� 	
 	����

(11.278)
r

�
� �= ± ± ∇ �������� �� ������

where:

hs, ht, hr = length of element edge

∇ s, ∇ t, ∇ r = gradient of local coordinates

Figure 11.22:  1st-Order Brick Element
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Chapter 12: Element Tools

The following element tools are available:
12.1. Element Shape Testing
12.2. Integration Point Locations
12.3.Temperature-Dependent Material Properties
12.4. Positive Definite Matrices
12.5. Lumped Matrices
12.6. Reuse of Matrices
12.7. Hydrostatic Loads
12.8. Hydrodynamic Loads
12.9. Nodal and Centroidal Data Evaluation

12.1. Element Shape Testing

12.1.1. Overview

All continuum elements (2-D and 3-D solids, 3-D shells) are tested for acceptable shape as they are
defined by the E, EGEN, AMESH, VMESH, or similar commands. This testing, described in the following
sections, is performed by computing shape parameters (such as Jacobian ratio) which are functions of
geometry, then comparing them to element shape limits whose default values are functions of element
type and settings (but can be modified by the user on the SHPP command with Lab = MODIFY as de-
scribed below). When defined, an element may generate no warnings, one or more warnings, or the
element may be rejected with an error.

12.1.2. 3-D Solid Element Faces and Cross-Sections

Some shape testing of 3-D solid elements (bricks [hexahedra], wedges, pyramids, and tetrahedra) is
performed indirectly. Aspect ratio, parallel deviation, and maximum corner angle are computed for 3-
D solid elements using the following steps:

1. Each of these 3 quantities is computed, as applicable, for each face of the element as though it were a
quadrilateral or triangle in 3-D space, by the methods described in sections Aspect Ratio (p. 368), Parallel
Deviation (p. 371), and Maximum Corner Angle (p. 372).

2. Because some types of 3-D solid element distortion are not revealed by examination of the faces, cross-
sections through the solid are constructed. Then, each of the 3 quantities is computed, as applicable, for
each cross-section as though it were a quadrilateral or triangle in 3-D space.

3. The metric for the element is assigned as the worst value computed for any face or cross-section.

A brick element has 6 quadrilateral faces and 3 quadrilateral cross-sections (Figure 12.1: Brick Ele-
ment (p. 366)). The cross-sections are connected to midside nodes, or to edge midpoints where midside
nodes are not defined.
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Figure 12.1:  Brick Element

A pyramid element has 1 quadrilateral face and 4 triangle faces, as shown on the left side of Fig-
ure 12.2: Pyramid Element (p. 366). The pyramid element has 8 triangle cross-sections, constructed in 4
pairs. One of the 4 pairs is shown on the right side of Figure 12.2: Pyramid Element (p. 366).

For each pair, the closest points (A and B in the figure) between the lines containing a quadrilateral
face edge and the right-ward opposite leg are found. The paired cross-sections are the triangle containing
the quadrilateral face edge and point B and the triangle containing the right-ward opposite leg and
point A. The remaining 6 cross-sections are found in a similar manner using the other 3 quadrilateral
face edges and their corresponding right-ward legs.

Figure 12.2:  Pyramid Element
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A wedge element has 3 quadrilateral and 2 triangle faces, and has 3 quadrilateral and 1 triangle cross-
sections. As shown in Figure 12.3: Wedge Element (p. 367), the cross-sections are connected to midside
nodes, or to edge midpoints where midside nodes are not defined.

Figure 12.3: Wedge Element

A tetrahedron element has 4 triangle faces and 6 triangle cross-sections (Figure 12.4: Tetrahedron Ele-
ment (p. 367)). Each cross-section is the triangle containing one edge and the closest point on the line
containing the opposite edge. Two of these cross-sections are shown on the right side of Figure 12.4: Tet-
rahedron Element (p. 367).

Figure 12.4: Tetrahedron Element
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12.1.3. Aspect Ratio

An aspect ratio is computed and tested for all elements except Emag elements (see Table 12.1: Aspect
Ratio Limits (p. 370)). Aspect ratio as a shape measure has been reported in finite element literature for
decades (Robinson [121] (p. 927)) and is one of the easiest ones to understand. For triangles, equilateral
triangles have an aspect ratio of 1 and the aspect ratio increases the more the triangle is stretched from
an equilateral shape. For quadrilaterals, squares have an aspect ratio of 1 and the aspect ratio increases
the more the square is stretched to an oblong shape. Some analysts want to be warned about high
aspect ratio so they can verify that the creation of any stretched elements was intentional. Many other
analysts routinely ignore it.

Unless elements are so stretched that numeric round off could become a factor (aspect ratio > 1000),
aspect ratio alone has little correlation with analysis accuracy. Finite element meshes should be tailored
to the physics of the given problem; i.e., fine in the direction of rapidly changing field gradients, relatively
coarse in directions with less rapidly changing fields. Sometimes this calls for elements having aspect
ratios of 10, 100, or in extreme cases 1000. (Examples include shell or thin coating analyses using solid
elements, thermal shock “skin” stress analyses, and fluid boundary layer analyses.) Attempts to artificially
restrict aspect ratio could compromise analysis quality in some cases.

12.1.4. Aspect Ratio Calculation for Triangles

For the benefit of computational efficiency, the aspect ratio of a triangle is computed based on the
angle measures at the corner nodes rather than the height and width of the triangle. For the calculation,
midside nodes are ignored and the triangle is treated as connecting nodes I, J, and K with straight lines:

1. For the angle θ, at node I, a quantity AMI is calculated as follows:

I
o o< ≤ =

−
θ

θ

�
o o< < =

+
θ

θ

The quantity AMI is 1 when θ = 60°. As θ deviates from 60° in either direction, AMI increases (to a

maximum of ∞ as θ nears 0° or 180°).

2. The quantity AM is calculated for each of the remaining nodes J and K.

3. A preliminary aspect ratio, ASPRAT, is calculated by averaging the three values of AM, then taking the
square root:

� J K=
+ +

4. Finally, the aspect ratio is modified to produce a distribution of values similar to those that would be
produced if the aspect ratio were calculated directly from the height and width:

= − +
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The best possible triangle aspect ratio, for an equilateral triangle, is 1. Larger aspect ratios are calculated
as the triangle is stretched. Triangles having aspect ratios of 1 and 20 are shown in Figure 12.5: Aspect
Ratios for Triangles (p. 369).

Figure 12.5:  Aspect Ratios for Triangles

1 20

12.1.5. Aspect Ratio Calculation for Quadrilaterals

Figure 12.6:  Quadrilateral Aspect Ratio Calculation
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The aspect ratio for a quadrilateral is computed by the following steps, using only the corner nodes of
the element (Figure 12.6: Quadrilateral Aspect Ratio Calculation (p. 369)):

1. If the element is not flat, the nodes are projected onto a plane passing through the average of the corner
locations and perpendicular to the average of the corner normals. The remaining steps are performed
on these projected locations.

2. Two lines are constructed that bisect the opposing pairs of element edges and which meet at the element
center. In general, these lines are not perpendicular to each other or to any of the element edges.

3. Rectangles are constructed centered about each of the 2 lines, with edges passing through the element
edge midpoints. The aspect ratio of the quadrilateral is the ratio of a longer side to a shorter side of
whichever rectangle is most stretched.

4. The best possible quadrilateral aspect ratio, for a square, is one. A quadrilateral having an aspect ratio
of 20 is shown in Figure 12.7: Aspect Ratios for Quadrilaterals (p. 370).
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Figure 12.7:  Aspect Ratios for Quadrilaterals
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Table 12.1:  Aspect Ratio Limits

Why default is this

loose

Why default is this

tight
Default

Type of

Limit

Command to modi-

fy

Disturbance of
analysis results

Elements this
stretched look to

20warningSHPP,MODIFY,1

has not been
proven

many users like they
deserve warnings.

It is difficult to
avoid warnings
even with a
limit of 20.

Threshold of
round off prob-

Informal testing has
demonstrated solu-

106errorSHPP,MODIFY,2

lems dependstion error attribut-
on what com-able to computer
puter is being
used.

round off at aspect
ratios of 1,000 to
100,000.

Valid analyses
should not be
blocked.

12.1.6. Angle Deviation

Angle deviation from 90° corner angle is computed and tested only for the SHELL28 shear/twist panel
quadrilateral (see Table 12.2: Angle Deviation Limits (p. 371)). It is an important measure because the
element derivation assumes a rectangle.

12.1.7. Angle Deviation Calculation

The angle deviation is based on the angle between each pair of adjacent edges, computed using corner
node positions in 3-D space. It is simply the largest deviation from 90° of any of the 4 corner angles of
the element.

The best possible deviation is 0° (Figure 12.8: Angle Deviations for SHELL28 (p. 371)). Figure 12.8: Angle
Deviations for SHELL28 (p. 371) also shows angle deviations of 5° and 30°, respectively.
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Figure 12.8:  Angle Deviations for SHELL28

0˚ 5˚ 30˚

Table 12.2:  Angle Deviation Limits

Why default is this

loose

Why default is this

tight
Default

Type of

Limit

Command to Modi-

fy

It is difficult to avoid
warnings even with
a limit of 5°

Results degrade as
the element devi-
ates from a rectangu-
lar shape.

5°warningSHPP,MODIFY,7

Valid analyses
should not be
blocked.

Pushing the limit
further does not
seem prudent.

30°errorSHPP,MODIFY,8

12.1.8. Parallel Deviation

Parallel deviation is computed and tested for all quadrilaterals or 3-D solid elements having quadrilat-
eral faces or cross-sections, except Emag elements (see Table 12.3: Parallel Deviation Limits (p. 372)).
Formal testing has demonstrated degradation of stress convergence in linear displacement quadrilaterals
as opposite edges become less parallel to each other.

12.1.9. Parallel Deviation Calculation

Parallel deviation is computed using the following steps:

1. Ignoring midside nodes, unit vectors are constructed in 3-D space along each element edge, adjusted
for consistent direction, as demonstrated in Figure 12.9: Parallel Deviation Unit Vectors (p. 371).

Figure 12.9:  Parallel Deviation Unit Vectors

2. For each pair of opposite edges, the dot product of the unit vectors is computed, then the angle (in
degrees) whose cosine is that dot product. The parallel deviation is the larger of these 2 angles. (In the
illustration above, the dot product of the 2 horizontal unit vectors is 1, and acos (1) = 0°. The dot product
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of the 2 vertical vectors is 0.342, and acos (0.342) = 70°. Therefore, this element's parallel deviation is
70°.)

3. The best possible deviation, for a flat rectangle, is 0°. Figure 12.10: Parallel Deviations for Quadrilater-
als (p. 372) shows quadrilaterals having deviations of 0°, 70°, 100°, 150°, and 170°.

Figure 12.10:  Parallel Deviations for Quadrilaterals

0� 70� 100�

150� 170�

Table 12.3:  Parallel Deviation Limits

Why default is this

loose

Why default is this

tight
Default

Type of

Limit

Command to Modi-

fy

It is difficult to avoid
warnings even with
a limit of 70°

Testing has shown
results are degraded
by this much distor-
tion

70°warning for
elements
without
midside
nodes

SHPP,MODIFY,11

Valid analyses
should not be
blocked.

Pushing the limit
further does not
seem prudent

150°error for ele-
ments
without

SHPP,MODIFY,12

midside
nodes

Disturbance of ana-
lysis results for

Elements having de-
viations > 100° look

100°warning for
elements

SHPP,MODIFY,13

quadratic elementslike they deserve
warnings.

with mid-
side nodes has not been

proven.

Valid analyses
should not be
blocked.

Pushing the limit
further does not
seem prudent

170°error for ele-
ments with
midside
nodes

SHPP,MODIFY,14

12.1.10. Maximum Corner Angle

Maximum corner angle is computed and tested for all except Emag elements (see Table 12.4: Maximum
Corner Angle Limits (p. 373)). Some in the finite element community have reported that large angles
(approaching 180°) degrade element performance, while small angles don't.

12.1.11. Maximum Corner Angle Calculation

The maximum angle between adjacent edges is computed using corner node positions in 3-D space.
(Midside nodes, if any, are ignored.) The best possible triangle maximum angle, for an equilateral triangle,
is 60°. Figure 12.11: Maximum Corner Angles for Triangles (p. 373) shows a triangle having a maximum
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corner angle of 165°. The best possible quadrilateral maximum angle, for a flat rectangle, is 90°. Fig-
ure 12.12: Maximum Corner Angles for Quadrilaterals (p. 373) shows quadrilaterals having maximum
corner angles of 90°, 140° and 180°.

Figure 12.11:  Maximum Corner Angles for Triangles

60˚ 165˚

Figure 12.12:  Maximum Corner Angles for Quadrilaterals

90˚ 140˚ 180˚

Table 12.4:  Maximum Corner Angle Limits

Why default is this

loose

Why default is this

tight
Default

Type of

Limit

Command to Modi-

fy

Disturbance of
analysis results

Any element this
distorted looks like

165°warnings for
triangles

SHPP,MODIFY,15

has not been
proven.

it deserves a warn-
ing.

It is difficult to
avoid warnings
even with a
limit of 165°.

Valid analyses
should not be
blocked.

We can not allow
180°

179.9°error for tri-
angles

SHPP,MODIFY,16

Disturbance of
analysis results

Any element this
distorted looks like

155°warning for
quadrilater-

SHPP,MODIFY,17

has not been
proven.

it deserves a warn-
ing.

als without
midside
nodes

It is difficult to
avoid warnings
even with a
limit of 155°.
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Why default is this

loose

Why default is this

tight
Default

Type of

Limit

Command to Modi-

fy

Valid analyses
should not be
blocked.

We can not allow
180°

179.9°error for
quadrilater-
als without

SHPP,MODIFY,18

midside
nodes

Disturbance of
analysis results

Any element this
distorted looks like

165°warning for
quadrilater-

SHPP,MODIFY,19

has not been
proven.

it deserves a warn-
ing.

als with mid-
side nodes

It is difficult to
avoid warnings
even with a
limit of 165°.

Valid analyses
should not be
blocked.

We can not allow
180°

179.9°error for
quadrilater-
als with mid-
side nodes

SHPP,MODIFY,20

12.1.12. Jacobian Ratio

Jacobian ratio is computed and tested for all elements except triangles and tetrahedra that (a) are linear
(have no midside nodes) or (b) have perfectly centered midside nodes (see Table 12.5: Jacobian Ratio
Limits (p. 376)). A high ratio indicates that the mapping between element space and real space is becom-
ing computationally unreliable.

12.1.12.1. Jacobian Ratio Calculation

An element's Jacobian ratio is computed by the following steps, using the full set of nodes for the ele-
ment:

1. At each sampling location listed in the table below, the determinant of the Jacobian matrix is computed
and called RJ. RJ at a given point represents the magnitude of the mapping function between element

natural coordinates and real space. In an ideally-shaped element, RJ is relatively constant over the element,

and does not change sign.

RJ Sampling LocationsElement Shape

corner nodes10-node tetrahedra -
SHPP,LSTET,OFF

integration points10-node tetrahedra -
SHPP,LSTET,ON

base corner nodes and near apex node (apex RJ

factored so that a pyramid having all edges the
same length will produce a Jacobian ratio of 1)

5-node or 13-node pyramids

corner nodes and centroid8-node quadrilaterals

all nodes and centroid20-node bricks

corner nodesall other elements
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2. The Jacobian ratio of the element is the ratio of the maximum to the minimum sampled value of RJ. If

the maximum and minimum have opposite signs, the Jacobian ratio is arbitrarily assigned to be -100
(and the element is clearly unacceptable).

3. If the element is a midside-node tetrahedron, an additional RJ is computed for a fictitious straight-sided

tetrahedron connected to the 4 corner nodes. If that RJ differs in sign from any nodal RJ (an extremely

rare occurrence), the Jacobian ratio is arbitrarily assigned to be -100.

4. The sampling locations for midside-node tetrahedra depend upon the setting of the linear stress tetrahedra
key on the SHPP command. The default behavior (SHPP,LSTET,OFF) is to sample at the corner nodes,
while the optional behavior (SHPP,LSTET.ON) is to sample at the integration points (similar to what was
done for the DesignSpace product). Sampling at the integration points will result in a lower Jacobian
ratio than sampling at the nodes, but that ratio is compared to more restrictive default limits (see
Table 12.5: Jacobian Ratio Limits (p. 376) below). Nevertheless, some elements which pass the LSTET,ON
test fail the LSTET,OFF test - especially those having zero RJ at a corner node. Testing has shown that

such elements have no negative effect on linear elastic stress accuracy. Their effect on other types of
solutions has not been studied, which is why the more conservative test is recommended for general
usage. Brick elements (such as SOLID186) degenerated into tetrahedra are tested in the same manner
as are 'native' tetrahedra (SOLID187). In most cases, this produces conservative results. However, for
SOLID185 and SOLID186 when using the non-recommended tetrahedron shape, it is possible that such
a degenerate element may produce an error during solution, even though it produced no warnings
during shape testing.

5. If the element is a line element having a midside node, the Jacobian matrix is not square (because the
mapping is from one natural coordinate to 2-D or 3-D space) and has no determinant. For this case, a
vector calculation is used to compute a number which behaves like a Jacobian ratio. This calculation has
the effect of limiting the arc spanned by a single element to about 106°

A triangle or tetrahedron has a Jacobian ratio of 1 if each midside node, if any, is positioned at the av-
erage of the corresponding corner node locations. This is true no matter how otherwise distorted the
element may be. Hence, this calculation is skipped entirely for such elements. Moving a midside node
away from the edge midpoint position will increase the Jacobian ratio. Eventually, even very slight further
movement will break the element (Figure 12.13: Jacobian Ratios for Triangles (p. 375)). We describe this
as “breaking” the element because it suddenly changes from acceptable to unacceptable- “broken”.

Figure 12.13:  Jacobian Ratios for Triangles

1 30 1000

Any rectangle or rectangular parallelepiped having no midside nodes, or having midside nodes at the
midpoints of its edges, has a Jacobian ratio of 1. Moving midside nodes toward or away from each
other can increase the Jacobian ratio. Eventually, even very slight further movement will break the
element (Figure 12.14: Jacobian Ratios for Quadrilaterals (p. 376)).
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Figure 12.14:  Jacobian Ratios for Quadrilaterals

1 30 100

A quadrilateral or brick has a Jacobian ratio of 1 if (a) its opposing faces are all parallel to each other,
and (b) each midside node, if any, is positioned at the average of the corresponding corner node loca-
tions. As a corner node moves near the center, the Jacobian ratio climbs. Eventually, any further
movement will break the element (Figure 12.15: Jacobian Ratios for Quadrilaterals (p. 376)).

Figure 12.15:  Jacobian Ratios for Quadrilaterals

1 30 1000

Table 12.5:  Jacobian Ratio Limits

Why default is this

loose

Why default is this

tight

DefaultType of lim-

it

Command to modi-

fy

Disturbance of ana-
lysis results has not

A ratio this high in-
dicates that the

30 if SHPP,
LSTET,OFF

warning for
h-elements

SHPP,MODIFY,31

been proven. It ismapping between10 if SHPP,
LSTET,ON difficult to avoid

warnings even with
a limit of 30.

element and real
space is becoming
computationally un-
reliable.

Valid analyses
should not be
blocked.

Pushing the limit
further does not
seem prudent.

1,000 if
SHPP,
LSTET,OFF

error for h-
elements

SHPP,MODIFY,32

40 if SHPP,
LSTET,ON

12.1.13. Warping Factor

Warping factor is computed and tested for some quadrilateral shell elements, and the quadrilateral
faces of bricks, wedges, and pyramids. (See Warping Factor (p. 376).) A high factor may indicate a condition
the underlying element formulation cannot handle well, or may simply hint at a mesh generation flaw.

The following warping factor topics are available:
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12.1.13.1.Warping Factor Calculation for Quadrilateral Shell Elements
12.1.13.2.Warping Factor Calculation for 3-D Solid Elements

Also see Table 12.6: Warping Factor Limits (p. 380).

12.1.13.1. Warping Factor Calculation for Quadrilateral Shell Elements

A quadrilateral element's warping factor is computed from its corner node positions and other available
data by the following steps:

1. An average element normal is computed as the vector (cross) product of the 2 diagonals (Figure 12.16: Shell
Average Normal Calculation (p. 377)).

Figure 12.16:  Shell Average Normal Calculation

2. The projected area of the element is computed on a plane through the average normal (the dotted
outline on Figure 12.17: Shell Element Projected onto a Plane (p. 378)).

3. The difference in height of the ends of an element edge is computed, parallel to the average normal. In
Figure 12.17: Shell Element Projected onto a Plane (p. 378), this distance is 2h. Because of the way the
average normal is constructed, h is the same at all four corners. For a flat quadrilateral, the distance is
zero.
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Figure 12.17:  Shell Element Projected onto a Plane

h

4. The “area warping factor” (Fa
w

) for the element is computed as the edge height difference divided by
the square root of the projected area.

5. For all shells except those in the “membrane stiffness only” group, if the thickness is available, the
“thickness warping factor” is computed as the edge height difference divided by the average element
thickness. This could be substantially higher than the area warping factor computed in 4 (above).

6. The warping factor tested against warning and error limits (and reported in warning and error messages)
is the larger of the area factor and, if available, the thickness factor.

7. The best possible quadrilateral warping factor, for a flat quadrilateral, is zero.

Figure 12.18: Quadrilateral Shell Having Warping Factor (p. 379) shows a “warped” element plotted on
top of a flat one. Only the right-hand node of the upper element is moved. The element is a unit square,
with a real constant thickness of 0.1.

When the upper element is warped by a factor of 0.01, it cannot be visibly distinguished from the un-
derlying flat one.

When the upper element is warped by a factor of 0.04, it just begins to visibly separate from the flat
one.
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Figure 12.18:  Quadrilateral Shell Having Warping Factor

0.0 0.01 0.04

0.1 1.0 5.0

Warping of 0.1 is visible given the flat reference, but seems trivial; however, it is well beyond the error
limit for a membrane shell. Warping of 1.0 is visually unappealing. This is the error limit for most shells.

Warping beyond 1.0 would appear to be obviously unacceptable; however, SHELL181 permits even this
much distortion. Furthermore, the warping factor calculation seems to peak at about 7.0. Moving the
node further off the original plane, even by much larger distances than shown here, does not further
increase the warping factor for this geometry. Users are cautioned that manually increasing the error
limit beyond its default of 5.0 for these elements could mean no real limit on element distortion.

12.1.13.2. Warping Factor Calculation for 3-D Solid Elements

The warping factor for a 3-D solid element face is computed as though the 4 nodes make up a quadri-
lateral shell element with no real constant thickness available, using the square root of the projected
area of the face as described in 4 (above).

The warping factor for the element is the largest of the warping factors computed for the 6 quadrilat-
eral faces of a brick, 3 quadrilateral faces of a wedge, or 1 quadrilateral face of a pyramid.

Any brick element having all flat faces has a warping factor of zero (Figure 12.19: Warping Factor for
Bricks (p. 379)).

Figure 12.19: Warping Factor for Bricks

0.0 approximately 0.2 approximately 0.4
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Twisting the top face of a unit cube by 22.5° and 45° relative to the base produces warping factors of
about 0.2 and 0.4, respectively.

Table 12.6: Warping Factor Limits

Why default is this

loose

Why default is this

tight

DefaultType of lim-

it

Command to modify

Element formu-
lation derived

Elements having
warping factors > 1

1warning for
“bending

SHPP,MODIFY,51

from 8-nodelook like they de-
serve warnings

with high
warping lim- solid isn't dis-
it” shells turbed by

warping.(e.g.,
SHELL181)

Disturbance of
analysis results
has not been
proven

Valid analyses
should not be
blocked.

Pushing this limit
further does not
seem prudent

5same as
above, error
limit

SHPP,MODIFY,52

It is difficult to avoid
these warnings even
with a limit of 0.1.

The element
formulation is
based on flat

0.1warning for
“non-stress”
shells or

SHPP,MODIFY,53

shell theory,“bending
with rigid beamstiffness in-
offsets for mo-cluded”
ment compatib-
ility.

shells
without geo-

Informal testing
has shown that

metric non-
linearities
(e.g.,
SHELL131) result error be-

came signific-
ant for warping
factor > 0.1.

Valid analyses
should not be
blocked.

Pushing this limit
further does not
seem prudent.

1same as
above, error
limit

SHPP,MODIFY,54

Informal testing has
shown that the ef-

The element formu-
lation is based on

0.02warning for
“membrane

SHPP,MODIFY,55

fect of warping <
0.02 is negligible.

flat shell theory,
without any correc-

stiffness
only” shells

tion for moment(e.g.,
SHELL41) compatibility. The

element cannot
handle forces not in
the plane of the ele-
ment.
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Why default is this

loose

Why default is this

tight

DefaultType of lim-

it

Command to modify

Valid analyses
should not be
blocked.

Pushing this limit
further does not
seem prudent

0.2same as
above, error
limit

SHPP,MODIFY,56

It is difficult to avoid
these warnings even
with a limit of 0.1.

The element
formulation is
based on flat

0.1warning for
“shear /
twist” shells

SHPP,MODIFY,57

shell theory,(e.g.,
SHELL28) with rigid beam

offsets for mo-
ment compatib-
ility.

Informal testing
has shown that
result error be-
came signific-
ant for warping
factor > 0.1.

Valid analyses
should not be
blocked.

Pushing this limit
further does not
seem prudent

1same as
above, error
limit

SHPP,MODIFY,58

Valid analyses
should not be
blocked.

Pushing this limit
further does not
seem prudent

0.01same as
above, error
limit

SHPP,MODIFY,60

Disturbance of ana-
lysis results has not
been proven.

A warping factor of
0.2 corresponds to
about a 22.5° rota-

0.2warning for
3-D solid
element

SHPP,MODIFY,67

tion of the top facequadrilateral
face of a unit cube. Brick

elements distorted
this much look like
they deserve warn-
ings.

Valid analyses
should not be
blocked.

A warping factor of
0.4 corresponds to
about a 45° rotation

0.4same as
above, error
limit

SHPP,MODIFY,68

of the top face of a
unit cube. Pushing
this limit further
does not seem
prudent.

12.2. Integration Point Locations

The ANSYS program makes use of both standard and nonstandard numerical integration formulas. The
particular integration scheme used for each matrix or load vector is given with each element description
in Element Library (p. 411). Both standard and nonstandard integration formulas are described in this
section. The numbers after the subsection titles are labels used to identify the integration point rule.
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For example, line (1, 2, or 3 points) represents the 1, 2, and 3 point integration schemes along line ele-
ments. Midside nodes, if applicable, are not shown in the figures in this section.

12.2.1. Lines (1, 2, or 3 Points)

The standard 1-D numerical integration formulas which are used in the element library are of the form:

(12.1)i i
i− =

∫ = ∑
1

1

1

ℓ

where:

f(x) = function to be integrated
Hi = weighting factor (see Table 12.7: Gauss Numerical Integration Constants (p. 382))

xi = locations to evaluate function (see Table 12.7: Gauss Numerical Integration Constants (p. 382);

these locations are usually the s, t, or r coordinates)

ℓ  = number of integration (Gauss) points

Table 12.7:  Gauss Numerical Integration Constants

Weighting Factors (Hi)Integration Point Locations (xi)
No. Integration

Points

2.00000.00000.000000.00000.00000.000001

1.00000.00000.00000±0.57735 02691 896262

0.55555 55555 55556±0.77459 66692 41483
3

0.88888 88888 888890.00000.00000.00000

For some integrations of multi-dimensional regions, the method of Equation 12.1 (p. 382) is simply ex-
panded, as shown below.

12.2.2. Quadrilaterals (2 x 2 or 3 x 3 Points)

The numerical integration of 2-D quadrilaterals gives:

(12.2)j � � j
�j

m

−− ==
∫∫ ∑∑=
�

�

�

�

��

ℓ

and the integration point locations are shown in Figure 12.20: Integration Point Locations for Quadrilat-
erals (p. 383). The locations and weighting factors can be calculated using Table 12.7: Gauss Numerical
Integration Constants (p. 382) two times.
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Figure 12.20:  Integration Point Locations for Quadrilaterals
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One element models with midside nodes (such as PLANE183) using a 2 x 2 mesh of integration points
have been seen to generate spurious zero energy (hourglassing) modes.

12.2.3. Bricks and Pyramids (2 x 2 x 2 Points)

The 3-D integration of bricks and pyramids gives:

(12.3)k j i i j k
ij

m

k

n

−−− ===
∫∫∫ ∑∑=
1

1

1

1

1

1

111

ℓ

∑∑

and the integration point locations are shown in Figure 12.21: Integration Point Locations for Bricks and
Pyramids (p. 383). The locations and weighting factors can be calculated using Table 12.7: Gauss Numer-
ical Integration Constants (p. 382) three times.

Figure 12.21:  Integration Point Locations for Bricks and Pyramids
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One element models with midside nodes using a 2 x 2 x 2 mesh of integration points have been seen
to generate spurious zero energy (hourglassing) modes.
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12.2.4. Triangles (1, 3, or 6 Points)

The integration points used for these triangles are given in Table 12.8: Numerical Integration for Tri-
angles (p. 384) and appear as shown in Figure 12.22: Integration Point Locations for Triangles (p. 384). L
varies from 0.0 at an edge to 1.0 at the opposite vertex.

Table 12.8:  Numerical Integration for Triangles

Weighting FactorIntegration Point LocationType

1.000000L1=L2=L3=.33333331 Point Rule

0.33333 33333 33333L1=.66666 66666 66666

3 Point Rule
L2=L3=.16666 66666 66666

Permute L1, L2, and L3 for

other locations)

0.10995 17436 55322L1=0.81684 75729 80459

Corner
Points

6 Point Rule

L2=L3=0.09157 62135 09661

Permute L1, L2, and L3 for

other locations)

0.22338 15896 78011L1=0.10810 30181 6807

Edge
Center
Points

L2=L3=0.44594 84909 15965

Permute L1, L2, and L3 for

other locations)

Figure 12.22:  Integration Point Locations for Triangles
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12.2.5. Tetrahedra (1, 4, 5, or 11 Points)

The integration points used for tetrahedra are given in Table 12.9: Numerical Integration for Tetra-
hedra (p. 385).

Table 12.9:  Numerical Integration for Tetrahedra

Weighting FactorIntegration Point LocationType

1.00000 00000 00000L1=L2=L3=L4=.25000 00000 00000Center
Point

1 Point Rule

0.25000 00000 00000L1=.58541 01966 24968

Corner
Points

4 Point Rule

L2=L3=L4=.13819 66011

25010

Permute L1, L2, L3, and L4 for

other locations)

-0.80000 00000 00000L1=L2=L3=L4=.25000 00000 00000Center
Point

5 Point Rule

0.45000 00000 00000L1=.50000 00000 00000

Corner
Points

L2=L3=L4=.16666 66666

66666

Permute L1, L2, L3, and L4 for

other locations)

0.01315 55555 55555L1=L2=L3=L4=.25000 00000 00000Center
Point

11 Point
Rule

0.00762 22222 22222L1=L2=L3=.0714285714285714Corner
Point

L4=.78571 42857 14286

(Permute L1, L2, L3 and L4 for

other three locations)

0.02488 88888 88888L1=L2=0.39940 35761 66799

Edge
Center
Points

L3=L4=0.10059 64238 33201

Permute L1, L2, L3 and L4

such that two of L1, L2, L3

and L4 equal 0.39940 35761

66799 and the other two
equal 0.10059 64238 33201
for other five locations

These appear as shown in Figure 12.23: Integration Point Locations for Tetrahedra (p. 386). L varies from
0.0 at a face to 1.0 at the opposite vertex.
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Figure 12.23:  Integration Point Locations for Tetrahedra
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12.2.6. Triangles and Tetrahedra (2 x 2 or 2 x 2 x 2 Points)

These elements use the same integration point scheme as for 4-node quadrilaterals and 8-node solids,
as shown in Figure 12.24: Integration Point Locations for Triangles and Tetrahedra (p. 386). The locations
and weighting factors can be calculated using Table 12.7: Gauss Numerical Integration Constants (p. 382)
two or three times.

Figure 12.24:  Integration Point Locations for Triangles and Tetrahedra
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3x3 and 3x3x3 cases are handled similarly.
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12.2.7. Wedges (3 x 2 or 3 x 3 Points)

These wedge elements use an integration scheme that combines linear and triangular integrations, as
shown in Figure 12.25: 6 and 9 Integration Point Locations for Wedges (p. 387). The locations and
weighting factors can be calculated using Table 12.7: Gauss Numerical Integration Constants (p. 382) and
Table 12.8: Numerical Integration for Triangles (p. 384).

Figure 12.25:  6 and 9 Integration Point Locations for Wedges
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12.2.8. Wedges (2 x 2 x 2 Points)

These wedge elements use the same integration point scheme as for 8-node solid elements as shown
by two orthogonal views in Figure 12.26: 8 Integration Point Locations for Wedges (p. 387). The locations
and weighting factors can be calculated using Table 12.7: Gauss Numerical Integration Constants (p. 382)
three times.

Figure 12.26:  8 Integration Point Locations for Wedges
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12.2.9. Bricks (14 Points)

The 20-node solid uses a different type of integration point scheme. This scheme places points close
to each of the 8 corner nodes and close to the centers of the 6 faces for a total of 14 points. These
locations are given in Table 12.10: Numerical Integration for 20-Node Brick (p. 388):

Table 12.10:  Numerical Integration for 20-Node Brick

Weighting FactorIntegration Point LocationType

.33518 00554 01662s = ±.75868 69106 39328Corner
Points

14 Point
Rule

t = ±.75878 69106 39329

r = ±.75878 69106 39329

.88642 65927 97784s = ±.79582 24257 54222,
t=r=0.0

Center
Points

t = ±.79582 24257 54222,
s=r=0.0

r = ±.79582 24257 54222,
s=t=0.0

and are shown in Figure 12.27: Integration Point Locations for 14 Point Rule (p. 388).

Figure 12.27:  Integration Point Locations for 14 Point Rule
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12.2.10. Nonlinear Bending (5 Points)

Both beam and shell elements that have nonlinear materials must have their effects accumulated thru
the thickness. This uses nonstandard integration point locations, as both the top and bottom surfaces
have an integration point in order to immediately detect the onset of the nonlinear effects.

Table 12.11: Thru-Thickness Numerical Integration

Weighting Factor
Integration Point Loca-

tion[1]
Type

0.1250000±0.5005
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Weighting Factor
Integration Point Loca-

tion[1]
Type

0.5787036±0.300

0.59259260.000

1. Thickness coordinate going from -0.5 to 0.5.

These locations are shown in Figure 12.28: Nonlinear Bending Integration Point Locations (p. 389).

Figure 12.28:  Nonlinear Bending Integration Point Locations

12.2.11. General Axisymmetric Elements

The numerical integration of general axisymmetric elements gives:

(12.4)
o

k

n

k

m

k

l

k j i i j

2

1

1

1

1

1 1 1

π θ π θ∫ ∫ ∫− −

= = =
= ∑ ∑ ∑ θk

Hi and Hj are weighting factors on the rz plane, as shown in Figure 11.20: General Axisymmetric Solid

Elements (when Nnp = 3) (p. 359). The values are shown in Table 12.7: Gauss Numerical Integration

Constants (p. 382). In circumferential direction θ:

(12.5)θ
π π

� �
�= − = =

12.3. Temperature-Dependent Material Properties

Temperature-dependent material properties are evaluated at each integration point. Elements for which
this applies include SHELL181, PLANE182, PLANE183 , SOLID185, SOLID186 , SOLID187, SOLID272, SOL-
ID273, SOLID285, SOLSH190, BEAM188, BEAM189, SHELL208, SHELL209, REINF264, SHELL281, PIPE288,
PIPE289, and ELBOW290. Elements using a closed form solution (without integration points) have their
material properties evaluated at the average temperature of the element. Elements for which this applies
include SHELL28, and LINK180 .

Other cases:

• For the structural elements PLANE13 and SOLID65, the nonlinear material properties (TB commands) are
evaluated at the integration points, but the linear material properties (MP commands) are evaluated at
the average element temperature.

• Numerically integrated structural elements PLANE25, SHELL41, SHELL61, and PLANE83 have their linear
material properties evaluated at the average element temperature.
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• Non-structural elements have their material properties evaluated only at the average element temperature,
except for the specific heat (Cp) which is evaluated at each integration point.

Whether shape functions are used or not, materials are evaluated at the temperature given, i.e. no account
is made of the temperature offset (TOFFST command).

For a stress analysis, the temperatures used are based directly on the input. As temperature is the un-
known in a heat transfer analysis, the material property evaluation cannot be handled in the same direct
manner. For the first iteration of a heat transfer analysis, the material properties are evaluated at the
uniform temperature (input on the BFUNIF command). The properties of the second iteration are based
on the temperatures of the first iteration. The properties of the third iteration are based on the temper-
atures of the second iteration, etc.

See Temperature-Dependent Coefficient of Thermal Expansion (p. 10) for a special discussion about
the coefficient of thermal expansion.

12.4. Positive Definite Matrices

By definition, a matrix [D] (as well as its inverse [D]-1) is positive definite if the determinants of all sub-
matrices of the series:

(12.6),
, ,

, ,

, , ,

, , ,

,

11
11 12

21 2 2

11 12 13

21 2 2 2 3

31











3 2 3 3, ,

















etc.

including the determinant of the full matrix [D], are positive. The series could have started out at any
other diagonal term and then had row and column sets added in any order. Thus, two necessary (but
not sufficient) conditions for a symmetric matrix to be positive definite are given here for convenience:

(12.7)i i� >

(12.8)� j � � j j� � �<

If any of the above determinants are zero (and the rest positive), the matrix is said to be positive
semidefinite. If all of the above determinants are negative, the matrix is said to be negative definite.

12.4.1. Matrices Representing the Complete Structure

In virtually all circumstances, matrices representing the complete structure with the appropriate
boundary conditions must be positive definite. If they are not, the message “NEGATIVE PIVOT . . .” appears.
This usually means that insufficient boundary conditions were specified. An exception is a piezoelectric
analysis, which works with negative definite matrices, but does not generate any error messages.

12.4.2. Element Matrices

Element matrices are often positive semidefinite, but sometimes they are either negative or positive
definite. For most cases where a negative definite matrix could inappropriately be created, the program
will abort with a descriptive message.
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12.5. Lumped Matrices

Some of the elements allow their consistent mass or specific heat matrices to be reduced to diagonal
matrices (accessed with the LUMPM,ON command). This is referred to as “lumping”.

12.5.1. Diagonalization Procedure

One of two procedures is used for the diagonalization, depending on the order of the element shape
functions. The mass matrix is used as an example.

For lower order elements (linear or bilinear) the diagonalized matrix is computed by summing rows (or
columns). The steps are:

1. Compute the consistent mass matrix ([ ])Me
′

 in the usual manner.

2. Compute:

(12.9)�
j

n

= ′

=
∑
1

for i =�, �

where:

n = number of degrees of freedom (DOFs) in the element

3. Set

(12.10)� = ≠��� � �

(12.11)	 = 
��  � �� �

For higher order elements the procedure suggested by Hinton, et al.([45] (p. 923)), is used. The steps
are:

1. Compute the consistent mass matrix �� ����
′

 in the usual manner.

2. Compute:

(12.12)�
�

�

�

�

= ′

==
∑∑
��

(12.13)�
�

�

= ′

=
∑
 

3. Set:

(12.14)! = ≠"# " $

(12.15)% %= ′

Note that this method ensures that:

1. The element mass is preserved
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2. The element mass matrix is positive definite

It may be observed that if the diagonalization is performed by simply summing rows or columns in
higher order elements, the resulting element mass matrix is not always positive definite.

12.5.2. Limitations of Lumped Mass Matrices

Lumped mass matrices have the following limitations:

1. Elements containing both translational and rotational degrees of freedom will have mass contributions
only for the translational degrees of freedom. Rotational degrees of freedom are included for:

• SHELL181, SHELL208, SHELL209, SHELL281, and ELBOW290 unless an unbalanced laminate construction
is used.

• BEAM188, BEAM189, PIPE288, and PIPE289 if there are no offsets.

2. Lumping, by its very nature, eliminates the concept of mass coupling between degrees of freedom.
Therefore, the following restrictions exist:

• Lumping is not allowed for FLUID29, FLUID30, or FLUID38 elements.

• Lumping is not allowed for the mass matrix option of MATRIX27 elements if it is defined with nonzero
off-diagonal terms.

• The use of lumping with constraint equations may effectively cause the loss of some mass for analyses
that involve a mass matrix. For example, in modal analyses this typically results in higher frequencies.
This loss of mass comes about because of the generation of off-diagonal terms by the constraint
equations, which then are ignored.

The exceptions to this are substructuring generation passes with the sparse solver and the PCG
Lanczos mode extraction method in modal analyses. These exceptions contain the off-diagonal
terms when lumped mass is used with constraint equations. It is important to note however, that
the assembled mass matrix in a jobname.FULL file generated by the PCG Lanczos mode extrac-
tion method will not contain the off-diagonal mass terms for this case.

12.6. Reuse of Matrices

Matrices are reused automatically as often as possible in order to decrease running time. The information
below is made available for use in running time estimates.

12.6.1. Element Matrices

For static (ANTYPE,STATIC) or full transient dynamic (ANTYPE,TRANS with TRNOPT,FULL) analyses,
element stiffness/conductivity, mass, and damping/specific heat, matrices ([Ke], [Me], [Ce]) are always

reused from iteration to iteration, except when:

1. The full Newton-Raphson option (NROPT,FULL) is used, or for the first equilibrium iteration of a time
step when the modified Newton-Raphson option (NROPT,MODI) is used and the element has either
nonlinear materials or large deformation (NLGEOM,ON) is active.

2. The element is nonlinear (e.g. gap, radiation, or control element) and its status changes.
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3. MODE or ISYM (MODE command) have changed from the previous load step for elements PLANE25,
SHELL61, PLANE75, PLANE78, or PLANE83.

4. [ ]Ke
t

 will be reformulated if a convective film coefficient (input on the SF or SFE commands) on an element
face changes. Such a change could occur as a ramp (KBC,0) within a load step.

5. The materials or real constants are changed by new input, or if the material properties have changed
due to temperature changes for temperature-dependent input.

Element stress stiffness matrices [Se] are never reused, as the stress normally varies from iteration to it-

eration.

12.6.2. Structure Matrices

The overall structure matrices are reused from iteration to iteration except when:

1. An included element matrix is reformed (see above).

2. The set of specified degrees of freedom (DOFs) is changed.

3. The integration time step size changes from that used in the previous substep for the transient (AN-

TYPE,TRANS) analysis.

4. The first iteration of a restart is being performed.

12.6.3. Override Option

The above tests are all performed automatically by the program. The user can select to override the
program's decision with respect to whether the matrices should be reformed or not. For example, if
the user has temperature-dependent input as the only cause which is forcing the reformulation of the
matrices, and there is a load step where the temperature dependency is not significant, the user can
select that the matrices will not be reformed at that load step (KUSE,1). (Normally, the user would want
to return control back to the program for the following load step (KUSE,0)). On the other hand, the
user can select that all element matrices are to be reformed each iteration (KUSE,-1).

12.7. Hydrostatic Loads

The following topics concerning hydrostatic loads are available:
12.7.1. Buckling of Pipe Cross-Sections
12.7.2. Effect of Water Pressure on Elements

12.7.1. Buckling of Pipe Cross-Sections

Hydrostatic effects may affect the outside and the inside of a pipe. Pressure on the outside crushes the
pipe and buoyant forces on the outside tend to raise the pipe to the water surface. Pressure on the
inside tends to stabilize the pipe cross-section.

The buoyant force for a completely submerged element acting in the positive z direction is:

(12.16)b b w �= ρ
π 2

where: {F/L}b = vector of loads per-unit-length due to buoyancy
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Cb = coefficient of buoyancy (input as Cb on the OCDATA command.

{g} = acceleration vector (input via the ACEL command with only ACEL_Z being nonzero)

Also, an adjustment for the added mass term is made.

The crushing pressure at a node is:

(12.17)o
s

w msl o
a= − − +ρ

where:

�
�

 = crushing pressure due to hydrostatic effects
g = acceleration due to gravity (input as ACEL_Z on the ACEL command)
Z = vertical coordinate of the node
Zmsl = vertical offset from the global origin to the mean sea level (input on the OCDATA

command)

�
�

 = input external pressure (input as face 2 on SFE command)

The internal (bursting) pressure is:

(12.18)i � f� i
�= − − +ρ

where:

Pi = internal pressure

ρo = internal fluid density

Zfo = Z coordinate of free surface of fluid (input as face 3 on SFE command)

�

�

 = input internal pressure (input as face 1 on SFE command)

To ensure that the problem is physically possible as input, a check is made at the element midpoint to
see if the cross-section collapses under the hydrostatic effects. The cross-section is assumed to be unstable
if:

(12.19)
�
	



�

�

− >
−











2

3

ν

where:

E = Young's modulus (input as EY on MP command)
ν = Poisson's ratio (input as PRXY or NUXY on MP command)

12.7.2. Effect of Water Pressure on Elements

Elements such as PIPE288 have three direct stress components: axial, hoop, and radial. Elements such
as LINK180 and BEAM188, however, have only an axial stress component; therefore, an adjustment is
necessary to include the effect of the three stress components of a hydrostatic load.

Consider the first line of Equation 2.2 (p. 6), assuming isotropic materials and no thermal effect:

(12.20)ε σ νσ νσx x y z= − −

Release 15.0 - © SAS IP, Inc. All rights reserved. - Contains proprietary and confidential information
of ANSYS, Inc. and its subsidiaries and affiliates.394

Element Tools



where:

εx = axial strain

E = Young’s modulus (input as EX on the MP command)
σx = axial stress

ν = Poisson’s ratio (input as PRXY or NUXY on the MP command)
σy = σz = stresses normal to the axial direction

For hydrostatic loads:

(12.21)σ σ σ σ ρh x y z msl= = = = −

where:

σh = hydrostatic pressure

Combining Equation 12.21 (p. 395) and Equation 12.22 (p. 395):

(12.22)ε
σ

ν�
�= −

The factor (1 - 2ν) is used to give the correct strain. Thus, the following restrictions apply to this approach:

• Material must be isotropic.

• Material must be elastic.

• Fluid pressure is assumed to be hydrostatic everywhere (that is, CTUBE and HREC beam subtypes presume
that the flooding option is applied, and there is no option for removing it).

It is of course preferable to use the pipe element rather than the beam element, as doing so avoids the
limitations that apply to the beam element with subtype CTUBE.

Because hydrostatic pressure (stress) is normally much lower than the working stress, the restrictions
described above typically need to be considered only for extremely deep applications.

12.8. Hydrodynamic Loads

Hydrodynamic effects may occur because the structure moves in a motionless fluid, the structure is
fixed but fluid motion is present, or both the structure and fluid are moving.

Fluid motion consists of two parts: current and wave motions. Current is input by giving the current
velocity and direction (input as W(i) and θ(i)) at up to eight different vertical stations (input as Z(i)). (All
input quantities referred to in this section not otherwise identified come from the OCTYPE, OCDATA,
and OCTABLE commands.
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The velocity and direction are interpolated linearly between stations. The current is assumed to flow
horizontally only. The wave may be input using one of the wave theories (Kw, input as KWAVE on the

OCDATA command) in the following table :

Table 12.12: Wave Theory Table

KwWave Theory

0Small amplitude wave, unmodified (Airy wave theory), (Wheel-
er([35] (p. 922)))

1Small amplitude wave, modified with empirical depth decay function,
(Wheeler([35] (p. 922)))

2Stokes fifth order wave, (Skjelbreia([31] (p. 922)))

3Stream function wave, (Dean([59] (p. 923)), Dalrymple([417] (p. 944)))

5Random wave

6Shell new wave, (Atkins([391] (p. 943)))

7Constrained new wave, (O'Neill([392] (p. 943)), Pinna([393] (p. 943)))

8Diffracted wave

These related topics follow:
12.8.1. Regular Waves on Line Elements
12.8.2. Irregular Waves on Line Elements (Kw = 5 through 7)
12.8.3. Diffracted Wave on Line and Surface Elements (Kw = 8)
12.8.4. Presence of Both Waves and Current
12.8.5. MacCamy-Fuchs Corrections
12.8.6. Morison's Equation

12.8.1. Regular Waves on Line Elements

Regular waves include both linear (Airy) and non-linear (Stoke’s fifth order and Dean’s stream function)
waves.

12.8.1.1. Small Amplitude Linear (Airy) Wave (Kw = 0, 1)

The free surface of the wave is defined by:

(12.23)η η βs i
i

N
i

i

N

i

w w
= ∑ = ∑

= =1 1

where:

ηs = total wave amplitude

ηw = number of waves

ηi = wave amplitude of component i

Hi = surface coefficient (component height) [input quantity H(i) on the OCTABLE

command]
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R = radial distance to point on element from origin in the X-Y plane in the dir-
ection of the wave
λi = wave length (input as L(i) on the OCTABLE command if L(i) > 0.0, or derived

from Equation 12.24 (p. 397) otherwise
t = time elapsed (input as TIME on the TIME command). The default value of

TIME is usually not desired. If zero is needed, use (1.0E-12) instead.
τi = wave period (input as T(i) on the OCTABLE command)

φ�  = phase shift (input as Ps(i) on the OCDATA command)
Lw = wave location (input as WAVELOC on the OCDATA command)

If Kw = 0 or 1, and Nw > 1, the wave is considered to be irregular.

If λi is not input (set to zero) and Kw = 0 or 1, λi is calculated iteratively from:

(12.24)λ λ
π
λ� �

d

�

=








tanh

where:

λi = output quantity small amplitude wave length

λ
τ
π�

� �= =
�

ou�pu� qu���	�y 
eep ���er ��ve le�g��

g = acceleration due to gravity (Z direction) (input via the ACEL command)
d = water depth (input as DEPTH on the OCDATA command)

Each component of wave height is checked to verify that it satisfies the Miche criterion. The check ensures
that the wave is not a breaking wave, which the included wave theories do not cover. A breaking wave
is one that spills over its crest, normally in shallow water. A warning message is issued if:

(12.25) b>

where:

� �
�

=








 =����λ

π
λ

������ �� ����k��� ����

When using wave loading, an error check occurs to ensure that the input acceleration does not change
after the first load step, as this would imply a change in the wave behavior between load steps.
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The particle velocities at integration points are calculated as a function of depth from:

(12.26)R
i

ii

N

i
i D

wr r
= ∑ +

=1

π
τ
η

(12.27)Z
�

��

�

�

�r
ɺ= ∑

=�
η

where:

�

r

 = radial particle velocity

�

r

 = vertical particle velocity
ki = 2π/λi

 = height of integration point above the ocean floor = d + Z

ɺη�  = time derivative of ηi

�

r

 = drift velocity (input as W on the OCTABLE command)

s

=
+

=

=
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�

�η
(Wheeler(35))







The particle accelerations are computed by differentiating 

r

 and �

r

 with respect to time. Thus:
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Expanding equation 2.29 of the Shore Protection Manual([43] (p. 923)) for a multiple component wave,
the wave hydrodynamic pressure is:

(12.30)<
=

> ?
?

@
?

?

A
= ∑





















=
ρ η

π
λ

π
λ

B

However, use of this equation leads to nonzero total pressure at the surface at the crest or trough of
the wave. Thus, Equation 12.30 (p. 398) is modified to be:
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which does result in a total pressure of zero at all points of the free surface. This dynamic pressure,
which is calculated at the integration points during the stiffness pass, is extrapolated to the nodes for
the stress pass. The hydrodynamic pressure for Stokes fifth order wave theory is:

(12.32)�
�

� �
�

�

�

= ∑





















=
ρ η

π
λ

π
λ

�

5

12.8.1.2. Stoke’s Fifth Order Wave (Kw = 2)

The Stokes fifth order wave theory is discussed by Skjelbreia ([31] (p. 922)). The modification suggested
by Nishimura ([143] (p. 928)) has been included.

12.8.1.3. Dean’s Stream Function Wave (Kw = 3)

The stream function wave theory is described by Dean ([59] (p. 923)). A solution algorithm that uses the
Lagrange multiplier technique suggested by Dalrymple ([417] (p. 944)) is included as a base algorithm.

12.8.2. Irregular Waves on Line Elements (Kw = 5 through 7)

The random wave (Kw = 5), Shell new wave (Kw = 6) and constrained new wave (Kw = 7) models assume

that the wave particle kinematics are generated from a wave spectrum using linear theory.

A wave spectrum is characterized by a curve of spectral density of wave energy S(ωi). The wave spectrum

can be defined in one of the three forms: Pierson-Moskowitz ([394] (p. 943)), JONSWAP ([395] (p. 943)),
or user-defined.

These related topics follow:
12.8.2.1. Random Wave
12.8.2.2. Shell New Wave
12.8.2.3. Constrained New Wave

12.8.2.1. Random Wave

The random wave is created by adding the parameters (wave height, velocity, and acceleration) of a
number of regular Airy waves (wave components) with amplitudes corresponding to the required
spectrum and with random phases.

With the Pierson-Moskowitz and JONSWAP spectrum, the spectrum is divided into a number of equal
energy strips (equal areas) based on the number of wave components specified (input as NWC on the
OCTABLE command). Each of the strips is a wave component, the frequency of which is defined at the
centroid of the strip. The amplitude is given by the square root of twice the area of the strip and, due
to the equal-energy-based strips, remains constant for each wave component.
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For a user-defined spectrum, the frequency and energy parameters to form the spectrum are input, so
the amplitudes may vary for each component. The solution is most stable numerically when wave
component amplitudes are kept constant throughout the definition.

The free surface of the wave can be defined by

η η βs i
i

N
i

i

N

i

w w
= ∑ = ∑

= =1 1

but with revised definitions for some of the parameters, as follows:

NW = number of wave components (input as NWC on the OCTABLE command)

Hi = surface coefficient = 

0

�  where mo is the area under the full spectrum

βi = 

π
λ τ

ϕ�

� �

�− +

λi = wave length derived from Equation 12.24 (p. 397)

τi = wave period = 

π
ω� , where ωi is the angular frequency for wave component i

ϕi = phase shift (based on a randomly generated number)

For a given initial seed value (input as SEED on the OCDATA command), the same sequence of random
phases is generated in every run. Changing the initial seed generates a different set of random phases.

A form of Wheeler stretching, known as delta stretching, is introduced to provide the wave kinematics
under the crest. The depth-mapping function modifies the conventional cosh and sinh terms in the
wave kinematic equations to provide linear extrapolation of the velocities and accelerations above mean
water level so that unrealistic terms are prevented from developing.

Similar to equations Equation 12.26 (p. 398) and Equation 12.27 (p. 398), the radial and vertical fluid
particle velocities are given by:

(12.33)R K R

��

�

� D

�u ruu u ruu
= ∑ +

=�

π
τ

η

(12.34)Z Z
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�

	u ru
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=


π
τ

where:

GR = radial depth-mapping function, computed as:

�
�

�

= + ≥�


�

�

=
+

<

GZ = vertical depth-mapping function, computed as:
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= + ≥�

fK = wave kinematics factor (input as KINE on the OCDATA command) that

accounts for the effect of wave-spreading on the radial velocity and acceleration

ki = wave number = 

π
λ�

The effective depth Z’ is used to compute the depth functions and is given by:

(12.35)

s

s

s=
+
+

+ − >

= ≤

∆η
η

η

ηs DS<

where:

∆ = delta-stretching parameter (input as DELTA on the OCDATA command)
ZDS = -fDSDs = depth under the mean water level in which stretching starts to become

effective
fDS = stretching depth factor (input as DSA on the OCDATA command)

DS = significant wave height (input directly as HS on the OCTABLE command or

calculated internally from the spectrum data on the OCTABLE command)

The particle accelerations are calculated by differentiating R

u ruu

 and �

u ru

 with respect to time.

12.8.2.2. Shell New Wave

The Shell new wave model is similar to random wave. It uses a statistically based linear superposition
of linear wave components to define the wave profile and associated kinematics representing the most
likely maximum condition of a real sea.

The free surface of the wave can again be defined by

η η β� �
�

N
�

�

N

�

w w
= ∑ = ∑

= =1 1

but with revised definitions for some parameters, as follows:

NW = Number of wave components (input as NWC on the OCTABLE command)

Hi = surface coefficient = 0

C
� �ω ω∆

 where AC is the wave crest amplitude (input as AMPMAX

on the OCDATA command), S(ωi) is value of the spectral density at angular frequency ωi, ∆ωi is the

frequency band which is assumed constant for this wave model, and mo is the area under the full

spectrum
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0 0π
λ τ
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i i

−
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−

 for evolving wave (input as EVOLVING on the OCDATA command), or

�
�π

λ λ
�

�

Z

�

−
− −

 for frozen wave
λi = wave length derived from Equation 12.24 (p. 397)

τi = wave period = 

π
ω� , where ωi is the angular frequency for wave component i

R0 = position offset in the direction of the wave, relative to the structural origin, where the maximum

wave crest occurs (input as ROFF on the OCDATA command)
t0 = time at which the maximum wave crest occurs (input as TOFF on the OCDATA command)

cZ = wave celerity (= λ/τ) associated with a wave having a wave period of TZ, where TZ is the zero-

crossing period of the wave spectrum that can be computed from the spectral peak period.

The radial and vertical fluid particle velocities are given by Equation 12.33 (p. 400) and Equa-
tion 12.34 (p. 400) except that the wave kinematics factor fK is now computed from:

2 4− +α α

where:

α = wave-spreading angle in radians (input as SPANGLE on the OCDATA command)

Delta stretching is available for Shell new wave as described in Random Wave (p. 399). All definitions
are similar except that Ds in Equation 12.35 (p. 401) is set to AC here.

12.8.2.3. Constrained New Wave

Constrained new wave theory embeds a Shell new wave into a random wave so that the maximum
crest amplitude as given by the new wave occurs at a specific time and position while the statistical
nature of the random sea is preserved.

The free surface of a constrained new wave is given by:

(12.36)
η η η η η η ηs r C r n r n= + − −

. ..
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..

.

n

r n n
= + +η η η1 �

where:

η π
λ τ

ϕ
�

�

� �

�

�

Nw
= − +∑

=�  = surface elevation equation of a random
wave as previously defined.

η π
λ τ�

	
�

	 		


�
=

−
−

−
∑
=

� �

 = surface elevation equation of a new
wave that yields unit crest amplitude at time t0 and position R0 (input as TOFF and

ROFF, respectively, on the OCDATA command.
AC = desired constrained wave crest amplitude (input as AMPCONST on the OCDATA

command)
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A dot or dots over a variable represent the usual time derivative(s) of the variable.

Equation 12.36 (p. 402) is set up such that it satisfies the conditions of:

η

η

s C

s

.

0 0

0 0

=

=

Therefore, the desired crest amplitude is produced at (R0, t0) and the corresponding slope of the free

surface is zero.

The height of the new wave components Hn
i is related to the random wave component height Hi. For

the equal energy packets that are assumed in the implementation, the expression is simplified to:

i
n

W

=

The second and third terms in Equation 12.36 (p. 402) are related to new wave and can be further ma-
nipulated to a more familiar form for linear waves:

� �
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A constrained new wave can thus be considered to have two sets of superimposed random waves to-
gether; therefore, the wave particle kinematics can also be calculated by applying the formula derived
for random waves. See Random Wave (p. 399) and refer to Equation 12.33 (p. 400) through Equa-
tion 12.35 (p. 401) for details.

12.8.3. Diffracted Wave on Line and Surface Elements (Kw = 8)

Hydrodynamic pressures and motions obtained from a frequency-based hydrodynamic diffraction ana-
lysis can be imported for further analysis. This feature is enabled by specifying a diffracted wave type
(Kw = 8, input as KWAVE on the OCDATA command). The hydrodynamic data are imported via the

OCREAD command.

Loading can be applied to a line or surface. Both cases are described in the following topics:
12.8.3.1. Diffracted Waves on Line Elements
12.8.3.2. Diffracted Waves on Surface Elements

12.8.3.1. Diffracted Waves on Line Elements

Hydrodynamic loads on structural line elements are calculated based on the results obtained for hydro-
dynamic line elements.
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For hydrodynamic line elements, the wave data consist of the magnitudes and phase angles of the
wave free surface, dynamic wave pressure, and velocities and accelerations at both ends of the line
elements at a number of defined wave periods and directions.

If the required wave direction θ (input as THETA on the OCDATA command) and/or wave frequency
ωi (2π/τ(i), where τ(i) is the input wave period on the OCTABLE command) differs from the hydrodynamic

data values, the wave information is obtained via linear interpolations between data in neighboring
hydrodynamic analyzed directions and frequencies.

The position of each structural integration point is mapped to the hydrodynamic mesh and the hydro-
dynamic line element containing this point is determined. The wave data at this location are interpolated
linearly from the nodal values of the hydrodynamic line element. The mapping operation assumes that
the hydrodynamic mesh is fixed in the original configuration; therefore, structural displacements must
be small for this procedure to work accurately.

Finally, the wave free surface at the specified phase angle φi (input as φ(i) on the OCTABLE command)

is given by:

(12.37)η η θ ω ϕ η θ ω ϕs i

N i
real i i imag i i

w= ∑ +=1

where:

Hi = height of component i (input as A(i) on the OCTABLE command)

ηreal(θ,ωi) = real component of the surface elevation obtained from the hydrodynamic

data
ηimag(θ,ωi) = imaginary component of the surface elevation obtained from the hydro-

dynamic data

The wave height is required because the hydrodynamic diffraction results are for unit wave amplitude
and must be scaled to the required height.

The fluid particle velocities and accelerations are obtained in a similar fashion (that is, with η replaced
by velocity V or acceleration V in Equation 12.37 (p. 404). Current effects, if specified, are added to the
fluid velocities and Morison’s equation is then applied to calculate the hydrodynamic loads.

12.8.3.2. Diffracted Waves on Surface Elements

Hydrodynamic loading acting on a surface is applied by mapping the pressure results on the hydro-
dynamic panel elements onto the structural SURF154 elements. Hydrodynamic loading is introduced
by setting KEYOPT(8) = OCID in the SURF154 element, where OCID is the ocean load ID containing the
hydrodynamic data.

For hydrodynamic panel elements, the wave data are the magnitudes and phase angles of the hydro-
dynamic pressure at the centroids of the panels at a number of defined wave periods and directions.
If the required wave direction θ (input as THETA on the OCDATA command) and/or wave frequency
ωi ( 2π/τ(i), where τ(i) is the input wave period on the OCTABLE command) differs from the hydrodynamic

data values, the wave information is obtained by linear interpolations between data in neighboring
hydrodynamic analyzed directions and frequencies.

The position of each structural integration point is mapped to the hydrodynamic mesh and the hydro-
dynamic panel element containing this point is determined. The real and imaginary wave pressures at
this location are interpolated linearly from the nodal values of the hydrodynamic panel. Because the
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pressure data are given at the centroidal position, it is necessary to first calculate the element nodal
values from the centroidal values surrounding each node. The mapping operation assumes that the
hydrodynamic mesh is fixed in the original configuration; therefore, structural displacements must be
small for this procedure to work accurately.

Similar to Equation 12.37 (p. 404), the hydrodynamic pressure at the specified phase angle φi (input as

φ(i) on the OCTABLE command) is given by:

(12.38)
i

N i
real i i imag i i

w= ∑ +=1 θ ω ϕ θ ω ϕ

where:

Hi = height of component i (input as A(i) on the OCTABLE command)

Preal(θ,ωi) = real component of the pressure obtained from the hydrodynamic data

Pimag(θ,ωi) = imaginary component of the pressure obtained from the hydrodynamic

data

The pressure from Equation 12.38 (p. 405) is added to other pressure (PRES) loads applied to the SURF154
element. Current is not considered in the pressure calculations, and static pressure is also excluded.

12.8.4. Presence of Both Waves and Current

If both waves and current are present, the question of wave-current interaction must be considered.
Several options are made available via Kcr (input as KCRC on the OCDATA command):

• For Kcr = 0, the current velocity at all points above the mean sea level is simply set equal to Wo, where

Wo is the input current velocity at Z = 0.0. All points below the mean sea level have velocities selected as

though no wave exists.

• For Kcr = 1, the current velocity profile is “stretched” or “compressed” to fit the wave. In equation form,

the Z coordinate location of current measurement is adjusted by

(12.39)s
s′ =

+
+

η
η

where:

Z(j) = Z coordinate location of current measurement (input as Z(j))

′
 = adjusted value of Z(j)

For Kcr = 2, the same adjustment as for Kcr = 1 is used, as well as a second change that accounts for

“continuity.” That is,

(12.40)
�

′ =
+ η

where:

W(j) = velocity of current at this location (input as W(j))

′
 = adjusted value of W(j)
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The velocity options are shown pictorially in Figure 12.29: Velocity Profiles for Wave-Current Interac-
tions (p. 406).

Figure 12.29: Velocity Profiles for Wave-Current Interactions
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An additional Kcr option is available for Kw = 5, 6 or 7. For Kcr = 3, the current velocity is computed by

a nonlinear stretching algorithm as recommended by the API RP2A codes of practice. The relationship
is given by:

s

p

p

= +
+

η

π
λ

π
λ

where λp is the wave length of the wave components corresponding to the peak spectral period.

In the presence of current with wave, some codes of practice require the use of apparent wave period
in the computation of wave kinematics. The apparent period can be calculated iteratively from:

(12.41)
λ λ

a��

I= +

(12.42)���
2 = πλ

π
λ

where:

T = wave period as seen by a stationary observer
Tapp = wave period as seen by an observer moving at velocity VI

VI = effective in-line current speed as recommended by the American Petroleum

Institute ([396] (p. 943)):

0π λ
π λ

π
λcd

+
∫−

, where Uc(z) is the

component of steady current profile at elevation z in the wave direction.

The apparent period calculation is available for Kw = 5, 6 or 7. The calculation is activated by setting

APC = 1 on the OCDATA command
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12.8.5. MacCamy-Fuchs Corrections

When Kw = 0 through 3, the MacCamy-Fuchs adjustment can be requested (OCDATA) to account for

diffraction effects, especially for large-diameter objects with shorter wave lengths.

When the MacCamy-Fuchs option is applied, the following two adjustments occur:

• The coefficient of inertia is adjusted:

′ =
′[ ] + ′[ ]

m m

2

1

2

1

2

π

where:

e=
π
λ�

′ = −o�
�

′ = −��
�

J0 = zero order Bessel function of the first kind

J1 = first-order Bessel function of the first kind

Y0 = zero order Bessel function of the second kind

Y1 = first-order Bessel function of the second kind

• The phase shift is added to ϕi (before the wave-location correction [input via WAVELOC on the OCDATA

command], if used):

ϕ′ ϕi i= +
′
′

arctan

12.8.6. Morison's Equation

For line elements, the hydrodynamic loads are calculated using Morison’s equation for a moving body:

(12.43)w � w w D �= + − + − −ρ ρ ρɺɺ ɺɺ ɺɺ ɺ ɺ ɺ ɺ

where:

{F/L} = vector of loads per-unit-length due to hydrodynamic effects
CD = drag coefficient

ρw = water density (mass/length3)

De = outer pipe diameter when using PIPE288 or PIPE289. For BEAM188 or

BEAM189, De is based on the average of the effective height and width (y or z,
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respectively) (output via the SLIST command). This value can be augmented
by the thicknesses of insulation and biofouling.

A = cross-sectional area of the body (length2). For PIPE288 or PIPE289, this value

is 

π e
2

. For BEAM188 or BEAM189, A is the displaced fluid area (output via the
SLIST command). This value can be augmented by the thickness of insulation.
Ca = added mass coefficient

ɺ ɺɺ  = velocity, acceleration of the structure (u = solved for unknown)

ɺ ɺɺ  = velocity, acceleration of water particle

The first term in Equation 12.43 (p. 407) is the Froude-Krylov force, the second term is the hydrodynamic
mass force, and the third term is the drag force. The Froude-Krylov force and hydrodynamic mass force
can be rearranged for nonrelative accelerations by using the relationship between Ca and CM:

(12.44)w a w M w D �= − + + − −ρ ρ ρɺɺ ɺɺ ɺ ɺ ɺ ɺ

where CM = inertia coefficient (= Ca +1)

The equations of motion for a submerged structure are expressed as:

(12.45)� � � � � � �[ ] + + = − + +ɺɺ ɺ ɺɺ ɺɺ ɺρ ρ ρ −− −ɺ ɺ ɺ

where [M], [C], [K] = structural mass, damping, and stiffness matrix per-unit-length, respectively.

The first term on the right side of Equation 12.45 (p. 408) can be added to the mass matrix, as it is a

function of structural acceleration ( ɺɺ ) only.

(12.46)� � � � 	+[ ] + + = + − −ɺɺ ɺ ɺɺ ɺ ɺ ɺ ɺρ ρ

where [Ma] = added mass matrix 
= ( )( )
 �ρ

per-unit-length, and Ca is input as Cay and Caz

(OCDATA).

Finally, the right side of Equation 12.46 (p. 408) forms the hydrodynamic force vector per-unit-length
{Fhd/L}. The force consists of two normal components and one tangential component in the element

coordinate system. The tangential force includes the drag force only, as no inertial effect exists in that
direction.

(12.47)

hd y

hd z

= − − +ρ ρ� y �y y y y y � �y y
ɺ ɺ ɺ ɺ ɺɺ

== − − +

=

ρ ρ

ρ

� z �z z z z z � �z z

� T

ɺ ɺ ɺ ɺ ɺɺ

hd x � x x x x
ɺ ɺ ɺ ɺ− −

where:
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{Fhd/L}x,y,z = load vector per-unit-length due to hydrodynamic effects in the element x, y, and z dir-

ections
CDy, CDz= coefficient of normal drag (input as CDy and CDz [OCTABLE])

Dey and Dez = outer pipe diameter when using PIPE288 or PIPE289. For BEAM188 or BEAM189, this

value is based on either the effective height or width (y or z, respectively) (output via the SLIST

command).
CMy, CMz = coefficient of inertia in the element normal (y and z) direction (input as CMy and CMz

[OCTABLE])

,
ɺɺ
y z  = normal particle acceleration vector (length/time2)

=
CT = coefficient of tangential (x) drag (input as CT [OCTABLE])

� �
ɺ
x � �  = tangential (x) and normal (y,z) particle velocity vector (length/time)

� �
ɺ
� � �  = tangential (x) and normal (y,z) structure velocity vector (length/time)

To calculate the relative velocities and accelerations, the velocity and acceleration of the fluid particle
and the structure must be available so that one can be subtracted from the other. The fluid particle
velocity and acceleration are computed using relationships such as Equation 12.26 (p. 398) through
Equation 12.29 (p. 398), as well as current effects. The structure velocity is available via the Newmark
time integration logic. (See Transient Analysis (p. 763).)

The integration points along the length of the element match the underlying element and are used to
generate the load vector. Integration points below the mud line are simply bypassed. For elements in-
tersecting the free surface, the integration points are distributed along the wet length only.

The hydrodynamic coefficients (CD, CT, CM) may be defined as fixed numbers (OCTABLE), or as function

of Z level or Reynolds number (via multiple OCTABLE commands).

The definitions of Reynolds number can be expressed in the element coordinate system as:

n n
w e

t t
w e= =ɺ ɺ

ρ

µ

ρ

µ

where:

Ren, Ret = normal and tangential Reynolds number

ɺ ɺ
� �  = vector of normal and tangential particle velocity

µ = viscosity (input as VISC [MP])

Temperature-dependent effects can be included via the MP command, or by specifying the temperature
(Te) on the OCTABLE command with ocean current input (OCTYPE,CURR).

12.9. Nodal and Centroidal Data Evaluation

Area and volume elements normally compute results most accurately at the integration points. The
location of these data, which includes structural stresses, elastic and thermal strains, field gradients,
and fluxes, can then be moved to nodal or centroidal locations for further study. This is done with ex-
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trapolation or interpolation, based on the element shape functions or simplified shape functions given
in Table 12.13: Assumed Data Variation of Stresses (p. 410).

Table 12.13:  Assumed Data Variation of Stresses

Assumed Data Variation
No. Integration

Points
Geometry

a + bs + ct3Triangles

a + bs + ct + dst4Quadrilaterals

a + bs + ct + dr4Tetrahedra

a + bs + ct + dr + est + ftr + gsr + hstr8Hexahedra

where:

a, b, c, d, e, f, g, h = coefficients
s, t, r = element natural coordinates

The extrapolation is done or the integration point results are simply moved to the nodes, based on the
user's request (input on the ERESX command). If material nonlinearities exist in an element, the least
squares fit can cause inaccuracies in the extrapolated nodal data or interpolated centroidal data. These
inaccuracies are normally minor for plasticity, creep, or swelling, but are more pronounced in elements
where an integration point may change status, such as SHELL41, SOLID65, etc.

Adjustments and special cases exist, as follows:

• SOLID90 uses only the eight corner integration points.

• Uniform stress cases, like a constant stress triangle, do not require the above processing.
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Chapter 13: Element Library

This chapter describes the theory underlying each ANSYS element. The explanations are augmented
by references to other sections in this manual as well as external sources.

The table below the introductory figure of each element is complete, except that the Newton-Raphson
load vector is omitted. This load vector always uses the same shape functions and integration points
as the applicable stiffness, conductivity and/or coefficient matrix. Exceptions associated mostly with
some nonlinear line elements are noted with the element description.

13.1. Reserved for Future Use

This section is reserved for future use.

13.2. Not Documented

No detail or element available at this time.

13.3. Reserved for Future Use

This section is reserved for future use.

13.4. Reserved for Future Use

This section is reserved for future use.

13.5. SOLID5 - 3-D Coupled-Field Solid

J

K

O

P

M

I
L

r

N

s

t

Y,v

X,u
Z,w

Integration PointsShape FunctionsMatrix or Vector

2 x 2 x 2Equation 11.226 (p. 353)Magnetic Potential Coeffi-
cient Matrix
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Integration PointsShape FunctionsMatrix or Vector

2 x 2 x 2Equation 11.225 (p. 353)Electrical Conductivity Mat-
rix

2 x 2 x 2Equation 11.224 (p. 353)Thermal Conductivity Matrix

2 x 2 x 2Equation 11.212 (p. 353), Equa-
tion 11.213 (p. 353), and Equa-

Stiffness Matrix and Thermal
Expansion Load Vector

tion 11.214 (p. 353) or, if modified extra
shapes are included (KEYOPT(3) = 0), Equa-
tion 11.227 (p. 354), Equation 11.228 (p. 354),
and Equation 11.229 (p. 354)

2 x 2 x 2Same as combination of stiffness matrix and
conductivity matrix.

Piezoelectric Coupling Mat-
rix

2 x 2 x 2Same as conductivity matrix. Matrix is diag-
onalized as described in 3-D Lines (p. 329)

Specific Heat Matrix

2 x 2 x 2Equation 11.212 (p. 353), Equa-
tion 11.213 (p. 353), and Equa-
tion 11.214 (p. 353)

Mass and Stress Stiffening
Matrices

2 x 2 x 2Same as coefficient or conductivity matrixLoad Vector due to Imposed
Thermal and Electric Gradi-
ents, Heat Generation, Joule
Heating, Magnetic Forces,
Magnetism due to Source
Currents and Permanent
Magnets

2 x 2 x 2Same as stiffness or conductivity matrix
specialized to the surface.

Load Vector due to Convec-
tion Surfaces and Pressures

References: Wilson([38] (p. 922)), Taylor([49] (p. 923)), Coulomb([76] (p. 924)), Mayergoyz([119] (p. 927)),
Gyimesi([141] (p. 928),[149] (p. 929))

13.5.1. Other Applicable Sections

Structures (p. 5) describes the derivation of structural element matrices and load vectors as well as
stress evaluations. Heat Flow (p. 227) describes the derivation of thermal element matrices and load
vectors as well as heat flux evaluations. Derivation of Electromagnetic Matrices (p. 193) discusses the
scalar potential method, which is used by this element. Piezoelectrics (p. 313) discusses the piezoelectric
capability used by the element.

13.6. Reserved for Future Use

This section is reserved for future use.

13.7. Reserved for Future Use

This section is reserved for future use.

13.8. Reserved for Future Use

This section is reserved for future use.
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13.9. INFIN9 - 2-D Infinite Boundary

J

I

s

X

Y

Integration PointsShape FunctionsMatrix or Vector

NoneA = C1 + C2x
Magnetic Potential Coefficient Matrix or
Thermal Conductivity Matrix

References: Kagawa, Yamabuchi and Kitagami([122] (p. 927))

13.9.1. Introduction

This boundary element (BE) models the exterior infinite domain of the far-field magnetic and thermal
problems. This element is to be used in combination with elements having a magnetic potential (AZ)
or temperature (TEMP) as the DOF.

13.9.2. Theory

The formulation of this element is based on a first order infinite boundary element (IBE) that is compatible
with first order quadrilateral or triangular shaped finite elements, or higher order elements with dropped
midside nodes. For unbounded field problems, the model domain is set up to consist of an interior finite
element domain, ΩF, and a series of exterior BE subdomains, ΩB, as shown in Figure 13.1: Definition of

BE Subdomain and the Characteristics of the IBE (p. 414). Each subdomain, ΩB, is treated as an ordinary

BE domain consisting of four segments: the boundary element I-J, infinite elements J-K and I-L, and
element K-L; element K-L is assumed to be located at infinity.
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Figure 13.1:  Definition of BE Subdomain and the Characteristics of the IBE

X

Y
K

L

I

J

r

r
ΩF

ΩB

θ1
θ2

α1α2

ω1
ω2

r2
r1

ΓB

τ1

τ2

η1

η2

The approach used here is to write BE equations for ΩB, and then convert them into equivalent load

vectors for the nodes I and J. The procedure consists of four separate steps that are summarized below
(see reference ([122] (p. 927)) for details).

First, a set of boundary integral equations is written for ΩB. To achieve this, linear shape functions are

used for the BE I-J:

(13.1)1 = −

(13.2)2 = +

Over the infinite elements J-K and I-L the potential (or temperature) φ and its derivative q (flux) are re-
spectively assumed to be:

(13.3)φ φ i
i=









 � = I,J

(13.4)�
�=











�

� � ���

The boundary integral equations are the same as presented in Equation 13.102 (p. 456) except that the
Green's function in this case would be:

(13.5)ξ
π

=










where:

x = field point in boundary element
ξ = source point
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k =

magnetic reluctivity (inverse of free space

permeability iinput on command) for

AZ DOF (KEYOPT(1) = 0)

or

therm

�MUNI�

aal conductivity (input as KXX on

command) for TE�PDOF (

M�

KKEYOPT(1) = 1)



















Note that all the integrations in the present case are performed in closed form.

Second, in the absence of a source or sink in ΩB, the flux q(r) is integrated over the boundary ΓB of ΩB

and set to zero.

(13.6)
B

Γ
Γ
∫ =

Third, a geometric constraint condition that exists between the potential φ and its derivatives

∂
∂

∂
∂

=
φ φ

τ τ���

 at the nodes I and J is written as:

(13.7)� � �
�

�
	 	
= +τ α φ

α

 � �,J

Fourth, the energy flow quantity from ΩB is written as:

(13.8)


= ∫ φ Γ
Γ

This energy flow is equated to that due to an equivalent nodal {F} defined below.

The four steps mentioned above are combined together to yield, after eliminating qn and qτ,

(13.9)φ =

where:

[K] = 2 x 2 equivalent unsymmetric element coefficient matrix
{φ} = 2 x 1 nodal DOFs, AZ or TEMP
{F} = 2 x 1 equivalent nodal force vector

For linear problems, the INFIN9 element forms the coefficient matrix [K] only. The load vector {F} is not
formed. The coefficient matrix multiplied by the nodal DOF's represents the nodal load vector which
brings the effects of the semi-infinite domain ΩB onto nodes I and J.

13.10. Reserved for Future Use

This section is reserved for future use.
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13.11. LINK11 - Linear Actuator

C 

K
I

L  + MSTROKE

J

M/2 M/2

o

Integration PointsShape FunctionsMatrix or Vector

NoneEquation 11.6 (p. 329)Stiffness and Damping Matrices

NoneNone (lumped mass formulation)Mass Matrix

NoneEquation 11.7 (p. 330) and Equa-
tion 11.8 (p. 330)

Stress Stiffness Matrix

13.11.1. Assumptions and Restrictions

The element is not capable of carrying bending or twist loads. The force is assumed to be constant over
the entire element.

13.11.2. Element Matrices and Load Vector

All element matrices and load vectors are described below. They are generated in the element coordinate
system and are then converted to the global coordinate system. The element stiffness matrix is:

(13.10)ℓ =

−

−



























where:

K = element stiffness (input as K on R command)

The element mass matrix is:

(13.11)ℓ =



























where:
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M = total element mass (input as M on R command)

The element damping matrix is:

(13.12)ℓ =

−

−



























where:

C = element damping (input as C on R command)

The element stress stiffness matrix is:

(13.13)ℓ =

−

−

−

−



























where:

F = the axial force in the element (output as FORCE)
L = current element length (output as CLENG)

The element load vector is:

(13.14)ap nr
ℓ ℓ ℓ= −

where:

��
ℓ

= ���lied fo�ce vecto�

��
ℓ =N�w�	
-R��hs	
 �s�	�
g �	��, �� �������b��

The applied force vector is:

(13.15)�� T

ℓ
= ′ − 

where:

F' = applied force thru surface load input using the PRES label

The Newton-Raphson restoring force vector is:

(13.16)�� �
ℓ = − 
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13.11.3. Force, Stroke, and Length

The element spring force is determined from

(13.17)M A= −

where:

F = element spring force (output as FORCE)
SA = applied stroke (output as STROKE) thru surface load input using the PRES label

SM = computed or measured stroke (output as MSTROKE)

The lengths, shown in the figure at the beginning of this section, are:

Lo = initial length (output as ILEN)

Lo + SM = current length (output as CLEN)

13.12. Reserved for Future Use

This section is reserved for future use.

13.13. PLANE13 - 2-D Coupled-Field Solid

K

J

I

t

L

s

X,R,u

Y,v

Integration PointsShape Functions
Geo-

metry
Matrix or Vector

2 x 2Equation 11.123 (p. 341)QuadMagnetic Potential
Coefficient Matrix; and

1 if planar
3 if axisymmetricEquation 11.103 (p. 340)Triangle

Permanent Magnet and
Applied Current Load
Vector

Same as coefficient
matrix

Equation 11.128 (p. 341)QuadThermal Conductivity
Matrix Equation 11.108 (p. 340)Triangle

Same as coefficient
matrix

Equation 11.120 (p. 341) and Equa-
tion 11.121 (p. 341) and, if modifiedQuad

Stiffness Matrix; and
Thermal and Magnetic
Force Load Vector extra shapes are included (KEY-
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Integration PointsShape Functions
Geo-

metry
Matrix or Vector

OPT(2) = 0) and element has 4
unique nodes) Equa-
tion 11.132 (p. 342) and Equa-
tion 11.133 (p. 342).

Equation 11.100 (p. 340) and Equa-
tion 11.101 (p. 340)

Triangle

Same as coefficient
matrix

Equation 11.120 (p. 341) and Equa-
tion 11.121 (p. 341)

Quad
Mass and Stress Stiffness
Matrices Equation 11.100 (p. 340) and Equa-

tion 11.101 (p. 340)
Triangle

Same as coefficient
matrix

Same as conductivity matrix. Matrix is diagonal-
ized as described in Lumped Matrices (p. 391)

Specific Heat Matrix

Same as coefficient
matrix

Equation 11.123 (p. 341) and Equa-
tion 11.129 (p. 341)

Quad
Damping (Eddy Current)
Matrix Equation 11.103 (p. 340) and Equa-

tion 11.109 (p. 340)
Triangle

2
Same as conductivity matrix, specialized to the
surface

Convection Surface
Matrix and Load Vector

2Same as mass matrix specialized to the facePressure Load Vector

DistributionLoad Type

Bilinear across elementCurrent Density

Bilinear across elementCurrent Phase Angle

Bilinear across elementHeat Generation

Linear along each facePressure

References: Wilson([38] (p. 922)), Taylor, et al.([49] (p. 923)), Silvester, et al.([72] (p. 924)),Weiss, et
al.([94] (p. 925)), Garg, et al.([95] (p. 925))

13.13.1. Other Applicable Sections

Structures (p. 5) describes the derivation of structural element matrices and load vectors as well as
stress evaluations. Heat Flow (p. 227) describes the derivation of thermal element matrices and load
vectors as well as heat flux evaluations. Derivation of Electromagnetic Matrices (p. 193) and Electromag-
netic Field Evaluations (p. 200) discuss the magnetic vector potential method, which is used by this
element. The diagonalization of the specific heat matrix is described in Lumped Matrices (p. 391).
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13.14. COMBIN14 - Spring-Damper

J

I

u

I

k

J

k,C

C

Y

X
Z

xθ

v

v

Integration PointsShape Functions[1]OptionMatrix or Vector

NoneEquation 11.6 (p. 329)LongitudinalStiffness and Damping
Matrices NoneEquation 11.18 (p. 330)Torsional

NoneEquation 11.7 (p. 330), and
Equation 11.8 (p. 330)

Longitudinal
Stress Stiffening Matrix

1. There are no shape functions used if the element is input on a one DOF per node basis (KEYOPT(2) > 0)
as the nodes may be coincident.

13.14.1. Types of Input

COMBIN14 essentially offers two types of elements, selected with KEYOPT(2).

1. Single DOF per node (KEYOPT(2) > 0). The orientation is defined by the value of KEYOPT(2) and the two
nodes are usually coincident.

2. Multiple DOFs per node (KEYOPT(2) = 0). The orientation is defined by the location of the two nodes;
therefore, the two nodes must not be coincident.

13.14.2. Stiffness Pass

Consider the case of a single DOF per node first. The orientation is selected with KEYOPT(2). If KEYOPT(2)
= 7 (pressure) or = 8 (temperature), the concept of orientation does not apply. The form of the element
stiffness and damping matrices are:

(13.18)e
=

−

−











(13.19)� v
=

−

−











where:

k = stiffness (input as K on R command)
Cv = Cv1 + Cv2 |v|

Release 15.0 - © SAS IP, Inc. All rights reserved. - Contains proprietary and confidential information
of ANSYS, Inc. and its subsidiaries and affiliates.420

Element Library



Cv1 = constant damping coefficient (input as CV1 on R command)

Cv2 = linear damping coefficient (input as CV2 on R command)

v = relative velocity between nodes computed from the nodal Newmark velocities

In a full harmonic analysis where the stiffness and constant damping coefficients are input as table
parameters, the stiffness (k) and damping (Cv) are interpolated at each frequency step.

Next, consider the case of multiple DOFs per node. Only the case with three DOFs per node will be
discussed, as the case with two DOFs per node is simply a subset. The stiffness, damping, and stress
stiffness matrices in element coordinates are developed as:

(13.20)ℓ =

−

−



























(13.21)vℓ =

−

−



























(13.22)ℓ =

−

−

−

−



























where subscript ℓ  refers to element coordinates.

and where:

F = force in element from previous iteration
L = distance between the two nodes

There are some special notes that apply to the torsion case (KEYOPT(3) = 1):

1. Rotations are simply treated as a vector quantity. No other effects (including displacements) are implied.

2. In a large rotation problem (NLGEOM,ON), the coordinates do not get updated, as the nodes only rotate.
(They may translate on other elements, but this does not affect COMBIN14 with KEYOPT(3) = 1). Therefore,
there are no large rotation effects.

3. Similarly, as there is no axial force computed, no stress stiffness matrix is computed.
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13.14.3. Output Quantities

The stretch is computed as:

(13.23)εo

J I

J I

=

−

−

′ ′

′ ′

if KEYOPT(2) = 0

if KEYOPT(2) = 1

if KEYOPPT(2) = 2

if KEYOPT(2) = 3

if KEYOPT(2) = 4

J I

xJ xI

′ ′

′ ′

−

−θ θ

θθ θ

θ θ

yJ yI

zJ zI

J I

′ ′

′ ′

−

−

−

if KEYOPT(2) = 5

if KEYOPT(2) = 6

if KEYOPT(2) = 7

if KEYOPT(2) = 8J I−















































= �utput as STRETCH

where:

A = (XJ - XI)(uJ - uI) + (YJ - YI)(vJ - vI) + (ZJ - ZI)(wJ - wI)

X, Y, Z = coordinates in global Cartesian coordinates
u, v, w = displacements in global Cartesian coordinates
u', v', w' = displacements in nodal Cartesian coordinates (UX, UY, UZ)

θ θ θ� � �
′ ′ ′ = r������n� �n n�d�l 	�r�e���n c��rd�n��e� 
��X,, ���, ��Z�

P = pressure (PRES)
T = temperatures (TEMP)

If KEYOPT(3) = 1 (torsion), the expression for A has rotation instead of translations, and εo is output as

TWIST. Next, the static force (or torque) is computed:

(13.24)� �= ε

where:

Fs = static force (or torque) (output as FORC (TORQ if KEYOPT(3) = 1))

Finally, if a nonlinear transient dynamic (ANTYPE,TRANS, with TIMINT,ON) analysis is performed, a
damping force is computed:

(13.25)D v=

where:

FD = damping force (or torque) (output as DAMPING FORCE (DAMPING TORQUE if KEYOPT(3)

= 1))
v = relative velocity

relative velocity is computed using Equation 13.23 (p. 422), where the nodal displacements u, v, w, etc.

are replaced with the nodal Newmark velocities 
ɺ ɺ ɺ

 etc.
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13.15. Reserved for Future Use

This section is reserved for future use.

13.16. Reserved for Future Use

This section is reserved for future use.

13.17. Reserved for Future Use

This section is reserved for future use.

13.18. Reserved for Future Use

This section is reserved for future use.

13.19. Reserved for Future Use

This section is reserved for future use.

13.20. Reserved for Future Use

This section is reserved for future use.

13.21. MASS21 - Structural Mass

z

y
x

Z

Y

X

I

M , M , M
I   , I   , I

x y z
xx yy zz

Integration PointsShape FunctionsMatrix or Vector

NoneNoneMass Matrix

The element mass matrix is:

(13.26)e
=
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where:































=

′

′

′

′

′

′































′

′

′

′

′

′































if KEYOPT(1) = 0

iρ ff KEYOPT(1) = 1


























ρ = density (input as DENS on MP command)

where a', b', c', d', e', and f' are user input (input on the R command) in the locations shown in the fol-
lowing table:

KEYOPT(3) = 4KEYOPT(3) = 3KEYOPT(3) = 2KEYOPT(3) = 0

1111a'

1112b'

--13c'

---4d'

---5e'

-2-6f'

For the mass summary, only the first real constant is used, regardless of which option of KEYOPT(3) is
used. The precise mass summary used for three-dimensional models as well as analyses with inertial
relief use the complete matrix.

13.22. Reserved for Future Use

This section is reserved for future use.

13.23. Reserved for Future Use

This section is reserved for future use.

13.24. Reserved for Future Use

This section is reserved for future use.
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13.25. PLANE25 - Axisymmetric-Harmonic 4-Node Structural Solid

L
K

J
I

s

t

tangential

X (radial),u

Y (axial), v

Integration PointsShape FunctionsGeometryMatrix or Vector

2 x 2

Equations Equa-
tion 11.159 (p. 346), Equa-

Quad

Stiffness Matrix and
Thermal Load Vector

tion 11.160 (p. 346) , and Equa-
tion 11.161 (p. 346) or if modified
extra shape functions are in-
cluded (KEYOPT(2) = 0) and ele-
ment has 4 unique nodes:
Equation 11.163 (p. 346), Equa-
tion 11.164 (p. 346) , and Equa-
tion 11.165 (p. 346)

3
Equation 11.151 (p. 345), Equa-
tion 11.152 (p. 345) , and Equa-
tion 11.153 (p. 345)

Triangle

2 x 2
Equation 11.120 (p. 341), Equa-
tion 11.121 (p. 341) , and Equa-
tion 11.122 (p. 341)

Quad

Mass and Stress Stiffness
Matrices

3
Equation 11.100 (p. 340), Equa-
tion 11.101 (p. 340) , and Equa-
tion 11.102 (p. 340)

Triangle

2
Same as stress stiffness matrix, specialized to
the surface

Pressure Load Vector

DistributionLoad Type

Bilinear across element, harmonic around circumferenceElement Temperature

Bilinear across element, harmonic around circumferenceNodal Temperature

Linear along each face, harmonic around circumferencePressure

Reference: Wilson([38] (p. 922)), Zienkiewicz([39] (p. 922)), Taylor([49] (p. 923))
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13.25.1. Other Applicable Sections

Structures (p. 5) describes the derivation of structural element matrices and load vectors as well as
stress evaluations.

13.25.2. Assumptions and Restrictions

The material properties are assumed to be constant around the entire circumference, regardless of

temperature dependent material properties or loading. For ℓ  (input as MODE on MODE command) >

0, the extreme values for combined stresses are obtained by computing these stresses at every 10/ ℓ

degrees and selecting the extreme values.

13.25.3. Use of Temperature

In general, temperatures have two effects on a stress analysis:

1. Temperature dependent material properties.

2. Thermal expansion

In the case of ℓ  = 0, there is no conflict between these two effects. However, if ℓ  > 0, questions arise.
As stated in the assumptions, the material properties may not vary around the circumference, regardless
of the temperature. That is, one side cannot be soft and the other side hard. The input temperature for

ℓ  > 0 varies sinusoidally around the circumference. As no other temperatures are available to the element,
the material properties are evaluated at Tref (input on TREF command). The input temperature can

therefore be used to model thermal bending. An approximate application of this would be a chimney
subjected to solar heating on one side only. A variant on this basic procedure is provided by the tem-
perature KEYOPT (KEYOPT(3) for PLANE25). This variant provides that the input temperatures be used
only for material property evaluation rather than for thermal bending. This second case requires that
αx, αy, and αz (input on MP commands) all be input as zero. An application of the latter case is a

chimney, which is very hot at the bottom and relatively cool at the top, subjected to a wind load.

13.26. Not Documented

No detail or element available at this time.

13.27. MATRIX27 - Stiffness, Damping, or Mass Matrix

Integration PointsShape FunctionsMatrix or Vector

NoneNone
Stiffness, Mass, and Damping
Matrices

13.27.1. Assumptions and Restrictions

All MATRIX27 matrices should normally be positive definite or positive semidefinite (see Positive Definite
Matrices (p. 390) for definition) in order to be valid structural matrices. The only exception to this occurs
when other (positive definite) matrices dominate the involved DOFs and/or sufficient DOFs are removed
by way of imposed constraints, so that the total (structure) matrix is positive definite.
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13.28. SHELL28 - Shear/Twist Panel

L
K

J
I

z

y

x

Y

X
Z

Integration PointsShape FunctionsMatrix or Vector

NoneNone (see reference)Stiffness Matrix

None
None (one-sixth of the mass of each of the IJK,
JKL, KLI, and LIJ subtriangles is put at the nodes)

Mass Matrix

None
No shape functions are used. Rather, the stress
stiffness matrix is developed from the two diag-
onal forces used as spars

Stress Stiffness Matrix

Reference: Garvey([116] (p. 927))

13.28.1. Assumptions and Restrictions

This element is based directly on the reference by Garvey([116] (p. 927)). It uses the idea that shear effects
can be represented by a uniform shear flow and nodal forces in the direction of the diagonals. The
element only resists shear stress; direct stresses will not be resisted.

The shear panel assumes that only shearing stresses are present along the element edges. Similarly,
the twist panel assumes only twisting moment, and no direct moment.

This element does not generate a consistent mass matrix; only the lumped mass matrix is available.

13.28.2. Commentary

The element loses validity when used in shapes other than rectangular. For non-rectangular cases, the
resulting shear stress is nonuniform, so that the patch test cannot be satisfied. Consider a rectangular
element under uniform shear:

Figure 13.2:  Uniform Shear on Rectangular Element
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SHELL28 - Shear/Twist Panel



Then, add a fictional cut at 45° to break the rectangular element into two trapezoidal regions (elements):

Figure 13.3:  Uniform Shear on Separated Rectangular Element

 

As can be seen, shear forces as well as normal forces are required to hold each part of the rectangle in
equilibrium for the case of “uniform shear”. The above discussion for trapezoids can be extended to
parallelograms. If the presumption of uniform shear stress is dropped, it is possible to hold the parts
in equilibrium using only shear stresses along all edges of the quadrilateral (the presumption used by
Garvey) but a truly uniform shear state will not exist.

13.28.3. Output Terms

The stresses are also computed using the approach of Garvey([116] (p. 927)).

When all four nodes lie in a flat plane, the shear flows are related to the nodal forces by:

(13.27)IJ
fl JI IJ

IJ

=
−
ℓ

where:

��
k� = shear ��ow a�ong edge �� (output as SFL��)

FJI = force at node I from node J (output as FJI)

FIJ = force at node J from node I (output as FIJ)

ℓ
IJ = length of edge I-J

The forces in the element z direction (output quantities FZI, FZJ, FZK, FZL) are zero for the flat case.
When the flat element is also rectangular, all shear flows are the same. The stresses are:

(13.28)σxy
��
	


=

where:

σxy = shear stress (output as SXY)

t = thickness (input as THCK on R command)

The logic to compute the results for the cases where all four nodes do not lie in a flat plane or the
element is non-rectangular is more complicated and is not developed here.

The margin of safety calculation is:
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(13.29)s

xy
u

xy
m xy

m
xy
u

xy
m

=
− ≠

σ

σ
σ σ

σ

if both and

if either oor σxy
u =










where:

Ms = margin of safety (output as SMARGN)

σ��
� =������� �	
�l ���� ����� (	��p�� �� SXY(MAX))

σ��
� =������� ����w���� ����� ������  �!"�� �� #ULT �! c�R ����!$%

13.29. FLUID29 - 2-D Acoustic Fluid

L K

J
I

 

t

s

X (or radial)

Y (or axial)

Integration PointsShape FunctionsMatrix or Vector

2 x 2Equation 11.127 (p. 341)
Fluid Stiffness and Mass
Matrices

2
Equation 11.120 (p. 341), Equation 11.121 (p. 341)
, and Equation 11.127 (p. 341) specialized to the
interface

Coupling Stiffness, Mass,
and Damping Matrices
(fluid-structure interface)

13.29.1. Other Applicable Sections

Acoustics (p. 253) describes the derivation of acoustic element matrices and load vectors.
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13.30. FLUID30 - 3-D Acoustic Fluid

J

K

O

P

M

I
L

r

N

s

t

Y

X
Z

Integration PointsShape FunctionsMatrix or Vector

2 x 2 x 2Equation 11.221 (p. 353)
Fluid Stiffness and Mass
Matrices

2 x 2
Equation 11.212 (p. 353), Equation 11.213 (p. 353),
Equation 11.214 (p. 353), and Equa-
tion 11.221 (p. 353) specialized to the interface

Coupling Stiffness and
Mass Matrices (fluid-
structure interface)

None
No shape functions are used. Instead, the area
associated with each node at the interface is
computed for the damping to act upon.

Fluid Damping Matrix
(fluid at fluid-structure
interface)

13.30.1. Other Applicable Sections

Acoustics (p. 253) describes the derivation of acoustic element matrices and load vectors.

13.31. LINK31 - Radiation Link

I

JY

X
Z

Integration PointsShape FunctionsMatrix or Vector

NoneNone (nodes may be coincident)Conductivity Matrix

13.31.1. Standard Radiation (KEYOPT(3) = 0)

The two-surface radiation equation (from Equation 6.14 (p. 231)) that is solved (iteratively) is:
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(13.30)
I J= −σε 4 4

where:

Q = heat flow rate between nodes I and J (output as HEAT RATE)
σ = Stefan-Boltzmann constant (input as SBC on R command)
ε = emissivity (input as EMISSIVITY on R or EMIS on MP command)
F = geometric form factor (input as FORM FACTOR on R command)
A = area of element (input as AREA on R command)
TI, TJ = absolute temperatures at nodes I and J

The program uses a linear equation solver. Therefore, Equation 13.30 (p. 431) is expanded as:

(13.31)
� � � � � �= + + −σε 2 2

and then rewritten as:

(13.32)� n � n � n � n � n � n= + + −− − − −σε , , , , , ,1
�

1
�

1 1

where the subscripts n and n-1 refer to the current and previous iterations, respectively. It is then recast
into finite element form:

(13.33)
�

�

o

� �

� �








=

−

−






















�

�

with

(13.34)	 
 � � � 
 � � �= + +− − − −σε    �
�

�
�

� �

13.31.2. Empirical Radiation (KEYOPT(3) = 1)

The basic equation is:

(13.35)
�= −σε �

instead of Equation 13.30 (p. 431). This form leads to

(13.36)� � � � � � � � �= +














+





− − − −σε

�

�
�

�

�

�
�

�

�

�
�

�

�
�� � � �








instead of Equation 13.34 (p. 431). And, hence the matrix Equation 13.33 (p. 431) becomes:

(13.37)
�

�

�

� �

� �








=

−

−































�

�

�

�

�

�

�

�

 

 

13.31.3. Solution

If the emissivity is input on a temperature dependent basis, Equation 13.34 (p. 431) is rewritten to be:

(13.38)! " # $ # " # $ #= + +− − − −σ β β β β% % % %&
'

&
'

& &
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where:

β εi i i= =

1

3 (� � or J)

ε � �
f= =em�ss�v�ty at n�de � evaluated at tempe�atu�e

�
�

� ���= −

Toff = offset temperature (input on TOFFST command)

Equation 13.36 (p. 431) is handled analogously.

13.32. Reserved for Future Use

This section is reserved for future use.

13.33. LINK33 - 3-D Conduction Bar

J

I

s

Y

X
Z

Integration PointsShape FunctionsMatrix or Vector

NoneEquation 11.13 (p. 330)
Conductivity and Specific Heat
Matrices; and Heat Generation
Load Vector

13.33.1. Other Applicable Sections

Heat Flow (p. 227) describes the derivation of thermal element matrices and load vectors as well as heat
flux evaluations.

13.33.2. Matrices and Load Vectors

The conductivity matrix is:

(13.39)	

 x=

−

−











where:
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A = area (input as AREA on R command)
Kx = conductivity (input as KXX on MP command)

L = distance between nodes

The specific heat matrix is:

(13.40)e
t p=











ρ

where:

ρ = density (input as DENS on MP command)
Cp = specific heat (input as C on MP command)

This specific heat matrix is a diagonal matrix with each diagonal being the sum of the corresponding
row of a consistent specific heat matrix. The heat generation load vector is:

(13.41)� =








ɺɺɺ

where:

ɺɺɺ = h�a� g�n�ra�ion ra�� (in�u� on or command)BF BFE

13.33.3. Output

The output is computed as:

(13.42)x
I J=
−

and

(13.43)=

where:

q = thermal flux (output as THERMAL FLUX)
TI = temperature at node I

TJ = temperature at node J

Q = heat rate (output as HEAT RATE)

13.34. LINK34 - Convection Link

I

JY

X
Z
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Integration PointsShape FunctionsMatrix or Vector

NoneNone (nodes may be coincident)
Conductivity Matrix and
Heat Generation Load
Vector

13.34.1. Conductivity Matrix

The element conductivity (convection) matrix is

(13.44)e
t

f

eff=
−

−











where:

A = area over which element acts (input as AREA on R command)

�

��� = ����c�iv� �ilm co���ici�n�, d��in�d by �qua�ion b�loww

The effective film coefficient is:

(13.45)�

��� � �

� �

=
′

′ +

�	x
��� � 
 KEYOPT(3) = 3


 KEYOPT(3) ≠≠



 3

where:

′ =� p�r���� ���� ����������� ��r� ������� �� �������� ������

Cc = user input constant (input as CC on R command)

The partial film coefficient term is:

(13.46)′ =

=

≠ ≠

≠

�

�

�  

!
"

"

#

$% &

$% & '&*

$% & '&*

0 0

0 0 0

0 0

.

.

.

∆ ∆

∆ ## =








 0

where:

B B

B

=
>

≤



 ≠

+ -/1 2456789:; < >

?@ 2456789:; >

TB = bulk temperature (input as TBULK on SFE command)

A

A

C

=

≠DF GHIJLMNQR S

UV

DF GHIJLMNQR W S XZ[ W \]\
A

C^

^̂
DF GHIJLMNQR W S XZ[ _ \]\

A

C^














H(x) = alternate film coefficient (input on MP,HF command for material x)
me = material number for this element (input on MAT command)

`

gh = jksz{k| }s~z ���}}s�s��� �s�j�� �� ��������� ��zz{��� ����
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∆Tp = Tp,J - Tp,I

Tp,J = temperature from previous iteration at node J

n = exponent on temperature change (input as EN on R command)

∆Tp must be thought of as unitless, even though it is obviously derived from temperatures.

The heat generation load vector is:

(13.47)e =








ɺɺɺ

where:

ɺɺɺ = h�at g�n�ration rat� (input on or command)BF BFE

L = distance between nodes

13.34.2. Output

The output is computed as:

(13.48)
f

�ff
I J= −

where:

Q = heat rate (output as HEAT RATE)
TI = temperature at node I

TJ = temperature at node J

13.35. PLANE35 - 2-D 6-Node Triangular Thermal Solid

K

J

I
L

MN

X,r

Y

L2

L1
L3

Integration PointsShape FunctionsMatrix or Vector

6Equation 11.117 (p. 341)
Conductivity Matrix and
Heat Generation Load
Vector

6
Equation 11.117 (p. 341). If KEYOPT(1) = 1, matrix
is diagonalized as described in Lumped
Matrices (p. 391)

Specific Heat Matrix
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Integration PointsShape FunctionsMatrix or Vector

2Equation 11.117 (p. 341), specialized to the face
Convection Surface
Matrix and Load Vector

13.35.1. Other Applicable Sections

Heat Flow (p. 227) describes the derivation of thermal element matrices and load vectors as well as heat
flux evaluations.

13.36. SOURC36 - Current Source

CUR

DZ

DY
z

y

x

I

J

K

CUR

a) Type 1 -  Coil b) Type 2 -  Bar

z

y

x

I

DZ

DY

K

J

c) Type 3 -  Arc

DZ

DY

y

z

x

I

J

K

CUR

13.36.1. Description

The functionality of SOURC36 is basically one of user convenience. It provides a means of specifying
the necessary data to evaluate the Biot-Savart integral (Equation 5.18 (p. 181)) for the simple current
source configurations, coil, bar and arc. The magnetic field {Hs} that results from this evaluation in turn

becomes a load for the magnetic scalar potential elements (SOLID5, SOLID96 and SOLID98) as discussed
in Electromagnetics (p. 177).
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13.37. COMBIN37 - Control

I
C

M

M

K

F

J

K

L

Control
Nodes

FY

X
Z

I

J

Integration PointsShape FunctionsMatrix or Vector

NoneNone (nodes may be coincident)Stiffness Matrix

NoneNone (lumped mass formulation)Mass Matrix

NoneNoneDamping Matrix

13.37.1. Element Characteristics

COMBIN37 is a nonlinear, 1-D element with two active nodes and one or two control nodes. The element
has spring-damper-sliding capability similar to COMBIN40. The degree of freedom (DOF) for the active
nodes is selected using KEYOPT(3) and the DOF for the control nodes is selected using KEYOPT(2).

The action of the element in the structure is based upon the value of the control parameter (Pcn) (ex-

plained later), On and Of (input as ONVAL and OFFVAL on R command), and the behavior switches

KEYOPT(4) and (5). Figure 13.4: Element Behavior (p. 437) illustrates the behavior of one of the more
common modes of operation of the element. It is analogous to the normal home thermostat during
the winter.

The behavior of all possible combinations of KEYOPT(4) and (5) values is summarized in the following
table. Pcn represents the control parameter (output as CONTROL PARAM). The element is active where

the figure indicates on, and inactive where it indicates off. For some options, the element may be either
on or off for Pcn between On and Of, depending upon the last status change.

Figure 13.4:  Element Behavior

Element
switches
off here Element

remains
offElement

remains
on

Element is on

Element
switches
on here

Time

Pcn

On

Of
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KEYOPT(4) = 0, KEYOPT(5) = 1, and Of > On

KEYOPT(4) = 0, KEYOPT(5) = 0, Of > On:

ON
ONOFF

OFF

O
f

O
n

Pcn

KEYOPT(4) = 0, KEYOPT(5) = 0, Of
≤

On:

ON
ONOFF

OFF

O
f

O
n

Pcn

KEYOPT(4) = 0, KEYOPT(5) = 1, Of > On:

[1]

ON
OFFON

OFF

O
f

O
n

Pcn

KEYOPT(4) = 0, KEYOPT(5) = 1, Of
≤

On:

ON
OFFON

OFF

O
f

O
n

Pcn

KEYOPT(4) = 1, KEYOPT(5) = 1:

OFF ONON

O
f

Pcn
(or    )O

n

O
n

(or    )O
f

KEYOPT(4) = 1, KEYOPT(5) = 0:

ON OFFOFF

O
f

Pcn
(or    )O

n

O
n

(or    )O
f

1. Analogous to Figure 13.4: Element Behavior (p. 437)

13.37.2. Element Matrices

When the element status is ON, the element matrices are:

(13.49)e o=
−

−











(13.50)�

I

J

=










(13.51)� �=
−

−











where:

ko = stiffness (input as STIF on R command)

MI = mass at node I (input as MASI on R command)

MJ = mass at node J (input as MASJ on R command)

Co = damping constant (input as DAMP on R command)

When the element status is OFF, all element matrices are set to zero.
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13.37.3. Adjustment of Real Constants

If KEYOPT(6) > 0, a real constant is to be adjusted as a function of the control parameter as well as
other real constants. Specifically,

(13.52)if KEYOPT(6) = ′ = +o o

(13.53)�� �������	
 = ′ = +� �

(13.54)� ��������� = ′ = +J J

(13.55)�� ������� ! = ′ = +n n

(13.56)"# $%&'*+,-. = ′ = +/ /

(13.57)01 2345789:; = ′ = +A A

(13.58)<= >?@BCDFGH = ′ = +I I

(13.59)LM NQRSUVWXZ = ′ = +[ [

where:

c\
]

c\
]

c\

= +^ _

^ ^ ` _ a

b d
eg hjklmpqrs t u

eg hjkllmpqrs t v







FA = element load (input as AFORCE ON R command)

FS = slider force (input as FSLIDE on RMORE command)

C1, C2, C3, C4 = input constants (input as C1, C2, C3, and C4 on RMORE command)

Pcn = control parameter (defined below)

f1 = function defined by subroutine USERRC

If 
′wx  (or FS, if KEYOPT(6) ≠ 8) is less than zero, it is reset to zero.

13.37.4. Evaluation of Control Parameter

The control parameter is defined as:

(13.60)yz =

{| }~������� � � �� �

{| }~������� � �

{| }~�

�

�
������� � �

{| }~������� � �

{| }~������� � �

�

�

∫




















where:

=
− �� ���� � �� �������

�� ���� � �� ��� ��������
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t = time (input on TIME command)
u = degree of freedom as selected by KEYOPT(2)

The assumed value of the control parameter for the first iteration ( cn
1

) is defined as:

(13.61)��

� f

� =

+
i� S = � or -�

i� S = 0 a�d KEYOPT(2) =

t

t
UNIF 8

all o�her �ases
















where:

St = constant defining starting status where: 1 means ON, -1 means OFF (input as START on R
command)
TUNIF = uniform temperature (input on BFUNIF command)

13.38. FLUID38 - Dynamic Fluid Coupling

r

Outer body

Fluid

Inner Body

z

x

R

R

θ1

2

Integration PointsShape FunctionsMatrix or Vector

None= −










�

	 	 θMass Matrix
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Integration PointsShape FunctionsMatrix or Vector

= −










1

2 2 θ

NoneNot definedDamping Matrix

Reference: Fritz([12] (p. 921))

13.38.1. Description

This element is used to represent a dynamic coupling between two points of a structure. The coupling
is based on the dynamic response of two points connected by a constrained mass of fluid. The points
represent the centerlines of concentric cylinders. The fluid is contained in the annular space between
the cylinders. The cylinders may be circular or have an arbitrary cross-section. The element has two
DOFs per node: translations in the nodal x and z directions. The axes of the cylinders are assumed to
be in the nodal y directions. These orientations may be changed with KEYOPT(6).

13.38.2. Assumptions and Restrictions

1. The motions are assumed to be small with respect to the fluid channel thickness.

2. The fluid is assumed to be incompressible.

3. Fluid velocities should be less than 10% of the speed of sound in the fluid.

4. The flow channel length should be small compared to the wave length for propagating vibratory disturb-
ances (less than about 10%), in order to avoid the possibility of standing wave effects.

13.38.3. Mass Matrix Formulation

The mass matrix formulation used in the element is of the following form:

(13.62)e =





















�� �3

�� �4

3� 33

4� 44

The m values are dependent upon the KEYOPT(3) value selected. For KEYOPT(3) = 0 (concentric cylinder
case):

(13.63)�� �� �
�

�
�

�
�= = +

(13.64)�� �� �� �� �
�

�
�= = = = −

(13.65)		 

 �
�

�
�

�

= = +

where:

=
−

π ρ




�

(Mass L�ngth )

�

ρ = fluid mass density (input as DENS on MP command)
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R1 = radius of inner cylinder (input as R1 on R command)

R2 = radius of outer cylinder (input as R2 on R command)

L = length of cylinders (input as L on R command)

Note that the shape functions are similar to that for PLANE25 with MODE = 1. The element mass used

in the evaluation of the total structure mass is π ρ 2
2

1
2− .

For KEYOPT(3) = 2, which is a generalization of the above cylindrical values but for different geometries,
the m values are as follows:

(13.66)hx�� =

(13.67)���3 3� �= = − +

(13.68)���� � �= + +

(13.69)	z

 =

(13.70)��4 4 �= = − +

(13.71)���� � �= + +

where:

M1 = mass of fluid displaced by the inner boundary (Boundary 1) (input as M1 on R command)

M2 = mass of fluid that could be contained within the outer boundary (Boundary 2) in absence

of the inner boundary (input as M2 on R command)
Mhx, Mhz = hydrodynamic mass for motion in the x and z directions, respectively (input as MHX

and MHZ on R command)

The element mass used in the evaluation of the total structure mass is M2 - M1.

The lumped mass option (LUMPM,ON) is not available.

13.38.4. Damping Matrix Formulation

The damping matrix formulation used in the element is of the following form:

(13.72)e =





















�� ��

�� ��

�� ��

�� ��

The c values are dependent upon the KEYOPT(3) value selected. For KEYOPT(3) = 0:

(13.73)��� ��= = ∆

(13.74)��� ��= = − ∆

(13.75)���   = = ∆

(13.76)!"# #"= = − ∆

where:
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=
+

−

ρ 1
2

1
2

2
2

2 1
3

(Mass Length )

Wx, Wz = estimate of resonant frequencies in the x and z response directions, respectively (input

as WX, WZ on RMORE command)
f = Darcy friction factor for turbulent flow (input as F on R command)
∆x, ∆z = estimate of peak relative amplitudes between inner and outer boundaries for the x
and z motions, respectively (input as DX, DZ on R command)

For KEYOPT(3) = 2, the c values are as follows:

(13.77)x x�� ��= = ∆

(13.78)� ��� ��= = − ∆

(13.79)z z�� 44= = ∆

(13.80)� ��� ��= = − ∆

where:

Cx, Cz = flow and geometry constants for the x and z motions, respectively (input as CX, CZ on

RMORE command)

13.39. COMBIN39 - Nonlinear Spring

I

JY

X
Z

Integration PointsShape Functions[1]OptionMatrix or Vector

NoneEquation 11.15 (p. 330)Longitudinal
Stiffness Matrix

NoneEquation 11.18 (p. 330)Torsional

None
Equation 11.7 (p. 330) and Equa-
tion 11.8 (p. 330)

LongitudinalStress Stiffening Matrix

1. There are no shape functions used if the element is input as a one DOF per node basis (KEYOPT(4) = 0)
as the nodes are coincident.

13.39.1. Input

The user explicitly defines the force-deflection curve for COMBIN39 by the input of discrete points of
force versus deflection. Up to 20 points on the curve may be defined, and are entered as real constants.
The input curve must pass through the origin and must lie within the unshaded regions, if KEYOPT(1)
= 1.
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Figure 13.5:  Input Force-Deflection Curve
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Force

Deflection

The input deflections must be given in ascending order, with the minimum change of deflection of:

(13.81)i i min+ − >1 ∆ �=�,�9

where:

ui = input deflections (input as D1, D2, ... D20 on R or RMORE commands)

∆ �ax ���
��� =

−
7

umax = most positive input deflection

umin = most negative input deflection

13.39.2. Element Stiffness Matrix and Load Vector

During the stiffness pass of a given iteration, COMBIN39 will use the results of the previous iteration to
determine which segment of the input force-deflection curve is active. The stiffness matrix and load
vector of the element are then:

(13.82)e
tg=

−

−











(13.83)�
�r =

−









�

where:

Ktg = slope of active segment from previous iteration (output as SLOPE)
F1 = force in element from previous iteration (output as FORCE)

If KEYOPT(4) > 0, Equation 13.82 (p. 444) and Equation 13.83 (p. 444) are expanded to 2 or 3 dimensions.

During the stress pass, the deflections of the current equilibrium iteration will be examined to see
whether a different segment of the force-deflection curve should be used in the next equilibrium iteration.
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Figure 13.6:  Stiffness Computation

 

Force

Deflection

active segment

1

K

F

tg

1

13.39.3. Choices for Element Behavior

If KEYOPT(2) = 0 and if no force-deflection points are input for deflection less than zero, the points in
the first quadrant are reflected through the origin (Figure 13.7: Input Force-Deflection Curve Reflected
Through Origin (p. 445)).

Figure 13.7:  Input Force-Deflection Curve Reflected Through Origin

 

Force
Defined

Deflection

Reflected

If KEYOPT(2) = 1, there will be no stiffness for the deflection less than zero (Figure 13.8: Force-Deflection
Curve with KEYOPT(2) = 1 (p. 446)).
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Figure 13.8:  Force-Deflection Curve with KEYOPT(2) = 1

 

Force

Zero slope

Deflection

If KEYOPT(1) = 0, COMBIN39 is conservative. This means that regardless of the number of loading reversals,
the element will remain on the originally defined force-deflection curve, and no energy loss will occur
in the element. This also means that the solution is not path-dependent. If, however, KEYOPT(1) = 1,
the element is nonconservative. With this option, energy losses can occur in the element, so that the
solution is path-dependent. The resulting behavior is illustrated in Figure 13.9: Nonconservative Unloading
(KEYOPT(1) = 1) (p. 446).

Figure 13.9:  Nonconservative Unloading (KEYOPT(1) = 1)

 

Force

Deflection
1

2

3

When a load reversal occurs, the element will follow a new force-deflection line passing through the
point of reversal and with slope equal to the slope of the original curve on that side of the origin (0+
or 0-). If the reversal does not continue past the force = 0 line, reloading will follow the straight line
back to the original curve (Figure 13.10: No Origin Shift on Reversed Loading (KEYOPT(1) = 1) (p. 447)).
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Figure 13.10:  No Origin Shift on Reversed Loading (KEYOPT(1) = 1)

 

Force

DeflectionNo origin shift
1

2

3

4

If the reversal continues past the force = 0 line, a type of origin shift occurs, and reloading will follow
a curve that has been shifted a distance uorig (output as UORIG) (Figure 13.11: Origin Shift on Reversed
Loading (KEYOPT(1) = 1) (p. 447)).

Figure 13.11:  Origin Shift on Reversed Loading (KEYOPT(1) = 1)

 

Force

Deflection

Origin shift

1

2

3

4

A special option (KEYOPT(2) = 2) is included to model crushing behavior. With this option, the element
will follow the defined tensile curve if it has never been loaded in compression. Otherwise, it will follow
a reflection through the origin of the defined compressive curve (Figure 13.12: Crush Option (KEYOPT(2)
= 2) (p. 448)).
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Figure 13.12:  Crush Option (KEYOPT(2) = 2)
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13.40. COMBIN40 - Combination

K

I J

M or M/2 M or M/2

c

F

uKY

X
Z

1

2

S

Integration PointsShape FunctionsMatrix or Vector

NoneNone (nodes may be coincident)
Stiffness, Mass, and Damping
Matrices

13.40.1. Characteristics of the Element

The force-deflection relationship for the combination element under initial loading is as shown below
(for no damping).
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Figure 13.13:  Force-Deflection Relationship

F  + F

u  - u  + u

If u      = 0.0

F

F

K + K

K1

If u      = 0.0

 

1 2

S

IJ

gap

2
S

1 2 gap

gap

where:

F1 = force in spring 1 (output as F1)

F2 = force in spring 2 (output as F2)

K1 = stiffness of spring 1 (input as K1 on R command)

K2 = stiffness of spring 2 (input as K2 on R command)

ugap = initial gap size (input as GAP on R command) (if zero, gap capability removed)

uI = displacement at node I

uJ = displacement at node J

FS = force required in spring 1 to cause sliding (input as FSLIDE on R command)

13.40.2. Element Matrices for Structural Applications

The element mass matrix is:

(13.84)e =








 if KEYOPT(6) = 0

(13.85)� =








 �� ������	
� � 1

(13.86) =








 �� ��������� � 2

where:

M = element mass (input as M on R command)

If the gap is open during the previous iteration, all other matrices and load vectors are null vectors.
Otherwise, the element damping matrix is:

(13.87)� =
−

−











where:
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c = damping constant (input as C on R command)

The element stiffness matrix is:

(13.88)e =
−

−











where:

=
+1 2 if slid�r was not sliding in pr�vious it�ration

if2 slid�r was sliding in pr�vious it�ration





and the element Newton-Raphson load vector is:

(13.89)�
�� = +

−







� �

F1 and F2 are the current forces in the element.

13.40.3. Determination of F1 and F2 for Structural Applications

1. If the gap is open,

(13.90)� �+ =

If no sliding has taken place, F1 = F2 = 0.0. However, if sliding has taken place during unidirectional

motion,

(13.91)
�

	
	 


	 


=
+

and thus

(13.92)� �= −

where:

us = amount of sliding (output as SLIDE)

2. If the gap is closed and the slider is sliding,

(13.93)S = ±

and

(13.94)� � �=

where:

u2 = uJ - uI + ugap = output as STR2

3. If the gap is closed and the slider is not sliding, but had slid before,

(13.95)� � �=
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where:

u1 = u2 - us = output as STR1

and

(13.96)2 2 2=

13.40.4. Thermal Analysis

The above description refers to structural analysis only. When this element is used in a thermal analysis,
the conductivity matrix is [Ke], the specific heat matrix is [Ce] and the Newton-Raphson load vector is

e
nr

, where F1 and F2 represent heat flow. The mass matrix [M] is not used. The gap size ugap is the

temperature difference. Sliding, Fslide, is the element heat flow limit for conductor K1.

13.41. SHELL41 - Membrane Shell

L

K

J

I

v

u

st

Y

X
Z

Integration PointsShape FunctionsGeometryMatrix or Vector

2 x 2

Equation 11.69 (p. 337) and
Equation 11.70 (p. 337) and, if

QuadStiffness Matrix; and
Thermal and Normal
Pressure Load Vector

modified extra shape functions
are included (KEYOPT(2) = 0)
and element has 4 unique
nodes Equation 11.82 (p. 338)
and Equation 11.83 (p. 338)

1
Equation 11.49 (p. 336) and
Equation 11.50 (p. 336)

Triangle

2 x 2Equation 11.71 (p. 337)QuadFoundation Stiffness
Matrix 1Equation 11.51 (p. 336)Triangle

2 x 2
Equation 11.69 (p. 337), Equa-
tion 11.70 (p. 337) and Equa-
tion 11.71 (p. 337)

Quad
Mass and Stress Stiffness
Matrices
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Integration PointsShape FunctionsGeometryMatrix or Vector

1
Equation 11.49 (p. 336), Equa-
tion 11.50 (p. 336), and Equa-
tion 11.51 (p. 336)

Triangle

2Same as mass matrix, specialized to the edge
Edge Pressure Load
Vector

DistributionLoad Type

Bilinear in plane of element, constant thru thicknessElement Temperature

Bilinear in plane of element, constant thru thicknessNodal Temperature

Bilinear in plane of element and linear along each edgePressure

References: Wilson([38] (p. 922)), Taylor([49] (p. 923))

13.41.1. Assumptions and Restrictions

There is no out-of-plane bending stiffness.

When the 4-node option of this element is used, it is possible to input these four nodes so they do not
lie in an exact flat plane. This is called a warped element, and such a nodal pattern should be avoided
because equilibrium is lost. The element assumes that the resisting stiffness is at one location (in the
plane defined by the cross product of the diagonals) and the structure assumes that the resisting stiff-
nesses are at other locations (the nodes). This causes an imbalance of the moments. The warping factor
is computed as:

(13.97)φ =

where:

D = component of the vector from the first node to the fourth node parallel to the element
normal
A = element area

A warning message will print out if the warping factor exceeds 0.00004 and a fatal message occurs if
it exceeds 0.04. Rigid offsets are not used.

13.41.2. Wrinkle Option

When the wrinkle option is requested (KEYOPT(1) = 2), the stiffness is removed when the previous iter-
ation is in compression, which is similar to the logic of the gap elements. This is referred to as the
wrinkle option or cloth option. The following logic is used. First, the membrane stresses at each integ-
ration point are resolved into their principal directions so that shear is not directly considered. Then,
three possibilities exist:

1. Both principal stresses are in tension. In this case, the program proceeds with the full stiffness at this
integration point in the usual manner.

2. Both principal stresses are in compression. In this case, the contribution of this integration point to the
stiffness is ignored.
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3. One of the principal stresses is in tension and one is in compression. In this case, the integration point
is treated as an orthotropic material with no stiffness in the compression direction and full stiffness in
the tension direction. Then a tensor transformation is done to convert these material properties to the
element coordinate system. The rest of the development of the element is done in the same manner is
if the option were not used.

13.42. Reserved for Future Use

This section is reserved for future use.

13.43. Reserved for Future Use

This section is reserved for future use.

13.44. Reserved for Future Use

This section is reserved for future use.

13.45. Reserved for Future Use

This section is reserved for future use.

13.46. Reserved for Future Use

This section is reserved for future use.

13.47. INFIN47 - 3-D Infinite Boundary
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Integration PointsShape FunctionsMatrix or Vector

None on the boundary ele-
ment IJK itself, however, 16-

φ φ φ φ= + +

= −

− − + −

=

I I J J K K

I
o

J K K J

K J K J

J

,

o
K I I K

I K I K

K
o

I J J I

−

− − + −

= −

− JJ I J I

o

− + −

= area �f triangle ���

Magnetic Potential
Coefficient Matrix or
Thermal Conductivity
Matrix

point 1-D Gaussian quadrat-
ure is applied for some of
the integration on each of
the edges IJ, JK, and KI of
the infinite elements IJML,
JKNM, and KILN (see Fig-
ure 13.14: A Semi-infinite
Boundary Element Zone and
the Corresponding Bound-
ary Element IJK (p. 454))

Reference: Kaljevic', et al.([130] (p. 928))

13.47.1. Introduction

This boundary element (BE) models the exterior infinite domain of the far-field magnetic and thermal
problems. This element is to be used in combination with 3-D scalar potential solid elements, and can
have magnetic scalar potential (MAG), or temperature (TEMP) as the DOF.

13.47.2. Theory

The formulation of this element is based on a first order triangular infinite boundary element (IBE), but
the element can be used as a 4-node quadrilateral as well. For unbounded field problems, the model
domain is set up to consist of an interior volumetric finite element domain, ΩF, and a series of exterior

volumetric BE subdomains, ΩB, as shown in Figure 13.14: A Semi-infinite Boundary Element Zone and

the Corresponding Boundary Element IJK (p. 454). Each subdomain, ΩB, is treated as an ordinary BE domain

consisting of five segments: the boundary element IJK, infinite elements IJML, JKNM and KILN, and
element LMN; element LMN is assumed to be located at infinity.

Figure 13.14:  A Semi-infinite Boundary Element Zone and the Corresponding Boundary Element
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ΩΩ

Z
L N
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S
X
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The approach used here is to write BE equations for ΩB, and then convert them into equivalent load

vectors for the nodes I, J and K. The procedure consists of four steps that are summarized below (see
(Kaljevic', et al.[130] (p. 928)) for details).

First, a set of boundary integral equations is written for ΩB. To achieve this, the potential (or temperature)

and its normal derivatives (fluxes) are interpolated on the triangle IJK (Figure 13.14: A Semi-infinite
Boundary Element Zone and the Corresponding Boundary Element IJK (p. 454)) by linear shape functions:

(13.98)φ φ φ φI I J J K K= +

(13.99)n � n� � n� � n�= + +

where:

φ = potential (or temperature)

� =
∂
∂

=
φ

�ormal derivative or flux

NI, NJ, NK = linear shape functions defined earlier

φI, φJ, φK = nodal potentials (or temperatures)

qnI, qnJ, qnK = nodal normal derivatives (or fluxes)

n = normal to the surface IJK

Figure 13.15:  Infinite Element IJML and the Local Coordinate System
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Over an infinite element, such as IJML (Figure 13.15: Infinite Element IJML and the Local Coordinate
System (p. 455)), the dependent variables, i.e., potentials (or temperatures) and their normal derivatives
(fluxes) are respectively assumed to be (Figure 13.15: Infinite Element IJML and the Local Coordinate
System (p. 455)):

(13.100)φ β φ φ
ρ

��
�

��
�= −
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(13.101)
IJ

J
IJ

Jτ τ τβ
ρ

= −








 +

































3

where:

τ
φ
τ

=
∂
∂

= normal derivative (or flux) to infinite elements; ee.g., ��ML (see figure above)

qτI, qτJ = nodal (nodes I and J) normal derivatives for infinite element IJML

s = a variable length from node I towards node J
LIJ = length of edge IJ

ρ = radial distance from the origin of the local coordinate system O to the edge IJ
r = radial distance from the edge IJ towards infinity
β = variable angle from x-axis for local polar coordinate system
τ = normal to infinite elements IJML

The boundary integral equations for ΩB are now written as:

(13.102)
B

ξ φ ξ ξ ξ φ= −[ ]∫
Γ

Γ

where:

c(ξ) = jump term in boundary element method

ξ
π

= = G����'� ���c�	
� 
� ���������� �
���	
� �
� ���p��c�'� �q���	
�

ξ ξ=
∂
∂

(x,ξ) = field and source points, respectively
r = distance between field and source points

�������� ����������y �������� �� ���� � ���  ��!��"����y

=

##

��� �� �� ��!!��$# ��� AZ DOF �KEYOPT�1# = 0#

��

��

%&UN*+

����� �� �h��!�� ���$�������y ��� �� �� KXX �� ��!!��$#&-

���� TE�P DOF �KE/OPT�1# = 1#














The integrations in Equation 13.102 (p. 456) are performed in closed form on the boundary element IJK.
The integrations on the infinite elements IJML, JKNM and KILN in the 'r' direction (Figure 13.15: Infinite
Element IJML and the Local Coordinate System (p. 455)) are also performed in closed form. However, a
16-point Gaussian quadrature rule is used for the integrations on each of the edges IJ, JK and KI on the
infinite elements.

Second, in the absence of a source or sink in ΩB, the flux q(r) is integrated over the boundary ΓB of ΩB

and set to zero:

(13.103)
2Γ
∫ =

Release 15.0 - © SAS IP, Inc. All rights reserved. - Contains proprietary and confidential information
of ANSYS, Inc. and its subsidiaries and affiliates.456

Element Library



Third, geometric constraint conditions that exist between the potential φ (or temperature) and its de-

rivatives 

∂

∂
=

φ

n

q�

 and 

∂

∂
=

φ

τ
τ�

 at the nodes I, J and K are written. These conditions would express the
fact that the normal derivative qn at the node I, say, can be decomposed into components along the

normals to the two infinite elements IJML and KILN meeting at I and along OI.

Fourth, the energy flow quantity from ΩB is written as:

(13.104)
B

= ∫
Γ

φ

This energy flow is equated to that due to an equivalent nodal force vector {F} defined below.

The four steps mentioned above are combined together to yield, after eliminating qn and qτ,

(13.105)e�vφ ≡

where:

[K] = 3 x 3 equivalent unsymmetric element coefficient matrix
{φ} = 3 x 1 nodal degrees of freedom, MAG or TEMP
{F}eqv = 3 x 1 equivalent nodal force vector

The coefficient matrix [K] multiplied by the nodal DOF's {φ} represents the equivalent nodal load vector
which brings the effects of the semi-infinite domain ΩB onto nodes I, J and K.

As mentioned in the beginning, the INFIN47 can be used with magnetic scalar potential elements to
solve 3-D magnetic scalar potential problems (MAG degree of freedom). Magnetic scalar potential ele-
ments incorporate three different scalar potential formulations (see Electromagnetic Field Fundament-
als (p. 177)) selected with the MAGOPT command:

1. Reduced Scalar Potential (accessed with MAGOPT,0)

2. Difference Scalar Potential (accessed with MAGOPT,2 and MAGOPT,3)

3. Generalized Scalar Potential (accessed with MAGOPT,1, MAGOPT,2, and then MAGOPT,3)

13.47.3. Reduced Scalar Potential

If there is no “iron” in the problem domain, the reduced scalar potential formulation can be used both
in the FE and the BE regimes. In this case, the potential is continuous across FE-BE interface. If there is
“iron” in the FE domain, the reduced potential formulation is likely to produce “cancellation errors”.

13.47.4. Difference Scalar Potential

If there is “iron” and current in the FE region and the problem domain is singly-connected, we can use
the difference potential formulation in order to avoid cancellation error. The formulation consists of
two-step solution procedures:

1. Preliminary solution in the air domain (MAGOPT, 2)

Here the first step consists of computing a magnetic field {Ho} under the assumption that the mag-

netic permeability of iron is infinity, thereby neglecting any saturation. The reduced scalar potential
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φ is used in FE region and the total scalar potential ψ is used in BE region. In this case, the potential
will be discontinuous across the FE-BE interface. The continuity condition of the magnetic field at
the interface can be written as:

(13.106)−∇ ⋅ = −∇ ⋅ +ψ τ φ τ τs
T

where:

{τ} = tangent vector at the interface along element edge
{Hs} = magnetic field due to current sources

Integrating the above equation along the interface, we obtain

(13.107)ψ φ τp p �
�

p

p

o

= − ∫

If we take ψ = φ at a convenient point po on the interface, then the above equation defines the

potential jump at any point p on the interface. Now, the total potential ψ can be eliminated from
the problem using this equation, leading to the computation of the additional load vector,

(13.108)g =

where:

i �
�

�

�

�

�

= ∫ τ

[K] = coefficient matrix defined with Equation 13.105 (p. 457)

2. Total solution (air and iron) (MAGOPT, 3)

In this step the total field, {H} = {Ho} - ∇ ψ, is computed where {H} is the actual field and {Ho} is the

field computed in step 1 above. Note that the same relation given in Equation 5.39 (p. 184) uses φg

in place of ψ. The total potential ψ is used in both FE and BE regimes. As a result, no potential dis-
continuity exists at the interface, but an additional load vector due to the field {Ho} must be computed.

Since the magnetic flux continuity condition at the interface of air and iron is:

(13.109)µ
ψ

µ
ψ

µI
I

�
A

� �
�∂

∂
−

∂
∂

= −

where:

µo = magnetic permeability of free space (air)

µI = magnetic permeability of iron

The additional load vector may be computed as

(13.110)f 	 	



�

= −∫µ

where:

{N} = weighting functions
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13.47.5. Generalized Scalar Potential

If there is iron and current in the FE domain and the domain is multiply-connected, the generalized
potential formulation can be used. It consists of three different steps.

1. Preliminary solution in the iron domain (MAGOPT, 1). This step computes a preliminary solution in the
iron only. The boundary elements are not used for this step.

2. Preliminary solution in the air domain (MAGOPT, 2). This step is exactly the same as the step 1 of the
difference potential formulation.

3. Total solution (air and iron) (MAGOPT, 3) . This step is exactly the same as the step 2 of the difference
potential formulation.

13.48. Not Documented

No detail or element available at this time.

13.49. Not Documented

No detail or element available at this time.

13.50. MATRIX50 - Superelement (or Substructure)

Degree of Freedom
[K], [M], [C]Y

X
Z

Integration PointsShape FunctionsMatrix or Vector

Same as the constitu-
ent elements

Same as the constituent elements

Stiffness, Conductivity, Stress
Stiffness (used only when added
to the Stiffness Matrix), Convec-
tion Surface Matrices; and Grav-
ity, Thermal and Pressure/Heat
Generation and Convection
Surface Load Vectors

Same as the constitu-
ent elements

Same as the constituent elements re-
duced down to the master degrees of
freedom

Mass/Specific Heat and Damp-
ing Matrices

DistributionLoad Type

As input during generation runElement Temperature and Heat Generation Rate

As input during generation runPressure/Convection Surface Distribution

459
Release 15.0 - © SAS IP, Inc. All rights reserved. - Contains proprietary and confidential information

of ANSYS, Inc. and its subsidiaries and affiliates.

MATRIX50 - Superelement (or Substructure)



13.50.1. Other Applicable Sections

Superelements are discussed in Substructuring Analysis (p. 793).

13.51. Not Documented

No detail or element available at this time.

13.52. Reserved for Future Use

This section is reserved for future use.

13.53. PLANE53 - 2-D 8-Node Magnetic Solid

Y

X,R I

J

K

L

M

N
O

P

s

t

Integration PointsShape FunctionsGeometryMatrix or Vector

2 x 2Equation 11.137 (p. 342)QuadMagnetic Potential Coeffi-
cient Matrix; and Permanent

3Equation 11.115 (p. 341)TriangleMagnet and Applied Current
Load Vectors

Same as coefficient
matrix

Equation 11.137 (p. 342) and
Equation 11.139 (p. 342)

Quad
Damping (Eddy Current)
Matrix Same as coefficient

matrix
Equation 11.115 (p. 341) and
Equation 11.118 (p. 341)

Triangle

DistributionLoad Type

Bilinear across element
Current Density, Voltage
Load and Phase Angle Distri-
bution

References: Silvester et al.([72] (p. 924)), Weiss et al.([94] (p. 925)), Garg et al.([95] (p. 925))

13.53.1. Other Applicable Sections

Derivation of Electromagnetic Matrices (p. 193) has a complete derivation of the matrices and load vectors
of a general magnetic analysis element. Coupled Effects (p. 293) contains a discussion of coupled field
analyses.
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13.53.2. Assumptions and Restrictions

A dropped midside node implies that the edge is straight and that the solution varies linearly along
that edge.

13.53.3. VOLT DOF in 2-D and Axisymmetric Skin Effect Analysis

KEYOPT(1) = 1 can be used to model skin effect problems. The corresponding DOFs are AZ and VOLT.
Here, AZ represents the z- or θ-component of the magnetic vector potential for 2-D or axisymmetric
geometry, respectively. VOLT has different meanings for 2-D and axisymmetric geometry. The difference
is explained below for a transient case.

A skin effect analysis is used to find the eddy current distribution in a massive conductor when a source
current is applied to it. In a general 3-D case, the (total) current density {J} is given by

(13.111)= −
∂
∂

−
∂ ∇
∂

σ σ
ν

where:

ν = (time-integrated) electric scalar potential

Refer to Magnetic Vector Potential Results (p. 201) for definitions of other variables. For a 2-D massive
conductor, the z-component of {J} may be rewritten as:

(13.112)
z

z= −
∂
∂

+
∂ ∇
∂

σ σ
ɶ

where ∆ ɶ  may be termed as the (time-integrated) source voltage drop per unit length and is defined
by:

(13.113)∆ ɶ = − ⋅∇^ ν

For an axisymmetric massive conductor, the θ-component of {J} may be rewritten as

(13.114)θ
θσ

σ
π

= −
∂

∂
+

∂ ∇
∂

ɶ

where the (time-integrated) source voltage drop in a full 2π radius is defined by

(13.115)∆ ɶ = − ⋅∇π θ ν
�

When KEYOPT(1) = 1, the VOLT DOF represents the definition given by Equation 13.113 (p. 461) and
Equation 13.115 (p. 461) for a 2-D and axisymmetric conductor, respectively. Also, all VOLT DOFs in a

massive conductor region must be coupled together so that ∆ ɶ  has a single value.

13.54. Reserved for Future Use

This section is reserved for future use.

461
Release 15.0 - © SAS IP, Inc. All rights reserved. - Contains proprietary and confidential information

of ANSYS, Inc. and its subsidiaries and affiliates.

Reserved for Future Use



13.55. PLANE55 - 2-D Thermal Solid

Y,v

X,R

K
s

J

I

L

t

Integration PointsShape FunctionsGeo-

metry

Matrix or Vector

2 x 2Equation 11.128 (p. 341)QuadConductivity Matrix and Heat
Generation Load Vector 1 if planar

3 if axisymmetric
Equation 11.108 (p. 340)Triangle

Same as conductivity
matrix

Same as conductivity matrix. Matrix
is diagonalized as described in
Lumped Matrices (p. 391).

Specific Heat Matrix

2Same as conductivity matrix evalu-
ated at the face

Convection Surface Matrix and
Load Vector

13.55.1. Other Applicable Sections

Heat Flow (p. 227) describes the derivation of the element matrices and load vectors as well as heat flux
evaluations. SOLID70 - 3-D Thermal Solid (p. 477) describes fluid flow in a porous medium, accessed in
PLANE55 with KEYOPT(9) = 1.

13.55.2. Mass Transport Option

If KEYOPT(8) > 0, the mass transport option is included as described in Heat Flow Fundamentals (p. 227)

with Equation 6.1 (p. 227) and by Ke
tm

 of Equation 6.22 (p. 235). The solution accuracy is dependent on
the element size. The accuracy is measured in terms of the non-dimensional criteria called the element
Peclet number (Gresho([58] (p. 923))):

(13.116)�
p=

ρ

where:

V = magnitude of the velocity vector
L = element length dimension along the velocity vector direction
ρ = density of the fluid (input as DENS on MP command)
Cp = specific heat of the fluid (input as C on MP command)
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K = equivalent thermal conductivity along the velocity vector direction

The terms V, L, and K are explained more thoroughly below:

(13.117)x y= + /2 2 1 2

where:

Vx = fluid velocity (mass transport) in x direction (input as VX on R command)

Vy = fluid velocity (mass transport) in y direction (input as VY on R command)

Length L is calculated by finding the intersection points of the velocity vector which passes through
the element origin and intersects at the element boundaries.

For orthotropic materials, the equivalent thermal conductivity K is given by:

(13.118)� �

� �

=
+

+















�
�

� � �

� �

where:

Kx, Ky = thermal conductivities in the x and y directions (input as KXX and KYY on MP command)

�= =slope of velocit� vector in element coordinate s�stem

�

(if KEYOPT(4) = 0)

For the solution to be physically valid, the following condition has to be satisfied (Gresho([58] (p. 923))):

(13.119)� <

This check is carried out during the element formulation and an error message is printed out if equation
(14.431) is not satisfied. When this error occurs, the problem should be rerun after reducing the element
size in the direction of the velocity vector.

13.56. Not Documented

No detail or element available at this time.

13.57. Reserved for Future Use

This section is reserved for future use.

13.58. Not Documented

No detail or element available at this time.

13.59. Reserved for Future Use

This section is reserved for future use.
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13.60. Reserved for Future Use

This section is reserved for future use.

13.61. SHELL61 - Axisymmetric-Harmonic Structural Shell

I

J

θ

θ

w

u

v

s

X (radial)

Y (axial)

I

J

Integration PointsShape FunctionsMatrix or Vector

3 along length

Equation 11.38 (p. 333), Equation 11.39 (p. 333),
and Equation 11.40 (p. 333). If extra shape func-Stiffness Matrix; and

Thermal and Pressure
Load Vectors

tions are not included (KEYOPT(3) = 1): Equa-
tion 11.35 (p. 332), Equation 11.36 (p. 333), and
Equation 11.37 (p. 333)

Same as stiffness
matrix

Equation 11.32 (p. 331), Equation 11.33 (p. 332),
and Equation 11.34 (p. 332)

Mass and Stress Stiffness
Matrices

DistributionLoad Type

Linear through thickness and along length, harmonic around circumference
Element Temperat-
ure

Constant through thickness, linear along length, harmonic around circum-
ference

Nodal Temperature

Linear along length, harmonic around circumferencePressure

Reference: Zienkiewicz([39] (p. 922))

13.61.1. Other Applicable Sections

Structures (p. 5) discusses fundamentals of linear elements. PLANE25 - Axisymmetric-Harmonic 4-Node
Structural Solid (p. 425) has a discussion on temperature, applicable to this element.

13.61.2. Assumptions and Restrictions

The material properties are assumed to be constant around the entire circumference, regardless of
temperature dependent material properties or loading.

13.61.3. Stress, Force, and Moment Calculations

Element output comes in two forms:
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1. Stresses as well as forces and moments per unit length: This printout is controlled by the KEYOPT(6). The
thru-the-thickness stress locations are shown in Figure 13.16: Stress Locations (p. 465). The stresses are
computed using standard procedures as given in Structural Strain and Stress Evaluations (p. 15). The
stresses may then be integrated thru the thickness to give forces per unit length and moments per unit
length at requested points along the length:

(13.120)x x c
= σ

(13.121)z z �
= σ

(13.122)�� �� �
= σ

(13.123)� � � � �
= −σ σ

2

(13.124)� � � � �
= −σ σ

�

(13.125)	
 	
 � 	
 �
= −σ σ

�

Figure 13.16:  Stress Locations

Y

R, X

y J

φ

�

σ� t

σ� b

σ� �

where:

Tx, Tz, Txz, Mx, Mz, Mxz = resultant forces and moments (output as TX, TZ, TXZ, MX, MZ, MXZ,

respectively)
t = thickness (input as TK(I), TK(J) on R command)
σx, σy, σz, σxz = stresses (output as SX, SY, SZ, and SXZ, respectively)

σ σ σ� � � � � �
= + = � s�ress a� �en�erplane (also nodal lo�a�ionns)

σ� � = � ������ �� � !

σ" # = $ %&'*%% +& -.&&.m

2. Forces and moments on a circumference basis: This printout is controlled by KEYOPT(4). The values are
computed using:
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(13.126)
R

T
e e e

th
e
pr

ℓ = − −

where:

x
�

y
�

z
�

z
�

x
�

y
�

z
�

z
�

�

ℓ = 

, , , , , , , ,1 1 1 1 2 2 2 2 ou��u� as MFO� and MMOM)

[TR] = local to global transformation matrix

[Ke] = element stiffness matrix

{ue} = nodal displacements

�
�� = �l�m�	
 
���ml l�� v�c
��

�
�� = ������� �������� ���� �� ���

Another difference between the two types of output are the nomenclature conventions. Since the first
group of output uses a shell nomenclature convention and the second group of output uses a nodal

nomenclature convention, Mz and !
"

 represent moments in different directions.

The rest of this subsection will describe some of the expected relationships between these two methods
of output at the ends of the element. This is done to give a better understanding of the terms, and
possibly detect poor internal consistency, suggesting that a finer mesh is in order. It is advised to con-
centrate on the primary load carrying mechanisms. In order to relate these two types of output in the
printout, they have to be requested with both KEYOPT(6) > 1 and KEYOPT(4) = 1. Further, care must be
taken to ensure that the same end of the element is being considered.

The axial reaction force based on the stress over an angle ∆β is:

(13.127)#
$ # % # b # % # b

&

%

%

=
+

+
−











−
−
∫

σ σ σ σ
β φ

'

'

∆

or

(13.128)(
* ( + ( -

. ( + ( -
=

+
− −













∆β
σ σ

σ σ φ
/

where:

Rc = radius at midplane

t = thickness

The reaction moment based on the stress over an angle ∆β is:

(13.129)0
3 0 4 0 5 0 4 0 5

6

4

4

=
+

+
−











−
−
∫

σ σ σ σ
β φ

7

7

∆

or

(13.130)8
9 8 : 8 ;

8 : 8 ; <= −
+

+ −












∆β
σ σ φ

σ σ
= >
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Since SHELL61 computes stiffness matrices and load vectors using the entire circumference for

axisymmetric structures, ∆β = 2π. Using this fact, the definition of 
σx c , and Equation 13.120 (p. 465)

and Equation 13.123 (p. 465), Equation 13.128 (p. 466) and Equation 13.130 (p. 466) become:

(13.131)�
r

� � �= −π φ

(13.132)z
�

� � �= − +












2

π
φ

As the definition of φ is critical for these equations, Figure 13.17: Element Orientations (p. 467) is provided
to show φ in all four quadrants.

Figure 13.17:  Element Orientations

J

I

y

�

J

I

y

�

J

I

y

�

J

I

y

�

φ

φ

φ

φ

In a uniform stress (σx) environment, a reaction moment will be generated to account for the greater

material on the outside side. This is equivalent to moving the reaction point outward a distance yf. yf

is computed by:

(13.133)f
�
�

�
�

=

Using Equation 13.131 (p. 467) and Equation 13.132 (p. 467) and setting Mx to zero gives:

(13.134)	
R


= −
�

1�

φ

13.62. Reserved for Future Use

This section is reserved for future use.
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13.63. Reserved for Future Use

This section is reserved for future use.

13.64. Not Documented

No detail or element available at this time.

13.65. SOLID65 - 3-D Reinforced Concrete Solid

J

K

O

P

M

I
L

r

N

s

t

Y,v

X,u
Z,w

Integration PointsShape FunctionsMatrix or Vector

2 x 2 x 2

Equation 11.212 (p. 353), Equation 11.213 (p. 353),
and Equation 11.214 (p. 353), or if modified extra

Stiffness Matrix and
Thermal Load Vector

shape functions are included (KEYOPT(1) = 0)
and element has 8 unique nodes Equa-
tion 11.227 (p. 354), Equation 11.228 (p. 354), and
Equation 11.229 (p. 354)

2 x 2 x 2
Equation 11.212 (p. 353), Equation 11.213 (p. 353),
and Equation 11.214 (p. 353)

Mass Matrix

2 x 2
Equation 11.69 (p. 337) and
Equation 11.70 (p. 337)

Quad

Pressure Load Vector

3
Equation 11.49 (p. 336) and
Equation 11.50 (p. 336)

Triangle

DistributionLoad Type

Trilinear thru elementElement Temperature

Trilinear thru elementNodal Temperature

Bilinear across each facePressure

References: Willam and Warnke([37] (p. 922)), Wilson([38] (p. 922)), Taylor([49] (p. 923))

13.65.1. Assumptions and Restrictions

1. Cracking is permitted in three orthogonal directions at each integration point.
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2. If cracking occurs at an integration point, the cracking is modeled through an adjustment of material
properties which effectively treats the cracking as a “smeared band” of cracks, rather than discrete cracks.

3. The concrete material is assumed to be initially isotropic.

4. Whenever the reinforcement capability of the element is used, the reinforcement is assumed to be
“smeared” throughout the element.

5. In addition to cracking and crushing, the concrete may also undergo plasticity, with the Drucker-Prager
failure surface being most commonly used. In this case, the plasticity is done before the cracking and
crushing checks.

13.65.2. Description

SOLID65 allows the presence of four different materials within each element; one matrix material (e.g.
concrete) and a maximum of three independent reinforcing materials. The concrete material is capable
of directional integration point cracking and crushing besides incorporating plastic and creep behavior.
The reinforcement (which also incorporates creep and plasticity) has uniaxial stiffness only and is assumed
to be smeared throughout the element. Directional orientation is accomplished through user specified
angles.

13.65.3. Linear Behavior - General

The stress-strain matrix [D] used for this element is defined as:

(13.135)i
R

i

N
c

i
R

i

N
r
i

� �

= −












+
= =
∑ ∑
1 1

where:

Nr = number of reinforcing materials (maximum of three, all reinforcement is ignored if M1 is

zero. Also, if M1, M2, or M3 equals the concrete material number, the reinforcement with that

material number is ignored)

�
� = �at�o of volume of �e�nfo���ng mate��al � to total voluume of element (�nput as V�� on �ommand)�

[Dc] = stress-strain matrix for concrete, defined by Equation 13.136 (p. 470)

[Dr]i = stress-strain matrix for reinforcement i, defined by Equation 13.137 (p. 470)

M1, M2, M3 = material numbers associated of reinforcement (input as MAT1, MAT2, and MAT3

on R command)

13.65.4. Linear Behavior - Concrete

The matrix [Dc] is derived by specializing and inverting the orthotropic stress-strain relations defined
by Equation 2.4 (p. 6) to the case of an isotropic material or
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(13.136)
c =

+ −

−

−

−

−

ν ν

ν ν ν

ν ν ν

ν ν ν

ν

−

−



































ν

ν

where:

E = Young's modulus for concrete (input as EX on MP command)
ν = Poisson's ratio for concrete (input as PRXY or NUXY on MP command)

13.65.5. Linear Behavior - Reinforcement

The orientation of the reinforcement i within an element is depicted in Figure 13.18: Reinforcement

Orientation (p. 471). The element coordinate system is denoted by (X, Y, Z) and i
r

i
r

i
r

, ,  describes the
coordinate system for reinforcement type i. The stress-strain matrix with respect to each coordinate

system �
�

�
�

�
�

� �  has the form

(13.137)
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where:

�
� = Young's modulus of �e�nfo�	ement t
pe � (�nput as EX onn 	ommand)MP

It may be seen that the only nonzero stress component is σ��
�

, the axial stress in the 
�

 direction of

reinforcement type i. The reinforcement direction �
�

 is related to element coordinates X, Y, Z through

(13.138)
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where:
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θi = angle between the projection of the i
r

axis on XY plane and the X axis (input as THETA1,

THETA2, and THETA3 on R command)

φi = angle between the �
�

axis and the XY plane (input as PHI1, PHI2, and PHI3 on R command)

ℓ �
�

 = direction cosines between �
�

axis and element X, Y, Z axes

Figure 13.18:  Reinforcement Orientation

Since the reinforcement material matrix is defined in coordinates aligned in the direction of reinforcement
orientation, it is necessary to construct a transformation of the form

(13.139)R
�

� T �
�

�=

in order to express the material behavior of the reinforcement in global coordinates. The form of this
transformation by Schnobrich([29] (p. 922)) is

(13.140)
� =
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where the coefficients aij are defined as
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(13.141)
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The vector 
ℓ ℓ ℓ� � �
� � �

T




  is defined by Equation 13.138 (p. 470) while 

� � �
�

� � �




  and

	 	 	



� � 




  are unit vectors mutually orthogonal to 

ℓ ℓ ℓ� � �
� � �

�




  thus defining a Cartesian co-

ordinate referring to reinforcement directions. If the operations presented by Equation 13.139 (p. 471)
are performed substituting Equation 13.137 (p. 470) and Equation 13.140 (p. 471), the resulting reinforce-
ment material matrix in element coordinates takes the form

(13.142)�
i i

�
d d

�=

where:

�

�

= 



��

�
��
�

��
�

��
�

⋯

Therefore, the only direction cosines used in [DR]i involve the uniquely defined unit vector
ℓ ℓ ℓ� � �
� � �

�




 .

13.65.6. Nonlinear Behavior - Concrete

The matrix material (concrete) is capable of plasticity, creep, cracking and crushing. The concrete mater-
ial model with its cracking and crushing capabilities is discussed in Concrete (p. 155). This material
model predicts either elastic behavior, cracking behavior or crushing behavior. If elastic behavior is
predicted, the concrete is treated as a linear elastic material (discussed above). If cracking or crushing
behavior is predicted, the elastic, stress-strain matrix is adjusted as discussed below for each failure
mode.

13.65.7. Modeling of a Crack

The presence of a crack at an integration point is represented through modification of the stress-strain
relations by introducing a plane of weakness in a direction normal to the crack face. Also, a shear
transfer coefficient βt (constant C1 with TB,CONCR) is introduced which represents a shear strength re-

duction factor for those subsequent loads which induce sliding (shear) across the crack face. The stress-
strain relations for a material that has cracked in one direction only become:
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(13.143)c
ck

t

t
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+

+

− −

− −
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ν
ν ν

β

βt











































where the superscript ck signifies that the stress strain relations refer to a coordinate system parallel

to principal stress directions with the xck axis perpendicular to the crack face. If KEYOPT(7) = 0, Rt = 0.0.

If KEYOPT(7) = 1, Rt is the slope (secant modulus) as defined in the figure below. Rt works with adaptive
descent and diminishes to 0.0 as the solution converges.

Figure 13.19:  Strength of Cracked Condition

E

1 1

6

R

f

T

ck

tc

ε ckε
ε

f

t

t

where:

ft = uniaxial tensile cracking stress (input as C3 with TB,CONCR)

Tc = multiplier for amount of tensile stress relaxation (input as C9 with TB,CONCR, defaults to

0.6)

If the crack closes, then all compressive stresses normal to the crack plane are transmitted across the
crack and only a shear transfer coefficient βc (constant C2 with TB,CONCR) for a closed crack is introduced.

Then �
��

 can be expressed as
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The stress-strain relations for concrete that has cracked in two directions are:

(13.145)�
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If both directions reclose,

(13.146)� �
� �� �

� �

� �

�
�

�
�	 �=

+ −

−

−

−

−


 
 �


 � � �


 � � �


 � � �

� � �

 �

�
�

ν ν

ν ν ν

ν ν ν

ν ν ν

β
ν

��

� � � �

 �

�
�

� � � � �

 �

�

� �

� �

−

−



































ν

β
ν

�

The stress-strain relations for concrete that has cracked in all three directions are:

(13.147)
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If all three cracks reclose, Equation 13.146 (p. 474) is followed. In total there are 16 possible combinations
of crack arrangement and appropriate changes in stress-strain relationships incorporated in SOLID65.
A note is output if 1 >βc >βt >0 are not true.

The transformation of c
ck

 to element coordinates has the form

(13.148)�
�� T

�
�� ��=

where [Tck] has a form identical to Equation 13.140 (p. 471) and the three columns of [A] in Equa-
tion 13.141 (p. 472) are now the principal direction vectors.

The open or closed status of integration point cracking is based on a strain value 
ε
��

��

 called the crack
strain. For the case of a possible crack in the x direction, this strain is evaluated as

(13.149)ε
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where:

ε ε ε

��


��

�
��

��� ����� ���m�l ��mp����� ������� �� �����= �����������

The vector {εck} is computed by:

(13.150)ε ε�� ��= ′

where:

{ε'} = modified total strain (in element coordinates)

{ε'}, in turn, is defined as:

(13.151)′ = + − −−ε ε ε ε ε� �

��
� �

 !
�
"�

1
∆ ∆ ∆

where:

n = substep number

ε
#

$%

− =
&

'()*+,- *+.),/ 0.23 4.'5,26* *6b*+'4

{∆εn} = total strain increment (based on {∆un}, the displacement increment over the substep)

∆ε7
89 = :;<=>?@ A:=?BC BCD=<><C:

∆εE
FG = HIJKLMN KLOJMP MPNOQRQPL

If 
ε
SU

SU

 is less than zero, the associated crack is assumed to be closed.
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If 
ε
ck

ck

 is greater than or equal to zero, the associated crack is assumed to be open. When cracking first
occurs at an integration point, the crack is assumed to be open for the next iteration.

13.65.8. Modeling of Crushing

If the material at an integration point fails in uniaxial, biaxial, or triaxial compression, the material is
assumed to crush at that point. In SOLID65, crushing is defined as the complete deterioration of the
structural integrity of the material (e.g. material spalling). Under conditions where crushing has occurred,
material strength is assumed to have degraded to an extent such that the contribution to the stiffness
of an element at the integration point in question can be ignored.

13.66. Reserved for Future Use

This section is reserved for future use.

13.67. Reserved for Future Use

This section is reserved for future use.

13.68. LINK68 - Coupled Thermal-Electric Line

J

I

s

Y

X
Z

Integration PointsShape FunctionsMatrix or Vector

NoneEquation 11.14 (p. 330)Electrical Conductivity Matrices

NoneEquation 11.13 (p. 330)
Thermal Conductivity and Specific
Heat Matrices; and Heat Generation
Load Vector

Reference: Kohnke and Swanson([19] (p. 921))

13.68.1. Other Applicable Sections

Coupling (p. 293) discusses coupled effects.

13.69. Reserved for Future Use

This section is reserved for future use.
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13.70. SOLID70 - 3-D Thermal Solid

Y

X
Z J

K

O

P

M

I
L

r

N

s

t

Integration PointsShape FunctionsMatrix or Vector

2 x 2 x 2Equation 11.222 (p. 353)
Conductivity Matrix and Heat Gener-
ation Load Vector

Same as conductiv-
ity matrix

Equation 11.222 (p. 353). Matrix is
diagonalized as described in
Lumped Matrices (p. 391)

Specific Heat Matrix

2 x 2
Equation 11.222 (p. 353) specialized
to the face

Convection Surface Matrix and Load
Vector

13.70.1. Other Applicable Sections

Derivation of Heat Flow Matrices (p. 235) has a complete derivation of the matrices and load vectors of
a general thermal analysis element. Mass transport is discussed in PLANE55 - 2-D Thermal Solid (p. 462).

13.70.2. Fluid Flow in a Porous Medium

An option (KEYOPT(7) = 1) is available to convert SOLID70 to a nonlinear steady-state fluid flow element.
Pressure is the variable rather than temperature. From Equation 6.22 (p. 235), the element conductivity
matrix is:

(13.152)e
tb T

vol

= ∫

[B] is defined by Equation 6.22 (p. 235) and for this option, [D] is defined as:
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(13.153)
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where:

K�
∞

 = absolute permeability of the porous medium in the x direction (input as KXX on MP

command)
ρ = mass density of the fluid (input as DENS on MP command)
µ = viscosity of the fluid (input as VISC on MP command)

= ρβ α

β = visco-inertial parameter of the fluid (input as C on MP command)
S = seepage velocity (at centroid from previous iteration, defined below)
α = empirical exponent on S (input as MU on MP command)

For this option, no “specific heat” matrix or “heat generation” load vector is computed.

The pressure gradient components are computed by:

(13.154)
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�
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�
p

e



















=

where:

g�
�

 = pressure gradient in the x-direction (output as PRESSURE GRADIENT (X))
{Te} = vector of element temperatures (pressures)

The pressure gradient is computed from:

(13.155)�
�
�

�
�

	
�= + +2 2 2

where:

gp = total pressure gradient (output as PRESSURE GRADIENT (TOTAL))

The mass flux components are:

(13.156)
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The vector sum of the mass flux components is:

(13.157)x y z= + +2 2 2

where:

f = mass flux (output as MASS FLUX)

The fluid velocity components are:

(13.158)

�

�

�

�

�

�
















=















ρ

where:

Sx = fluid velocity in the x-direction (output as FLUID VELOCITY (X))

and the maximum fluid velocity is:

(13.159)=
ρ

where:

S = total fluid velocity (output as FLUID VELOCITY (TOTAL))

13.71. MASS71 - Thermal Mass

I

Y

X
Z

Integration PointsShape FunctionsMatrix or Vector

NoneNone
Specific Heat Matrix and Heat Gen-
eration Load Vector

13.71.1. Specific Heat Matrix

The specific heat matrix for this element is simply:

(13.160)e
t o=

Co is defined as:

(13.161)
� p

a

=






ρ if KEYOPT(3) = 0

if KEYOPT(3) = 1
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where:

ρ = density (input as DENS on MP command)
Cp = specific heat (input as C on MP command)

vol = volume (input as CON1 on R command)
Ca = capacitance (input as CON1 on R command)

13.71.2. Heat Generation Load Vector

The heat generation load vector is:

(13.162)e
g

q=

where:

�

R

A A
=

+ + +

if � thru � ar� not provid�d

if �

1 6

1� 2 3 5
4 6 thru � ar� provid�d6







QR = heat rate (input as QRATE on MP command)

A1, A2, etc. = constants (input as A1, A2, etc. on R command)

�= + =ℓ �bs�l��	 �	m
	�����	

���
ℓ

ℓ

=
′

��� ����� ���������

��� ��c��� ��� ���������� �����������





Tunif = uniform temperature (input on BFUNIF command)

′Tℓ = temperature from previous iteration
To = offset temperature (input on TOFFST command)

13.72. Reserved for Future Use

This section is reserved for future use.

13.73. Reserved for Future Use

This section is reserved for future use.

13.74. Not Documented

No detail or element available at this time.
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13.75. PLANE75 - Axisymmetric-Harmonic 4-Node Thermal Solid

L
K

J
I

s

t

tangential

X (radial)

Y (axial)

Integration PointsShape FunctionsGeometryMatrix or Vector

2 x 2Equation 11.162 (p. 346)QuadConductivity Matrix and
Heat Generation Load
Vector 3Equation 11.154 (p. 345)Triangle

Same as conductiv-
ity matrix

Same as conductivity matrix. Matrix is diagonal-
ized as described in Lumped Matrices (p. 391)

Specific Heat Matrix

2
Same as conductivity matrix specialized to the
face

Convection Surface
Matrix and Load Vector

13.75.1. Other Applicable Sections

Heat Flow (p. 227) describes the derivation of the element matrices and load vectors as well as heat flux
evaluations.

13.76. Reserved for Future Use

This section is reserved for future use.
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13.77. PLANE77 - 2-D 8-Node Thermal Solid

X,R

Y

I

J

K

L

M

N
O

P

s

t

Integration PointsShape FunctionsGeometryMatrix or Vector

3 x 3Equation 11.138 (p. 342)QuadConductivity Matrix and
Heat Generation Load
Vector 6Equation 11.117 (p. 341)Triangle

Same as conductiv-
ity matrix

Same as conductivity matrix. If KEYOPT(1) = 1,
matrix is diagonalized as described in Lumped
Matrices (p. 391)

Specific Heat Matrix

2
Same as conductivity matrix, specialized to the
face

Convection Surface
Matrix and Load Vector

13.77.1. Other Applicable Sections

Heat Flow (p. 227) describes the derivation of the thermal element matrices and load vectors as well as
heat flux evaluations. If KEYOPT(1) = 1, the specific heat matrix is diagonalized as described in Lumped
Matrices (p. 391).

13.77.2. Assumptions and Restrictions

A dropped midside node implies that the edge is straight and that the temperature varies linearly along
that edge.
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13.78. PLANE78 - Axisymmetric-Harmonic 8-Node Thermal Solid

O
K

JM

L

I

N
P s

t

z

(tangential)

X (radial)

Y (axial)

Integration PointsShape FunctionsGeometryMatrix or Vector

3 x 3Equation 11.169 (p. 347)QuadConductivity Matrix and
Heat Generation Load
Vector 6Equation 11.158 (p. 346)Triangle

Same as conductiv-
ity matrix

Same as conductivity matrix. If KEYOPT(1) = 1,
matrix is diagonalized as described in Lumped
Matrices (p. 391)

Specific Heat Matrix

2Same as stiffness matrix, specialized to the face
Convection Surface
Matrix and Load Vector

13.78.1. Other Applicable Sections

Heat Flow (p. 227) describes the derivation of the thermal element matrices and load vectors as well as
heat flux evaluations.

13.78.2. Assumptions and Restrictions

A dropped midside node implies that the edge is straight and that the temperature varies linearly along
that edge.

13.79. Reserved for Future Use

This section is reserved for future use.

13.80. Reserved for Future Use

This section is reserved for future use.

13.81. Reserved for Future Use

This section is reserved for future use.
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13.82. Reserved for Future Use

This section is reserved for future use.

13.83. PLANE83 - Axisymmetric-Harmonic 8-Node Structural Solid

O K

J
M

L

I

N
P s

t

z

(tangential),w

X (radial),u

Y (axial),v

Integration PointsShape FunctionsGeometryMatrix or Vector

2 x 2
Equation 11.166 (p. 346), Equa-
tion 11.167 (p. 346), and Equa-
tion 11.168 (p. 347)

QuadStiffness, Mass, and
Stress Stiffness Matrices;
and Thermal Load Vec-
tor 3

Equation 11.155 (p. 345), Equa-
tion 11.156 (p. 345), and Equa-
tion 11.157 (p. 345)

Triangle

2Same as stiffness matrix, specialized to the facePressure Load Vector

DistributionLoad Type

Same as shape functions across element, harmonic around circum-
ference

Element Temperature

Same as element temperature distributionNodal Temperature

Linear along each face, harmonic around circumferencePressure

Reference: Zienkiewicz([39] (p. 922))

13.83.1. Other Applicable Sections

Structures (p. 5) describes the derivation of structural element matrices and load vectors as well as
stress evaluations. PLANE25 - Axisymmetric-Harmonic 4-Node Structural Solid (p. 425) has a discussion
of temperature applicable to this element.

13.83.2. Assumptions and Restrictions

A dropped midside node implies that the edge is and remains straight.
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The material properties are assumed to be constant around the entire circumference, regardless of

temperature-dependent material properties or loading. For ℓ  (input as MODE on MODE command) >

0, extreme values for combined stresses are obtained by computing these stresses at every 10/ ℓ  degrees
and selecting the extreme values.

13.84. Not Documented

No detail or element available at this time.

13.85. Reserved for Future Use

This section is reserved for future use.

13.86. Not Documented

No detail or element available at this time.

13.87. SOLID87 - 3-D 10-Node Tetrahedral Thermal Solid

K

R

L

Q
O

P

M
N

J

I

Y

X
Z

Integration PointsShape FunctionsMatrix or Vector

4Equation 11.185 (p. 348)
Conductivity Matrix and
Heat Generation Load
Vector

11
Same as conductivity matrix. If KEYOPT(1) = 1,
the matrix is diagonalized as described in
Lumped Matrices (p. 391)

Specific Heat Matrix

6

Equation 11.185 (p. 348) specialized to the face.
Diagonalized surface matrix if KEYOPT(5) = 0,
consistent surface matrix if KEYOPT(5) = 1

Convection Surface
Matrix and Load Vector
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13.87.1. Other Applicable Sections

Heat Flow (p. 227) describes the derivation of thermal element matrices and load vectors as well as heat
flux evaluations. If KEYOPT(1) = 1, the specific heat matrix is diagonalized as described in Lumped
Matrices (p. 391).

13.88. Reserved for Future Use

This section is reserved for future use.

13.89. Reserved for Future Use

This section is reserved for future use.

13.90. SOLID90 - 3-D 20-Node Thermal Solid

Y

X
Z

L

N

M

P W
O

K
R

J

Y
S

U

X

V

Q

I
T Z

B
A

r

s

t

Integration PointsShape FunctionsGeometryMatrix or Vector

14Equation 11.233 (p. 355)Brick
Conductivity Matrix and
Heat Generation Load
Vector

3 x 3Equation 11.209 (p. 352)Wedge

2 x 2 x 2Equation 11.193 (p. 350)Pyramid

4Equation 11.185 (p. 348)Tet

Same as conductiv-
ity matrix

Same as conductivity matrix. If KEYOPT(1) = 1,
the matrix is diagonalized as described in
Lumped Matrices (p. 391).

Specific Heat Matrix

3 x 3Equation 11.91 (p. 338)QuadConvection Surface
Matrix and Load Vector 6Equation 11.63 (p. 337)Triangle

13.90.1. Other Applicable Sections

Heat Flow (p. 227) describes the derivation of thermal element matrices and load vectors as well as heat
flux evaluations.
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13.91. Reserved for Future Use

This section is reserved for future use.

13.92. Reserved for Future Use

This section is reserved for future use.

13.93. Reserved for Future Use

This section is reserved for future use.

13.94. CIRCU94 - Piezoelectric Circuit

I

J

K

Integration PointsShape FunctionsMatrix or Vector

NoneNone (lumped)Stiffness Matrix

NoneNone (lumped, harmonic analysis only)Damping Matrix

NoneNone (lumped)Load Vector

The piezoelectric circuit element, CIRCU94, simulates basic linear electric circuit components that can
be directly connected to the piezoelectric FEA domain. For details about the underlying theory, see
Wang and Ostergaard([323] (p. 939)). It is suitable for the simulation of circuit-fed piezoelectric transducers,
piezoelectric dampers for vibration control, crystal filters and oscillators etc.

13.94.1. Electric Circuit Elements

CIRCU94 contains 5 linear electric circuit element options:

(KEYOPT(1) = 0)a. Resistor

(KEYOPT(1) = 1)b. Inductor

(KEYOPT(1) = 2)c. Capacitor

(KEYOPT(1) = 3)d. Current Source

(KEYOPT(1) = 4)e. Voltage Source

Options a, b, c, d are defined by two nodes I and J (see figure above), each node having a VOLT DOF.
The voltage source is also characterized by a third node K with CURR DOF to represent an auxiliary
charge variable.
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13.94.2. Piezoelectric Circuit Element Matrices and Load Vectors

The finite element equations for the resistor, inductor, capacitor and current source of CIRCU94 are
derived using the nodal analysis method (McCalla([188] (p. 931))) that enforces Kirchhoff's Current Law
(KCL) at each circuit node. To be compatible with the system of piezoelectric finite element equations
(see Piezoelectrics (p. 313)), the nodal analysis method has been adapted to maintain the charge balance
at each node:

(13.163)=

where:

[K] = stiffness (capacitance) matrix
{V} = vector of nodal voltages (to be determined)
{Q} = load vector of nodal charges

The voltage source is modeled using the modified nodal analysis method (McCalla([188] (p. 931))) in
which the set of unknowns is extended to include electric charge at the auxiliary node K, while the
corresponding entry of the load vector is augmented by the voltage source amplitude. In a transient
analysis, different integration schemes are employed to determine the vector of nodal voltages.

For a resistor, the generalized trapezoidal rule is used to approximate the charge at time step n+1 thus
yielding:

(13.164)=
−

−









 =

θ∆
stiffness matrix

(13.165)
I
�

J
�

=











=

+

+

1

1
�od�l vol��g��

(13.166)
R
�

R
�

=
−










=

+

+

�

�
�	�
��� �c��� ch����

where:

θ = first order time integration parameter (input on TINTP command)
∆t = time increment (input on DELTIM command)
R = resistance

�
�

�
�

�
�+ = − +� θ ∆

�
�

�
�

�
�

�
�+ += + − +� �θ θ∆ ∆

�
� �

�
�
�

+
+ +

=
−�

� �

The constitutive equation for an inductor is of second order with respect to the charge time-derivative,
and therefore the Newmark integration scheme is used to derive its finite element equation:

(13.167)=
−

−









 =

α∆ 2

���  !"�� #$�%�&
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(13.168)
L
n

L
n

=
−










=

+

+

1

1
vector charge

where:

L = inductance

�
�

I
�

J
�

�
�

�
�+ = −









 − + +�

2

α
∆

∆

�
�

�
�

�
�

�
�

�
�

�
�

�
�+ + += − + −









 − + +�

�
� �

�

α α
∆ ∆

∆

	



�



�



�



�



	

+ + += − + − − +  δ δ

∆ ∆

α, δ = Newmark integration parameters (input on TINTP command

A capacitor with nodes I and J is represented by

(13.169)=
−

−









 = s�iff��ss m���ix

(13.170)
C

�

C

�
=

−










=

+

+

�

�
������ ������

where:

C = capacitance

�

�
 
�

!
�

�

�+ = − − +"

#

$
%
$

&
$

%
$

&
$

#

$+ + += − − − +' ' '

For a current source, the [K] matrix is a null matrix, while the charge vector is updated at each time
step as

(13.171)=
−











+

+
S

(

S

(

)

)

where:

*

+

*

+

*

+

*

++ += + − +, ,θ θ∆ ∆

-

.+ =/
03u456 5u44678 98 8:;6 8.</

Note that for the first substep of the first load step in a transient analysis, as well as on the transient
analysis restart, all the integration parameters (θ, α, δ) are set to 1. For every subsequent substep/load
step, ANSYS uses either the default integration parameters or their values input using the TINTP com-
mand.
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In a harmonic analysis, the time-derivative is replaced by jω, which produces

(13.172)= −










−

−









ω

ω2

for a resistor,

(13.173)= −










−

−









�ω

for an inductor, and

(13.174)=
−

−









 = capacitor

where:

j = imaginary unit
ω = angular frequency (input on HARFRQ command)

The element charge vector {Q} is a null vector for all of the above components.

For a current source, the [K] matrix is a null matrix and the charge vector is calculated as

(13.175)=
−







S

S

where:

� �
j=

ω
φ

IS = source current amplitude

φ = source current phase angle (in radians)

Note that all of the above matrices and load vectors are premultiplied by -1 before being assembled
with the piezoelectric finite element equations that use negative electric charge as a through variable
(reaction "force") for the VOLT degree of freedom.

13.95. Reserved for Future Use

This section is reserved for future use.
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13.96. SOLID96 - 3-D Magnetic Scalar Solid

J

K

O

P

M

I

L

r

N

s

t

Y

X
Z

Integration PointsShape FunctionsMatrix or Vector

2 x 2 x 2Equation 11.224 (p. 353)
Magnetic Scalar Potential Coefficient Matrix;
and Load Vector of Magnetism due to Per-
manent Magnets, and Source Currents

References: Coulomb([76] (p. 924)), Mayergoyz([119] (p. 927)), Gyimesi([141] (p. 928),[149] (p. 929))

13.96.1. Other Applicable Sections

Derivation of Electromagnetic Matrices (p. 193) discusses the magnetic scalar potential method used by
this element.

13.97. SOLID97 - 3-D Magnetic Solid

J

K

O

P

M

I
L

r

N

s

t

Y

X
Z
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Integration PointsShape FunctionsMatrix or Vector

2 x 2 x 2
Equation 11.215 (p. 353), Equa-
tion 11.216 (p. 353), and Equa-
tion 11.217 (p. 353)

Magnetic Vector Potential Coef-
ficient Matrix and Load Vector
of Magnetism due to Source
Currents, Permanent Magnets,
and Applied Currents

2 x 2 x 2Equation 11.223 (p. 353)
Electric Potential Coefficient
Matrix

DistributionLoad Type

Trilinearly thru elementCurrent Density, Voltage Load and Phase Angle Distribution

References: Coulomb([76] (p. 924)), Mohammed([118] (p. 927)), Biro et al.([120] (p. 927))

13.97.1. Other Applicable Sections

Derivation of Electromagnetic Matrices (p. 193) and Electromagnetic Field Evaluations (p. 200) contain a
discussion of the 2-D magnetic vector potential formulation which is similar to the 3-D formulation of
this element.

13.98. SOLID98 - Tetrahedral Coupled-Field Solid

K

R

L

Q
O

P

M
N

J

I

Y,u

X,v
Z,w

Integration PointsShape FunctionsMatrix or Vector

4Equation 11.187 (p. 348)
Magnetic Potential Coeffi-
cient Matrix

4Equation 11.186 (p. 348)Electric Conductivity Matrix

4Equation 11.185 (p. 348)Thermal Conductivity Matrix

4
Equation 11.182 (p. 348), Equa-
tion 11.183 (p. 348), and Equa-
tion 11.184 (p. 348)

Stiffness and Mass Matrices;
and Thermal Expansion
Load Vector

4
Same as combination of stiffness matrix and
conductivity matrix

Piezoelectric Coupling Mat-
rix
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Integration PointsShape FunctionsMatrix or Vector

11
Same as conductivity matrix. If KEYOPT(3)
= 1, matrix is diagonalized as described in
Lumped Matrices (p. 391)

Specific Heat Matrix

4Same as coefficient or conductivity matrix

Load Vector due to Imposed
Thermal and Electric Gradi-
ents, Heat Generation, Joule
Heating, Magnetic Forces,
Permanent Magnet and
Magnetism due to Source
Currents

6
Same as stiffness or conductivity matrix,
specialized to the face

Load Vector due to Convec-
tion and Pressures

References: Zienkiewicz([39] (p. 922)), Coulomb([76] (p. 924)), Mayergoyz([119] (p. 927)), Gyimesi([141] (p. 928))

13.98.1. Other Applicable Sections

Structures (p. 5) describes the derivation of structural element matrices and load vectors as well as
stress evaluations. Heat Flow (p. 227) describes the derivation of thermal element matrices and load
vectors as well as heat flux evaluations. Derivation of Electromagnetic Matrices (p. 193) describes the
scalar potential method, which is used by this element. Piezoelectrics (p. 313) discusses the piezoelectric
capability used by the element. If KEYOPT(3) = 1, the specific heat matrix is diagonalized as described
in Lumped Matrices (p. 391). Also, Thermoelectrics (p. 319) discusses the thermoelectric capability.

13.99. Reserved for Future Use

This section is reserved for future use.

13.100. Reserved for Future Use

This section is reserved for future use.

13.101. Reserved for Future Use

This section is reserved for future use.

13.102. Reserved for Future Use

This section is reserved for future use.

13.103. Reserved for Future Use

This section is reserved for future use.

13.104. Reserved for Future Use

This section is reserved for future use.
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13.105. Reserved for Future Use

This section is reserved for future use.

13.106. Reserved for Future Use

This section is reserved for future use.

13.107. Reserved for Future Use

This section is reserved for future use.

13.108. Reserved for Future Use

This section is reserved for future use.

13.109. Reserved for Future Use

This section is reserved for future use.

13.110. INFIN110 - 2-D Infinite Solid

K

J

I

t

L

s(infinite
direction)

X,R,u

Y,v

Integration PointsMapping and Shape FunctionsMatrix or Vector

2 x 2
Equation 11.141 (p. 343), Equa-
tion 11.144 (p. 343), and Equa-
tion 11.145 (p. 343)

Magnetic Potential Coeffi-
cient Matrix

2 x 2
Equation 11.142 (p. 343), Equa-
tion 11.144 (p. 343), and Equa-
tion 11.145 (p. 343)

Thermal Conductivity and
Specific Heat Matrices

2 x 2
Equation 11.143 (p. 343), Equa-
tion 11.144 (p. 343), and Equa-
tion 11.145 (p. 343)

Dielectric Permittivity and
Electrical Conductivity Coef-
ficient Matrices

References: Zienkiewicz et al.([169] (p. 930)), Damjanic' and Owen([170] (p. 930)), Marques and
Owen([171] (p. 930)), Li et al.([172] (p. 930))
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13.110.1. Mapping Functions

The theory for the infinite mapping functions is briefly summarized here. Consider the 1-D situation
shown below:

Figure 13.20:  Global to Local Mapping of a 1-D Infinite Element

J K M

x

x
k

x j

xo

O J K
a a

(in global coordinates)

M
(at infinity)

MAP

(in local coordinates)
t=-1 t=1t=0

r

The 1-D element may be thought of as one edge of the infinite element of Figure 13.21: Mapping of 2-
D Solid Infinite Element (p. 495). It extends from node J, through node K to the point M at infinity and

is mapped onto the parent element defined by the local coordinate system in the range -1 ≤  t ≤  1.

Figure 13.21:  Mapping of 2-D Solid Infinite Element

 

*
*

t

s

M

J

IK

N 8

L

Y

N

X,R

Poles of 
Mapping

Map

8

M

I

J

The position of the "pole", xo, is arbitrary, and once chosen, the location of node K is defined by

(13.176)K J o=

The interpolation from local to global positions is performed as

(13.177)� � � �= +

where:

MJ(t) = -2t/(1 - t)
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MK(t) = 1 - MJ(t)

Examining the above mapping, it can be seen that t = -1, 0, 1 correspond respectively to the global

positions x = xJ, xK, ∞ , respectively.

The basic field variable is:

z

=

Magnetic Vector Potential (accessed with KEYOPT(1) = 0))

Volt (accessed with KEYOPT(1) = 1 or 3)

Temperature (acccessed with KEYOPT(1) = 2)









and can be interpolated using standard shape functions, which when written in polynomial form becomes

(13.178)= + + + + − − − −� � �
�

�
�

Solving Equation 13.177 (p. 495) for t yields

(13.179)= −

where:

r = distance from the pole, O, to a general point within the element
a = xK - xJ as shown in Figure 13.21: Mapping of 2-D Solid Infinite Element (p. 495)

Substituting Equation 13.179 (p. 496) into Equation 13.178 (p. 496) gives

(13.180)= + + + + − − − − −�
� �

�

�

�

Where c0 = 0 is implied since the variable A is assumed to vanish at infinity.

Equation 13.180 (p. 496) is truncated at the quadratic (r2) term in the present implementation. Equa-
tion 13.180 (p. 496) also shows the role of the pole position, O.

In 2-D (Figure 13.21: Mapping of 2-D Solid Infinite Element (p. 495)) mapping is achieved by the shape
function products. The mapping functions and the Lagrangian isoparametric shape functions for 2-D
and axisymmetric 4 node quadrilaterals are given in 2-D and Axisymmetric 4-Node Quadrilateral Infinite
Solids (p. 343). The shape functions for the nodes M and N are not needed as the field variable, A, is
assumed to vanish at infinity.

13.110.2. Matrices

The coefficient matrix can be written as:

(13.181)�
v	


�= ∫

with the terms defined below:

1. Magnetic Vector Potential (accessed with KEYOPT(1) = 0)

[Ke] = magnetic potential coefficient matrix
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o

=








µ

µo = magnetic permeability of free space (input on EMUNIT command)

The infinite elements can be used in magnetodynamic analysis even though these elements do not
compute mass matrices. This is because air has negligible conductivity.

2. Electric Potential (Electric Charge) (accessed with KEYOPT(1) = 1)

[Ke] = dielectric permittivity matrix

x

y

=










ε

ε

εx, εy = dielectric permittivity (input as PERX and PERY on MP command)

e
T

v�l

= = ∫���ctrica� c�nducti�it� matri�

�
�ff

	
�ff

=














σ

σ

σ σ

���


���

,
 = effective electrical conductivity (defined by Equation 5.86 (p. 192))

3. Temperature (accessed with KEYOPT(1) = 2)

[Ke] = thermal conductivity matrix

�

�

=










kx, ky = thermal conductivities in the x and y direction (input as KXX and KYY on MP command)

� �
���

�= = ∫sp������ h��� ������

Cc = ρ Cp

ρ = density of the fluid (input as DENS on MP command)
Cp = specific heat of the fluid (input as C on MP command)

{N} = shape functions given in 2-D and Axisymmetric 4-Node Quadrilateral Infinite Solids (p. 343)

4. Electric Potential (Electric Current) (accessed with KEYOPT(1) = 3)

[Ke] = electrical conductivity matrix

�
 !!

"
 !!

=














σ

σ

σ σ#
$%%

&
$%%

'
 = effective electrical conductivity (defined by Equation 5.86 (p. 192))

(
)

*+-

= = ∫./010234/251 6047/33/8/39 7534/:
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x

y

=










ε

ε

εx, εy = dielectric permittivity (input as PERX and PERY on MP command)

Although it is assumed that the nodal DOFs are zero at infinity, it is possible to solve thermal problems
in which the nodal temperatures tend to some constant value, To, rather than zero. In that case, the

temperature differential, θ (= T - To), may be thought to be posed as the nodal DOF. The actual temper-

ature can then be easily found from T = θ + To. For transient analysis, θ must be zero at infinity t > 0,

where t is time. Neumann boundary condition is automatically satisfied at infinity.

The {Bi} vectors of the [B] matrix in Equation 13.181 (p. 496) contain the derivatives of Ni with respect

to the global coordinates which are evaluated according to

(13.182)i

i

i

i

i

=

∂
∂

∂
∂



























=

∂
∂

∂
∂
















1











where:

[J] = Jacobian matrix which defines the geometric mapping

[J] is given by

(13.183)
�

�
�

�
�

�
�

�
�

= ∑

∂
∂

∂
∂

∂
∂

∂
∂























=�

4

The mapping functions [M] in terms of s and t are given in 2-D and Axisymmetric 4-Node Quadrilateral
Infinite Solids (p. 343). The domain differential d(vol) must also be written in terms of the local coordinates,
so that

(13.184)= =

Subject to the evaluation of {Bi} and d(vol), which involves the mapping functions, the element matrices

[Ke] and [Ce] may now be computed in the standard manner using Gaussian quadrature.
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13.111. INFIN111 - 3-D Infinite Solid

J

K

O

P

M

I
L

r

N

s

t

(infinite
direction)

Y

X
Z

Integration PointsMapping and Shape FunctionsMatrix or Vector

2 x 2 x 2

Equation 11.147 (p. 344), Equation 11.148 (p. 344),
Equation 11.149 (p. 344), Equation 11.150 (p. 344),

Magnetic Scalar Poten-
tial Coefficient, Dielectric

Equation 11.151 (p. 345), and Equa-
tion 11.152 (p. 345)

Permittivity, Electrical
Conductivity Coefficient,
and Thermal Conductiv-
ity Matrices

2 x 2 x 2
Equation 11.147 (p. 344), Equation 11.150 (p. 344),
Equation 11.151 (p. 345), and Equa-
tion 11.152 (p. 345)

Specific Heat Matrix

2 x 2 x 2

Equation 11.144 (p. 343), Equation 11.145 (p. 343),
Equation 11.146 (p. 344), Equation 11.150 (p. 344),Magnetic Vector Poten-

tial Coefficient Matrix Equation 11.151 (p. 345), and Equa-
tion 11.152 (p. 345)

13.111.1. Other Applicable Sections

See INFIN110 - 2-D Infinite Solid (p. 494) for the theoretical development of infinite solid elements. The
derivation presented in INFIN110 - 2-D Infinite Solid (p. 494) for 2-D can be extended to 3-D in a
straightforward manner.

13.112. Reserved for Future Use

This section is reserved for future use.

13.113. Reserved for Future Use

This section is reserved for future use.

13.114. Reserved for Future Use

This section is reserved for future use.
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13.115. Reserved for Future Use

This section is reserved for future use.

13.116. FLUID116 - Coupled Thermal-Fluid Pipe

I

Jt

r
s

L

K

Y

X
Z

L
o

Integration PointsShape FunctionsGeometryMatrix or Vector

NoneEquation 11.13 (p. 330)
Between nodes I
and J

Thermal Conductivity
Matrix

NoneNone

Convection between
nodes I and K and
between nodes J
and L (optional)

NoneEquation 11.12 (p. 330)
Between nodes I
and J

Pressure Conductivity
Matrix

NoneEquation 11.13 (p. 330)
Specific Heat Matrix and
Heat Generation Load
Vector

13.116.1. Assumptions and Restrictions

Transient pressure and compressibility effects are also not included.

13.116.2. Combined Equations

The thermal and pressure aspects of the problem have been combined into one element having two
different types of working variables: temperatures and pressures. The equilibrium equations for one
element have the form of:

(13.185)c

t

c

t

p
























+

ɺ


















=







+












c

g
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where:

[Ct] = specific heat matrix for one channel
{T} = nodal temperature vector

ɺ = vector of variations of nodal temperature with respectt to time

{P} = nodal pressure vector

[Kt] = thermal conductivity matrix for one channel (includes effects of convection and mass
transport)

[Kp] = pressure conductivity matrix for one channel
{Q} = nodal heat flow vector (input as HEAT on F command)
{w} = nodal fluid flow vector (input as FLOW on F command)

{Qg} = internal heat generation vector for one channel
{H} = gravity and pumping effects vector for one channel
Nc = number of parallel flow channels (input as Nc on R command)

13.116.3. Thermal Matrix Definitions

Specific Heat Matrix

The specific heat matrix is a diagonal matrix with each term being the sum of the corresponding row
of a consistent specific heat matrix:

(13.186)
�

�=





















where:

�
� � �=
ρ

ρ

ρ

�

g�� �b�

= =

=

	

	���	 �	���y

(�	�� ��� ���

g��

)) g�� ≠














ρ = mass density (input as DENS on MP command
P = pressure (average of first two nodes)
Tabs = T + TOFFST = absolute temperature

T = temperature (average of first two nodes)
TOFFST = offset temperature (input on TOFFST command)
Cp = specific heat (input as C on MP command)

A = flow cross-sectional area (input as A on R command)
Lo = length of member (distance between nodes I and J)

Rgas = gas constant (input as Rgas on R command)

Thermal Conductivity Matrix
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The thermal conductivity matrix is given by:

(13.187)
t =

+ − − + −

− − + + −

−

−






1 2 4 1 4 2

1 5 1 3 5 3

2 2

3 3
















where:

s
� =

ℓ

Ks = thermal conductivity (input as KXX on MP command)

B2 = h AI

h = film coefficient (defined below)

AI = la�eral area of pipe a��ocia�ed wi�h end � (inpu� a� (A�� �) on command)

(defaul�� �o if KEYOPT(�) = �, defa

R

πDL

�
uul�� �o DL if KEYOPT(�) = �)π

B3 = h AJ

�J = 	
��
	 
�
 �� ���� 
�����
��� ���� ��� � ������ 
� ���� �� �� ����
���

����
�	�� �� �� � !"#$�%� & %' ���


*

π+-

%
��	�� �� +- �� � !"#$�%� & .�π

D = hydraulic diameter (input as D on R command)

/
0 =

67 789: 6; 7<9> ?9@B C F9 ?9@B G

67 789: 6; 7<9> ?9@@B G F9 ?9@B C







H
M =

NQ QSUV NW QXUZ [U\] ^ _U [U\] `

NQ QSUV NW QXUZ [UU\] ` _U [U\] ^







w = mass fluid flow rate in the element

w may be determined by the program or may be input by the user:

(13.188)b g

jkqvxyz{ |}kq v}z~�kx� �yz}�y�k� �| v}z��x}z �� � {z�}zzz k| |}zz{kq

k}

��vxy ����� k� ������ jkqq��{� �| v}z������� xx}z �� �ky � {z�}zz k| |}zz{kq









The above definitions of B4 and B5, as used by Equation 13.187 (p. 502), cause the energy change due

to mass transport to be lumped at the outlet node.

The film coefficient h is defined as:
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(13.189)h =

material property input (HF on MP command) if KEYOPT(4) = 0

or

NuK

D
if KEYOPT(4) = 1

or

table input (TB, HFLM table)

s

iif KEYOPT(4) = 2,3, or 4

or

defined by u�er programmable

featture U�er116Hf
if KEYOPT(4) = 5




















Nu, the Nusselt number, is defined for KEYOPT(4) = 1 as:

(13.190)
� �

= +� �

� �

where:

N1 to N4 = input constants (input on R commands)

= =
µ

R���	
�� �����

µ = viscosity (input as VISC on MP command)

= =�

�

µ
������� ������

A common usage of Equation 13.190 (p. 503) is the Dittus-Boelter correlation for fully developed turbulent
flow in smooth tubes (Holman([55] (p. 923))):

(13.191)�= � 8.

where:

 !
"#$ %&' *+ -/79

"#: %&' ;&&</79





Heat Generation Load Vector

The internal heat generation load vector is due to both average heating effects and viscous damping:

(13.192)
>

?

?=





















where:

@
A

CG vIJ= + Qɺɺɺ π µ

ɺɺɺ = SVWXZV[\ ]X[W ^XVXZ[WS_V Z[WX `XZ jVSW k_\jqX wSV`jW __V _Z x_qq[Vz{|} |}~
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VDF = viscous damping multiplier (input on RMORE command)

Cver = units conversion factor (input on RMORE command)

F = flow type factor =
8.0 if Re 2500.0

0.21420 if Re > 2500.0

≤



v = average velocity

The expression for the viscous damping part of Qn is based on fully developed laminar flow.

13.116.4. Fluid Equations

Bernoulli's equation is:

(13.193)I
I I PMP

J
J J

L
�+ + + = + + +

γ γ γ

� � �

where:

Z = coordinate in the negative acceleration direction
P = pressure
γ = ρg
g = acceleration of gravity
v = velocity
PPMP = pump pressure (input as Pp on R command)

CL = loss coefficient

The loss coefficient is defined as:

(13.194)� = +
ℓ

ℓβ

where:

β = =�x��� ��	
 �	ss ����	�

�� KEYOT(�) � �

	�

�� KEY

�ℓ

ℓ

ℓ
OOT(�) � �














ℓ
a = additional length to account for extra flow losses (input as La on R command)

k = loss coefficient for typical fittings (input as K on R command)
f = Moody friction factor, defined below:

For the first iteration of the first load step,

(13.195)
m m

m

=
≠

=





��

��

where:

fm = input as MU on MP command

For all subsequent iterations
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(13.196)

x

m=

if KEYOPT(7) = 0

if KEYOPT(7) = 1

table input(defined bby TB, FLOW) if KEYOPT(7) = 2,3









The smooth pipe empirical correlation is:

(13.197)� =

< ≤

<












 � 4

or

/

Bernoulli's Equation 13.193 (p. 504) may be simplified for this element, since the cross-sectional area of
the pipe does not change. Therefore, continuity requires all velocities not to vary along the length.
Hence v1 = v2 = va, so that Bernoulli's Equation 13.193 (p. 504) reduces to:

(13.198)I J
I J �M�

�− +
−

+ =
γ γ

�

Writing Equation 13.198 (p. 505) in terms of mass flow rate (w = ρAv), and rearranging terms to match
the second half of Equation 13.185 (p. 500),

(13.199)
�

�
� �ρ ρ

γ�
� �

�
� �

	
	− = + − + −










Since the pressure drop (PI - PJ) is not linearly related to the flow (w), a nonlinear solution will be required.

As the w term may not be squared in the solution, the square root of all terms is taken in a heuristic
way:

(13.200)
�

� 
�

�  ���

ρ ρ
ρ− = + − + −

Defining:

(13.201)c
�

=
ρ

and

(13.202)� � � ���= − + −ρ

Equation 13.200 (p. 505) reduces to:

(13.203)� � � � �− = +

Hence, the pressure conductivity matrix is based on the term 

�

� �−
 and the pressure (gravity and

pumping) load vector is based on the term Bc PL.

Two further points:
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1. Bc is generalized as:

(13.204)c

L

=

ρ
if KEYOPT(6) = 0

input �onstant (input as C on R �ommmand) if KEYOPT(6) = 1

table input (defined by TB,FCON) if KKEYOPT(6) = 2 or 3

defined by user programmable

feature, Useer116Cond

if KEYOPT(6) = 4
















1. (-ZI + ZJ)g is generalized as:

(13.205)− + =I J
�

�∆

where:

{∆x} = vector from node I to node J
{at} = translational acceleration vector which includes effects of angular velocities (see Ac-

celeration Effect (p. 665))

13.117. Reserved for Future Use

This section is reserved for future use.

13.118. Reserved for Future Use

This section is reserved for future use.

13.119. Reserved for Future Use

This section is reserved for future use.

13.120. Reserved for Future Use

This section is reserved for future use.

13.121. PLANE121 - 2-D 8-Node Electrostatic Solid

I

J

K

L

M

N

O

P

s

t

X,R

Y
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Integration PointsShape FunctionsGeometryMatrix or Vector

3 x 3
Equa-
tion 11.139 (p. 342)

QuadDielectric Permittivity and Electrical
Conductivity Coefficient Matrices,
Charge Density Load Vector 3

Equa-
tion 11.118 (p. 341)

Triangle

2
Same as coefficient matrix, special-
ized to the face

Surface Charge Density and Load
Vector

13.121.1. Other Applicable Sections

Electromagnetics (p. 177) describes the derivation of the electrostatic element matrices and load vectors
as well as electric field evaluations.

13.121.2. Assumptions and Restrictions

A dropped midside node implies that the edge is straight and that the potential varies linearly along
that edge.

13.122. SOLID122 - 3-D 20-Node Electrostatic Solid

Y

X
Z

L

N

M

P W
O

K
R

J

Y
S

U

X

V

Q

I

T Z

B
A

r

s

t

Integration PointsShape FunctionsGeometryMatrix or Vector

14Equation 11.234 (p. 355)Brick
Dielectric Permittivity and Elec-
trical Conductivity Coefficient 3 x 3Equation 11.210 (p. 352)Wedge

Matrices, Charge Density Load
Vector

8Equation 11.194 (p. 350)Pyramid

4Equation 11.186 (p. 348)Tet

3 x 3Equation 11.92 (p. 338)QuadSurface Charge Density Load
Vector 6Equation 11.64 (p. 337)Triangle

13.122.1. Other Applicable Sections

Electromagnetics (p. 177) describes the derivation of electrostatic element matrices and load vectors as
well as electric field evaluations.
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13.123. SOLID123 - 3-D 10-Node Tetrahedral Electrostatic Solid

K

R

L

Q
O

P

M
N

J

I

Y

X
Z

Integration PointsShape FunctionsMatrix or Vector

4Equation 11.186 (p. 348)

Dielectric Permittivity and Elec-
trical Conductivity Coefficient
Matrices, Charge Density Load
Vector

6
Equation 11.186 (p. 348) specialized to
the face

Charge Density Surface Load
Vector

13.123.1. Other Applicable Sections

Electromagnetics (p. 177) describes the derivation of electrostatic element matrices and load vectors as
well as electric field evaluations.

13.124. CIRCU124 - Electric Circuit

I

J

K

(a) Independent Circuit Elements (b) Dependent Circuit Elements

I

J

K

L

M

N

Integration PointsShape FunctionsMatrix or Vector

NoneNone (lumped)Stiffness Matrix
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Integration PointsShape FunctionsMatrix or Vector

NoneNone (lumped, harmonic analysis only)Damping Matrix

NoneNone (lumped)Load Vector

13.124.1. Electric Circuit Elements

CIRCU124 contains 13 linear electric circuit element options. These may be classified into two groups:

1. Independent Circuit Element options, defined by 2 or 3 nodes:

Resistor (KEYOPT(1) = 0)

Inductor (KEYOPT(1) = 1)

Capacitor (KEYOPT(1) = 2)

Current Source (KEYOPT(1) = 3)

Voltage Source (KEYOPT(1) = 4)

2. Dependent Circuit Element options, defined by 3, 4, 5, or 6 nodes:

Stranded coil current source (KEYOPT(1) = 5)

2-D massive conductor voltage source (KEYOPT(1) = 6)

3-D massive conductor voltage source (KEYOPT(1) = 7)

Mutual inductor (KEYOPT(1) = 8)

Voltage-controlled current source (KEYOPT(1) = 9)

Voltage-controlled voltage source (KEYOPT(1) = 10)

Current-controlled voltage source (KEYOPT(1) = 11)

Current-controlled current source (KEYOPT(1) = 12)

13.124.2. Electric Circuit Element Matrices

All circuit options in CIRCU124 are based on Kirchhoff's Current Law. These options use stiffness matrices
based on a simple lumped circuit model.

For transient analysis, an inductor with nodes I and J can be presented by:

(13.206)
θ∆ n

J
n

L
n

L
n

1
1

1

1

1− −





















=












+

+

+

+

where:

L = inductance
VI = voltage at node I

VJ = voltage at node J
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∆t = time increment
θ = time integration parameter
n = time step n

L
n

I
n

J
n

L
n+ =

−
− +1 θ ∆

�
�

�
�

�
�

�
�+ + + += − +� � � �θ∆

A capacitor with nodes I and J is represented by:

(13.207)
�
�

�
�

c
�

c
�θ∆

�

�

�

�

−

−






















=

−











+

+

+

+

where:

C = capacitance

	



�



�



	

+ = − − −

−

θ
θ

θ∆

�
�

�
�

�
�

�
�+ + + += +� � � �

θ∆

Similarly, a mutual inductor with nodes I, J, K and L has the following matrix:

(13.208)
θ∆

�

� 2
2

2 2

2 2

� �

� �

−

− −

− −

− −

− −





















�

K

�

�

�

�

�





















=

−

−





















+

+

+

+

�
�

�
�

2
�

2
�






where:

L1 = input side inductance
L2 = output side inductance
M = mutual inductance

�
�
�

�
�

�
�

�
� �

�
�

� �
� � �

+ =
−

−
− − − +

θ ∆

�
 
�

!
�

"
�

#
� �

$
%

% $
$ % $

+ =
−

−
− − + − +

θ ∆

&
'
&

(
&

)
&

*
& &

+
+

+ ,
, ,

+ + + +
+

++ + + + + +=
−

− − − +
θ∆

-
.
-

/
-

0
-

3
- -

4
5

5 4
4

5 5
5

5 5
5

5+ + + + + +=
−

− − + − +
θ∆

For harmonic analysis, the above three circuit element options have only a damping matrix. For an in-
ductor:
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(13.209)−










−

−









2ω

for a capacitor:

(13.210)ω
−

−











and for a mutual inductor:

(13.211)−
−













− −

− −

− −

− −







�

1 �
�

� �

� �

1 1

1 1

ω













13.125. CIRCU125 - Diode
Common Diode Zener Diode

KEYOPT (�) = 0 KEYOPT (�) = �

I I

JJ

Integration PointsShape FunctionsMatrix or Vector

NoneNone (lumped)Stiffness Matrix

NoneNoneDamping Matrix

NoneNone (lumped)Load Vector

13.125.1. Diode Elements

CIRCU125 has two highly nonlinear electric circuit element options:

• Common Diode (KEYOPT(1) = 0)

• Zener Diode (KEYOPT(1) = 1)

The I-V characteristics of common and Zener Diodes are plotted in Figure 13.22: I-V (Current-Voltage)
Characteristics of CIRCU125 (p. 512).

As can be seen, the characteristics of the diodes are approximated by a piece-wise linear curve. The
common diode has two sections corresponding to open and close states. The Zener diode has three
sections corresponding to open, block, and Zener states. The parameters of the piece-wise linear curves
are described by real constants depending on KEYOPT(1) selection.

511
Release 15.0 - © SAS IP, Inc. All rights reserved. - Contains proprietary and confidential information

of ANSYS, Inc. and its subsidiaries and affiliates.

CIRCU125 - Diode



Figure 13.22:  I-V (Current-Voltage) Characteristics of CIRCU125

I I

V
Z

RZ

RB

V V
V

F

RF

V
F

RB

RF

Legend:        =   Forward voltage

                     =   Zener voltage

                     =   Slope of forward resistance

                     =   Slope of blocking resistance

                     =   Slope of Zener resistance

FV

ZV
RF
RB
RZ

(a) Common Diode (b) Zener Diode

13.125.2. Norton Equivalents

The behavior of a diode in a given state is described by the Norton equivalent circuit representation
(see Figure 13.23: Norton Current Definition (p. 513)).

The Norton equivalent conductance, G, is the derivative (steepness) of the I-V curve to a pertinent diode
state. The Norton equivalent current generator, I, is the current where the extension of the linear section
of the I-V curve intersects the I-axis.
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Figure 13.23:  Norton Current Definition

dynamic resitance

I   Norton CurrentN

V

R

I

13.125.3. Element Matrix and Load Vector

The element matrix and load vectors are obtained by using the nodal potential formulation, a circuit
analysis technique which suits perfectly for coupling lumped circuit elements to distributed finite element
models.

The stiffness matrix is:

(13.212)=
−

−











The load vector is:

(13.213)=
−









where:

G and I = Norton equivalents of the diode in the pertinent state of operation.

13.126. TRANS126 - Electromechanical Transducer

I J

Y

X
Z

u
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The line electromechanical transducer element, TRANS126, realizes strong coupling between distributed
and lumped mechanical and electrostatic systems. For details about its theory see Gyimesi and Oster-
gaard([248] (p. 934)). This element is especially suitable for the analysis of Micro Electromechanical Systems
(MEMS): accelerometers, pressure sensors, micro actuators, gyroscopes, torsional actuators, filters, HF
switches, etc.

Figure 13.24:  Electromechanical Transducer

Physical representation

Finite element representation

V

EMT

K

m

m

D

D

+ -

I+

K

See, for example, Figure 13.24: Electromechanical Transducer (p. 514) with a damped spring mass reson-
ator driven by a parallel plate capacitor fed by a voltage generator constituting an electromechanical
system. The left side shows the physical layout of the transducer connected to the mechanical system,
the right side shows the equivalent electromechanical transducer element connected to the mechanical
system.

TRANS126 is a 2 node element each node having a structural (UX, UY or UZ) and an electrical (VOLT)
DOFs. The force between the plates is attractive:

(13.214)= 2

where:

F = force
C = capacitance
x = gap size
V = voltage between capacitor electrodes
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The capacitance can be obtained by using the CMATRIX macro for which the theory is given in Capa-
citance Computation (p. 220).

The current is

(13.215)= +

where:

I = current
t = time

= =








velocity of gap opening

The first term is the usual capacitive current due to voltage change; the second term is the motion in-
duced current.

For small signal analysis:

(13.216)x� x� xx x�= + + + +0 ∆ ∆

(13.217)�� �� �� ��= + + + +� ∆ ∆

where:

F0 = force at the operating point

I0 = current at the operating point

[D] = linearized damping matrices
[K] = linearized stiffness matrices
∆x = gap change between the operating point and the actual solution
∆V = voltage change between the operating point and the actual solution

The stiffness and damping matrices characterize the transducer for small signal prestressed harmonic,
modal and transient analyses.

For large signal static and transient analyses, the Newton-Raphson algorithm is applied with F0 and I0
constituting the Newton-Raphson restoring force and [K] and [D] the tangent stiffness and damping
matrices.

(13.218)�� = = ′′ 2

where:

Kxx = electrostatic stiffness (output as ESTIF)

F = electrostatic force between capacitor plates
V = voltage between capacitor electrodes
C'' = second derivative of capacitance with respect to gap displacement

(13.219)�� = = ′
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where:

Kvv = motion conductivity (output as CONDUCT)

I = current
C' = first derivative of capacitance with respect to gap displacement
v = velocity of gap opening

Definitions of additional post items for the electromechanical transducer are as follows:

(13.220)m =

where:

Pm = mechanical power (output as MECHPOWER)

F = force between capacitor plates
v = velocity of gap opening

(13.221)e =

where:

Pe = electrical power (output as ELECPOWER)

V = voltage between capacitor electrodes
I = current

(13.222)c =
2

where:

Wc = electrostatic energy of capacitor (output as CENERGY)

V = voltage between capacitor electrodes
C = capacitance

(13.223)= �

where:

F = electrostatic force between capacitor plates (output as EFORCE)
C = capacitance
x = gap size

= first d�rivativ� of �apa�itan�� with r�gard to gap

V = voltage between capacitor electrodes

= ��l���� 	��� (�u�
u� �� DVDT)

13.127. Reserved for Future Use

This section is reserved for future use.
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13.128. Reserved for Future Use

This section is reserved for future use.

13.129. FLUID129 - 2-D Infinite Acoustic

x (or radial)

y (or axial)

I

J

R

Integration PointsShape FunctionsMatrix or Vector

2Equation 11.12 (p. 330)Fluid Stiffness and Damping
Matrices

13.129.1. Other Applicable Sections

The mathematical formulation and finite element discretization are presented in FLUID130 - 3-D Infinite
Acoustic (p. 518).
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13.130. FLUID130 - 3-D Infinite Acoustic

x

y

z

I

L

K
J

R

Integration PointsShape FunctionsMatrix or Vector

2 x 2Equation 11.127 (p. 341)
Fluid Stiffness and Damping
Matrices

13.130.1. Mathematical Formulation and F.E. Discretization

The exterior structural acoustics problem typically involves a structure submerged in an infinite, homo-
geneous, inviscid fluid. The fluid is considered linear, meaning that there is a linear relationship between
pressure fluctuations and changes in density. Equation 13.224 (p. 518) is the linearized, lossless wave
equation for the propagation of sound in fluids.

(13.224)∇ = +2

2

ɺɺ Ω

where:

P = pressure
c = speed of sound in the fluid (input as SONC on MP command)

ɺɺ
 = second derivative of pressure with respect to time

Ω
+ = unbounded region occupied by the fluid

In addition to Equation 13.224 (p. 518)), the following Sommerfeld radiation condition (which simply
states that the waves generated within the fluid are outgoing) needs to be satisfied at infinity:

(13.225)
r

r→∞

−
+









 =
ɺ

where:
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r = distance from the origin
Pr = pressure derivative along the radial direction

d = dimensionality of the problem (i.e., d =3 or d =2 if Ω+ is 3-D or 2-D respectively

A primary difficulty associated with the use of finite elements for the modeling of the infinite medium
stems precisely from the need to satisfy the Sommerfeld radiation condition, Equation 13.225 (p. 518).

A typical approach for tackling the difficulty consists of truncating the unbounded domain Ω+ by the
introduction of an absorbing (artificial) boundary Γa at some distance from the structure.

Figure 13.25:  Absorbing Boundary

R

I
L

K
J

Γa

x

y

z

n
Γa

n

J

R

x

I

y

The equation of motion Equation 13.224 (p. 518) is then solved in the annular region Ωf which is bounded
by the fluid-structure interface Γ and the absorbing boundary Γa. In order, however, for the resulting

problem in Ωf to be well-posed, an appropriate condition needs to be specified on Γa. Towards this

end, the following second-order conditions are used (Kallivokas et al.([218] (p. 933))) on Γa:

In two dimensions:

(13.226)n n+ = − + −








 + + +









γ κ

γ
κ κγλλ
2ɺɺ

where:

n = outward normal to Γa

Pn = pressure derivative in the normal direction

Pλλ = pressure derivative along Γa

k = curvature of Γa

γ = stability parameter

In three dimensions:

(13.227)

ɺ ɺɺ ɺ
� �

u

u

v

+ = − + −










+ +








 +






γ
γ

γ
















+ −

v

�
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where:

n = outward normal
u and v = orthogonal curvilinear surface coordinates (e.g., the meridional and polar angles in
spherical coordinates)
Pu, Pv = pressure derivatives in the Γa surface directions

H and K = mean and Gaussian curvature, respectively
E and G = usual coefficients of the first fundamental form

13.130.2. Finite Element Discretization

Following a Galerkin based procedure, Equation 13.224 (p. 518) is multiplied by a virtual quantity δP and

integrated over the annular domain Ωf. By using the divergence theorem on the resulting equation it
can be shown that:

(13.228)2

f f
n a n

� � �

δ δ δ δɺɺ Ω Ω Γ Γ

Ω Ω Γ Γ
∫ ∫ ∫ ∫+ ∇ ⋅∇ − = −

Upon discretization of Equation 13.228 (p. 520), the first term on the left hand side will yield the mass
matrix of the fluid while the second term will yield the stiffness matrix.

Next, the following finite element approximations for quantities on the absorbing boundary Γa placed

at a radius R and their virtual counterparts are introduced:

(13.229)T T( ) ( ) ( )= = =�1
1 1 �

3
(( )�

(13.230)δ δ δ δ δ δ� � �� � � � � � � �= = =� � 	

 
 � �

where:

N1, N2, N3 = vectors of shape functions ( = {N1}, {N2}, {N3})

P, q(1), q(2) = unknown nodal values (P is output as degree of freedom PRES. q(1) and q(2) are
solved for but not output).

Furthermore, the shape functions in Equation 13.229 (p. 520) and Equation 13.230 (p. 520) are set to:

(13.231)�  �= = =

The element stiffness and damping matrices reduce to:

For two dimensional case:

(13.232)�
D

�
e

�
e

�
e

�
e

�
�

�
�

�
�

�
�

�

�

�=

−∫ ∫ ∫

∫

λ λ λ

λ

Γ Γ Γ

Γ

−−

−



























∫

∫ ∫

� �
e

�
e

�
e

�
�

�
�

�
�

λ

λ λ

Γ

Γ Γ
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(13.233)a
D

T
e

T
e

T
e

�
�

�
�

�
�

2 2=












∫

∫

∫

λ

λ

λ

Γ

Γ

Γ





















where:

dλe = arc-length differential

These matrices are 6 x 6 in size, having 2 nodes per element with 3 degrees of freedom per node (P,

q(1), q(2)).

For three dimensional case:

(13.234)�
�

�
�

s s �
�

s � s
�

�
�

�
�

�
�

3

�

� �
=

∇ ⋅∇

∇ ⋅∇ −

∫ ∫

∫

Γ Γ

Γ

∇∇ ⋅∇





















∫ s s �
�

�
�Γ

(13.235)	



�
�

  �
�

�
�

�
�

�

�
=

− ∇ ⋅∇





















∫

∫

Γ

Γ

where:

dAe = area differential

These matrices are 8 x 8 in size, having 4 nodes per element with 2 degrees of freedom per node (P,
q) (Barry et al.([217] (p. 933))).

For axisymmetric case:

(13.236)�
��

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�

�

� �
=

−

∫ ∫

∫
π

λ λ

λ λ

Γ Γ

Γ ΓΓ�
�

∫





















(13.237)�
��

�
�

�
�

�
�

�
�

�

�
=

−





















∫

∫
π

λ

λ

Γ

Γ

where:
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x = radius

These matrices are 4 x 4 in size having 2 nodes per element with 2 degrees of freedom per node (P, q).

13.131. SHELL131 - 4-Node Layered Thermal Shell

Y

Z

X

L

K

J

I

t

r

s

Layer Integration

Points
Layer Shape FunctionsGeometryMatrix or Vector

In-Plane: 2 x 2
In-Plane: Equa-
tion 11.79 (p. 337)3 unknowns per node

per layer (KEYOPT(3) =
0)

Conductivity Matrix,
Heat Generation
Load Vector, and

Thru Thickness: 2
Thru Thickness: Equa-
tion 11.25 (p. 331)

Convection Surface
Matrix and Load
Vector

In-Plane: 2 x 2
In-Plane: Equa-
tion 11.79 (p. 337)2 unknowns per node

per layer (KEYOPT(3) =
1) Thru Thickness: 1Thru Thickness: Equa-

tion 11.13 (p. 330)

In-Plane: 2 x 2
In-Plane: Equa-
tion 11.79 (p. 337)

1 unknown per node
per layer (KEYOPT(3) =
2) Thru Thickness: 1Thru Thickness: Constant

Same as conduct-
ivity matrix

Same as conductivity matrix. Matrix is diagonalized
as described in Lumped Matrices (p. 391)

Specific Heat Matrix

13.131.1. Other Applicable Sections

Heat Flow (p. 227) describes the derivation of the thermal element matrices and load vectors as well as
heat flux evaluations.
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13.132. SHELL132 - 8-Node Layered Thermal Shell

Y

Z

X

L

K

J

I

t
r

s

O

P

N

M

Layer Integra-

tion Points
Layer Shape FunctionsGeometry

Matrix or Vec-

tor

Quad: 3 x 3
Triangle: 3

Equa-
tion 11.91 (p. 338)

In-Plane3 unknowns per
node per layer (KEY-
OPT(3) = 0)Conductivity

Matrix, Heat
Generation
Load Vector,

2
Equa-
tion 11.25 (p. 331)

Thru Thickness

Specific Heat
Matrix and

Quad: 3 x 3
Triangle: 3

Equa-
tion 11.91 (p. 338)

In-Plane2 unknowns per
node per layer (KEY-
OPT(3) = 1)

Convection Sur-
face Matrix and
Load Vector

1Equa-
tion 11.13 (p. 330)

Thru Thickness

Quad: 3 x 3
Triangle: 3

Equa-
tion 11.91 (p. 338)

In-Plane1 unknown per
node per layer (KEY-
OPT(3) = 2)

1ConstantThru Thickness

13.132.1. Other Applicable Sections

Heat Flow (p. 227) describes the derivation of the thermal element matrices and load vectors as well as
heat flux evaluations.

13.133. Reserved for Future Use

This section is reserved for future use.

13.134. Reserved for Future Use

This section is reserved for future use.

13.135. Reserved for Future Use

This section is reserved for future use.
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13.136. FLUID136 - 3-D Squeeze Film Fluid Element

X,R

Y

I

J

K

L

M

N
O

P

s

t

Integration

Points
Shape FunctionsGeometryMatrix or Vector

2 x 2 (4-node)
Equa-
tion 11.78 (p. 337)

Quad, if KEYOPT(2) = 0
Conductivity Matrix and Ve-
locity Load Vector

3 x 3 (8-node)
Equa-
tion 11.107 (p. 340)

Quad, if KEYOPT(2) = 1

Same as con-
ductivity matrix

Same as conductivity matrix. If KEYOPT(1) = 1,
matrix is diagonalized as described in Lumped
Matrices (p. 391)

Damping Matrix

13.136.1. Other Applicable Sections

Squeeze Film Theory (p. 245) describes the governing squeeze film equations used as a basis for forming
the element matrices.

13.136.2. Assumptions and Restrictions

A dropped midside node implies that the edge is straight and that the pressure varies linearly along
that edge.

13.137. Reserved for Future Use

This section is reserved for future use.
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13.138. FLUID138 - 3-D Viscous Fluid Link Element

J

I

s

Y

X
Z

Integration PointsShape FunctionsMatrix or Vector

NoneEquation 11.12 (p. 330)Pressure and Damping Matrices

13.138.1. Other Applicable Sections

Squeeze Film Theory (p. 245) describes the governing squeeze film equations used as a basis for forming
the element matrices.

525
Release 15.0 - © SAS IP, Inc. All rights reserved. - Contains proprietary and confidential information

of ANSYS, Inc. and its subsidiaries and affiliates.

FLUID138 - 3-D Viscous Fluid Link Element



13.139. FLUID139 - 3-D Slide Film Fluid Element
KEYOPT(2)=0 and KEYOPT(3)=0

First wall

First wall

First wall

KEYOPT(2)=1 and KEYOPT(3)=0

KEYOPT(2)=1 and KEYOPT(3)=1

Node I

Node I

Node I

Node J

Node J

Node J

Second wall

Second wall

I

I

I

J

I+1 I+2 I+3 I+29 I+30 I+31 I+32

Lm

Second wall

I+32 = J

I+1 I+2 I+3 I+29 I+30 I+31 I+32

TK

TK

TK

Integration PointsShape FunctionsMatrix or Vector

NoneAnalytical Formula
Fluid, Stiffness, Mass, and
Damping Matrices

13.139.1. Other Applicable Sections

Slide Film Theory (p. 250) describes the governing slide film equations used as a basis for forming the
element matrices.

13.140. Reserved for Future Use

This section is reserved for future use.

13.141. Reserved for Future Use

This section is reserved for future use.

13.142. Reserved for Future Use

This section is reserved for future use.
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13.143. Not Documented

No detail or element available at this time.

13.144. ROM144 - Reduced Order Electrostatic-Structural
qi

qj

qk

ql

qm

qn

qo

qp

qq

Vs Vt Vu Vv Vw

Uc

Ud

Ue

Uf

Ug

Uh

Uii

Ujj

Ukk

Ull

Integration PointsShape FunctionsMatrix or Vector

NoneNone (lumped)Stiffness Matrix

NoneNone (lumped)Damping Matrix

NoneNone (lumped)Mass Matrix

NoneNone (lumped)Load Vector

ROM144 represents a reduced order model of distributed electostatic-structural systems. The element
is derived from a series of uncoupled static FEM analyses using electrostatic and structural elements
(Reduced Order Modeling of Coupled Domains (p. 706)). The element fully couples the electrostatic-
structural domains and is suitable for simulating the electromechanical response of micro-electromech-
anical systems (MEMS) such as clamped beams, micromirror actuators, and RF switches.

ROM144 is defined by either 20 (KEYOPT(1) = 0) or 30 nodes (KEYOPT(1) = 1). The first 10 nodes are
associated with modal amplitudes, and represented by the EMF DOF labels. Nodes 11 to 20 have electric
potential (VOLT) DOFs, of which only the first five are used. The last 10 optional nodes (21 to 30) have
structural (UX) DOF to represent master node displacements in the operating direction of the device.
For each master node, ROM144 internally uses additional structural DOFs (UY) to account for Lagrange
multipliers used to represent internal nodal forces.

13.144.1. Element Matrices and Load Vectors

The FE equations of the 20-node option of ROM144 are derived from the system of governing equations
of a coupled electrostatic-structural system in modal coordinates (Equation 14.143 (p. 710) and Equa-
tion 14.144 (p. 710))
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(13.238)
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where:

K = stiffness matrix
D = damping matrix
M = mass matrix

� � �, ,ɺ ɺɺ =modal amplitude and its first and second derivativves with respect to time

� � �� �ɺ ɺɺ = �������	� 
����g� ��	 �� ���� ��	 �����	 	��
���
�� ��� ������� �� ���

F = force
I = electric current

The system of Equation 13.238 (p. 528) is similar to that of the TRANS126 - Electromechanical Trans-
ducer (p. 513) element with the difference that the structural DOFs are generalized coordinates (modal
amplitudes) and the electrical DOFs are the electrode voltages of the multiple conductors of the elec-
tromechanical device.

The contribution to the ROM144 FE matrices and load vectors from the electrostatic domain is calculated
based on the electrostatic co-energy Wel (Reduced Order Modeling of Coupled Domains (p. 706)).

The electrostatic forces are the first derivative of the co-energy with respect to the modal coordinates:

(13.239)k
��

k

= −
∂
∂

where:

Fk = electrostatic force

Wel = co-energy

qk = modal coordinate

k = index of modal coordinate

Electrode charges are the first derivatives of the co-energy with respect to the conductor voltage:

(13.240)�
��

�

=
∂

∂

where:

Qi = electrode charge

Vi = conductor voltage

i = index of conductor

The corresponding electrode current Ii is calculated as a time-derivative of the electrode charge Qi.

Both, electrostatic forces and the electrode currents are stored in the Newton-Raphson restoring force
vector.

The stiffness matrix terms for the electrostatic domain are computed as follows:
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(13.241)kl

qq k

l

=
∂
∂

(13.242)�i

�V �

i

=
∂
∂

(13.243)��

�� �

�

=
∂
∂

(13.244)�j
�� �

j

=
∂
∂

where:

l = index of modal coordinate
j = index of conductor

The damping matrix terms for the electrostatic domain are calculated as follows:

(13.245)�� �	= =

(13.246)
�

� 


�

=
∂
∂ ɺ

(13.247)��
�� �

�

=
∂

∂ ɺ

There is no contribution to the mass matrix from the electrostatic domain.

The contribution to the FE matrices and load vectors from the structural domain is calculated based on
the strain energy WSENE (Reduced Order Modeling of Coupled Domains (p. 706)). The Newton-Raphson

restoring force F, stiffness K, mass M, and damping matrix D are computed according to Equa-
tion 13.248 (p. 529) to Equation 13.251 (p. 529).

(13.248)�
SENE

�

=
∂

∂

(13.249)
��

�� ����

� �

=
∂

∂ ∂

2

(13.250)��

�

����

�

=
∂

∂�

�

�ω

(13.251)�� � � ��= ξ ω

where:

i, j = indices of modal coordinates
ωi = angular frequency of ith eigenmode

ξi = modal damping factor (input as Damp on the RMMRANGE command
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13.144.2. Combination of Modal Coordinates and Nodal Displacement at

Master Nodes

For the 30-node option of ROM144, it is necessary to establish a self-consistent description of both
modal coordinates and nodal displacements at master nodes (defined on the RMASTER command de-
fining the generation pass) in order to connect ROM144 to other structural elements UX DOF or to apply
nonzero structural displacement constraints or forces.

Modal coordinates qi describe the amplitude of a global deflection state that affects the entire structure.

On the other hand, a nodal displacement ui is related to a special point of the structure and represents

the true local deflection state.

Both modal and nodal descriptions can be transformed into each other. The relationship between
modal coordinates qj and nodal displacements ui is given by:

(13.252)i ij j
j

m

= ∑
=
φ

1

where:

ϕij = jth eigenmode shape at node i

m = number of eigenmodes considered

Similarly, nodal forces Fi can be transformed into modal forces fj by:

(13.253)� �� í
�

n

= ∑
=
φ

�

where:

n = number of master nodes

Both the displacement boundary conditions at master nodes ui and attached elements create internal

nodal forces Fi in the operating direction. The latter are additional unknowns in the total equation system,

and can be viewed as Lagrange multipliers λi mapped to the UY DOF. Hence each master UX DOF requires

two equations in the system FE equations in order to obtain a unique solution. This is illustrated on the
example of a FE equation (stiffness matrix only) with 3 modal amplitude DOFs (q1, q2, q3), 2 conductors

(V1, V2), and 2 master UX DOFs (u1, u2):
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Modal amplitude 1 (EMF)

Modal amplitude 2 ((EMF)

Modal amplitude 3 (EMF)

Electrode voltage 1 (VOLT)

Elecctrode voltage 2 (VOLT)

Lagrange multiplier 1 (UY)

Lagrange multiplier 2 (UY)

Master displacement 1 (UX)

Master displaccement 2 (UX)

Rows 6 and 7 of Equation 13.254 (p. 531) correspond to the modal and nodal displacement relationship
of Equation 13.252 (p. 530), while column 6 and 7 - to nodal and modal force relationship (Equa-
tion 13.253 (p. 530)). Rows and columns (8) and (9) correspond to the force-displacement relationship
for the UX DOF at master nodes:

(13.255)�j � �

�
�= − λ

(13.256)λ � �=

where K ��
��

 is set to zero by the ROM144 element. These matrix coefficients represent the stiffness
caused by other elements attached to the master node UX DOF of ROM144.

13.144.3. Element Loads

In the generation pass of the ROM tool, the ith mode contribution factors 
��

�

 for each element load
case j (Reduced Order Modeling of Coupled Domains (p. 706)) are calculated and stored in the ROM
database file. In the Use Pass, the element loads can be scaled and superimposed in order to define
special load situations such as acting gravity, external acceleration or a pressure difference. The corres-

ponding modal forces for the jth load case
f �
	

 (Equation 14.143 (p. 710)) is:

(13.257)

�

�




��

=

where:

� ��
�� =����� ��������� �� �h� ��h ��������� �� �h� ������� �������� � ��� ��� ����� !" = 0

13.145. Reserved for Future Use

This section is reserved for future use.

13.146. Reserved for Future Use

This section is reserved for future use.
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13.147. Reserved for Future Use

This section is reserved for future use.

13.148. Reserved for Future Use

This section is reserved for future use.

13.149. Reserved for Future Use

This section is reserved for future use.

13.150. Reserved for Future Use

This section is reserved for future use.

13.151. SURF151 - 2-D Thermal Surface Effect

I

J

x

y

  (Extra nodes, optional)

I

J

x

y

 (Extra nodes, optional)

K

X (or radial)

     Y

(or axial)

1

1

K L L M

Integration

Points
Shape FunctionsMidside Nodes [1]Matrix or Vector

2w = C1 + C2x + C3x2With midside nodes

All 2w = C1 + C2xWithout midside
nodes

1. Midside node setting is controlled by KEYOPT(4).

DistributionLoad Type

Same as shape functionsAll Loads

The logic is very similar to that given for SURF152 - 3-D Thermal Surface Effect (p. 533).
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13.152. SURF152 - 3-D Thermal Surface Effect
 (Extra nodes, optional)

z

I

y

x

J

P

L
O

K

N

M

Z

X

Y

 (Extra nodes, optional)

I

y

z

x

J

L

K

Q R M N

Integration PointsShape Functions
Geometry / Midside Nodes

[1]
Matrix or Vector

3 x 3
Equa-
tion 11.91 (p. 338)

Quad with midside nodes

Convection Surface
Matrix and Load
Vector; and Heat

2 x 2
Equa-
tion 11.79 (p. 337)

Quad without midside nodes

Generation Load
Vector

6
Equa-
tion 11.63 (p. 337)

Triangle with midside nodes

3
Equa-
tion 11.106 (p. 340)

Triangle without midside
nodes

1. Midside node setting is controlled by KEYOPT(4).

DistributionLoad Type

Same as shape functionsAll Loads

13.152.1. Matrices and Load Vectors

When the extra node is not present, the logic is the same as given and as described in Derivation of
Heat Flow Matrices (p. 235). The discussion below relates to theory that uses the extra node.

The conductivity matrix is based on one-dimensional flow to and away from the surface. The form is
conceptually the same as for LINK33 (Equation 13.39 (p. 432)) except that the surface has four or eight
nodes instead of only one node. Using the example of convection and no midside nodes are requested
(KEYOPT(4) = 1) (resulting in a 5 x 5 matrix), the first four terms of the main diagonal are:

(13.258)f

area

∫

where:
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f =

�ilm coe��icient (input on command with KVAL=1)

h (�

SFE

II� K�YOPT(5) = 1 and user programmable

�eature U�R�UR�116 ooutput argument K�Y(1) = 1,

this de�inition supercedes the other.)














hu = output argument for film coefficient of USRSURF116

{N} = vector of shape functions

which represents the main diagonal of the upper-left corner of the conductivity matrix. The remaining
terms of this corner are all zero. The last main diagonal term is simply the sum of all four terms of
Equation 13.258 (p. 533) and the off-diagonal terms in the fifth column and row are the negative of the
main diagonal of each row and column, respectively.

If midside nodes are present (KEYOPT(4) = 0) (resulting in a 9 x 9 matrix) Equation 13.258 (p. 533) is re-
placed by:

(13.259)�
�

��	�
∫

which represents the upper-left corner of the conductivity matrix. The last main diagonal is simply the
sum of all 64 terms of Equation 13.259 (p. 534) and the off-diagonal terms in the ninth column and row
are the negative of the sum of each row and column respectively.

Radiation is handled similarly, except that the approach discussed for LINK31 in LINK31 - Radiation
Link (p. 430) is used. A load vector is also generated. The area used is the area of the element. The form
factor is discussed in a subsequent section.

An additional load vector is formed when using the extra node by:

(13.260)
 �
 v�=

where:

{Qc} = load vector to be formed

[Ktc] = element conductivity matrix due to convection

�

G

�

= 





⋯

�
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������ �������� ��M���  ! �"� �#��

���������$%� !������ &'*'&*+--/

 # �#�02

�  ! 3�478�9/: ; -
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TEMVEL from USRSURF116 is the difference between the bulk temperature and the temperature of the
extra node.
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13.152.2. Adiabatic Wall Temperature as Bulk Temperature

There is special logic that accesses FLUID116 information where FLUID116 has had KEYOPT(2) set equal
to 1. This logic uses SURF151 or SURF152 with the extra node present (KEYOPT(5) = 1) and computes
an adiabatic wall temperature (KEYOPT(6) = 1). For this case, Tv, as used above, is defined as:

(13.261)v

R rel abs

c c p
f

rel ref=

−

− Ω

2 2

2

i� KEYOPT(1) = 0

R ss

c c p
f

R

c c p
f

2

2

i� KEYOPT(1) = 1

i� KEYOPT(1)
��6

= �


















where:

FR = recovery factor (see Equation 13.262 (p. 535))

���
���

��	 �

=
−

−





Ω

Ω Ω


� �������� � �


� �������� � �

Vabs = absolute value of fluid velocity (input as VABS on R command)

Ω = angular velocity of moving wall (input as OMEGA on R command)

� d��t�n�� o� ���m�nt ��nt�o�d ��om
g�o �� ! �x�� �o� SU�F

=
""5"

g�o �� �x�� �����t�d w�th #$!%&'*3+ �o� SU�F"5,





Ωref = reference angular velocity (input as (An)I and (An)J on R command of FLUID116)

Fs = slip factor (input as SLIPFAI, SLIPFAJ on R command of FLUID116)

V116 = velocity of fluid at extra node from FLUID116

gc = gravitational constant used for units consistency (input as GC on R command)

Jc = Joule constant used to convert work units to heat units (input as JC on R command)

-
. = /4789:98 ;7<> ?: :@u9A B:C?D GLHIJMMNQ

The recovery factor is computed as follows:

(13.262)V

W

XW

W

=

Z[ \]^_`jkqy z {

Z[ \]^_`jkqy z |

Z[ \]^_`jkqy zz q










where:

Cn = constant used for recovery factor calculation (input as NRF on R command)

= =}
~ ~

�
~

µ
������� ������

=
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µf = viscosity of fluid (from FLUID116)

x
f = conductivity o� �luid (�rom FLUID116)

= =
ρ

µ

�

�
Re�����'s ���be	

ρ
f = density of fluid (from FLUID116)

D = diameter of fluid pipe (from FLUID116)

(13.263)

=







�� � KEYOPT��� = 0,�

� KEYOPT��� = 2���

where:

V = velocity used to compute Reynold's number

The adiabatic wall temperature is reported as:

(13.264)aw �� �= +

where:

Taw = adiabatic wall temperature

Tex = temperature of extra node

KEYOPT(1) = 0 or 1 is ordinarily used for turbomachinry analysis, whereas KEYOPT(1) = 2 is ordinarily
used for flow past stationary objects. For turbomachinery analyses Tex is assumed to be the total tem-

perature, but for flow past stationary objects Tex is assumed to be the static temperature.

13.152.3. Film Coefficient Adjustment

After the first coefficient has been determined, it is adjusted if KEYOPT(7) = 1:

(13.265)′ = −� � S B
�

where:

′ =� ��j�����  !"# $%�  !$!�&�

hf = unadjusted film coefficient

TS = surface temperature

TB = bulk temperature (Taw, if defined)

n = real constant (input as ENN on RMORE command)

13.152.4. Radiation Form Factor Calculation

The form factor is computed as:

(13.266)=
*+p-. /345M3 7+ 8799:+;< *> ?@A4CG/H< J N

Q *> ?@A4CG/H<

V

JJ W 7X Z





also,
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F = form factor (output as FORM FACTOR)

Developing B further

=

≤

− >

>

cos if

cos if and KEYOPT(9) = 2

if and K

α α

α α

α

o

o

o
EEYOPT(9) = 3










α = angle between element z axis at integration point being processed and the line connecting
the integration point and the extra node (see Figure 13.26: Form Factor Calculation (p. 537))

Figure 13.26:  Form Factor Calculation

Extra node (Q)

α
L

I J

K

F is then used in the two-surface radiation equation:

(13.267)e
r

Q
= −σε 4 4

where:

σ = Stefan-Boltzmann constant (input as SBCONST on R command)
ε = emissivity (input as EMIS on MP command)
A = element area

Note that this “form factor” does not have any distance affects. Thus, if distances are to be included,
they must all be similar in size, as in an object on or near the earth being warmed by the sun. For this
case, distance affects can be included by an adjusted value of σ.
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13.153. SURF153 - 2-D Structural Surface Effect

I

J

x

y

I

J

x

y

K

X (or radial)

Y

(or a�ial)

Integration PointsShape FunctionsMidside Nodes [1]Matrix or Vector

3w = C1 + C2x + C3x2With midside nodesAll

2w = C1 + C2xWithout midside nodesAll

1. Midside node setting is controlled by KEYOPT(4).

DistributionLoad Type

Same as shape functionsAll Loads

The logic is very similar to that given for SURF154 in SURF154 - 3-D Structural Surface Effect (p. 539)
with the differences noted below:

1. For surface tension (input as SURT on R command)) on axisymmetric models (KEYOPT(3) = 1), an average
force is used on both end nodes.

2. For surface tension with midside nodes, no load is applied at the middle node, and only the component
directed towards the other end node is used.

3. When using large deflections, the area on which pressure is applied changes. The updated distance
between the two end nodes is used. For plain strain problems, the thickness (distance normal to the X-
Y plane) remains at 1.0, by definition. For plane stress problems, the thickness is adjusted:

(13.268)u z= − ε

where:

tu = final thickness used.

�

=




�f �E�OPT�3� = 0

�f �E�OPT�3� = 3

ti = thickness for user input option (input as TKPS on R command)

εz = strain in thickness direction (normal to X-Y plane)

Using the assumption of constant volume:

(13.269)ε ε ε� � 	+ + =

where:
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εx = strain along the length of the element

εy = strain normal to the underlying solid.

Assuming further that:

(13.270)ε ε
y z
=

yields:

(13.271)ε
ε

�

x= −

13.154. SURF154 - 3-D Structural Surface Effect

z

y

xI

J

K

L

M

N

O
P

z

y

xI

J

K

L1

3

2

1 3

2

4

5 5

4

Y

X
Z

Integration PointsShape Functions
Geometry / Midside Nodes

[1]
Matrix or Vector

3 x 3
Equa-
tion 11.86 (p. 338)

Quad with midside nodes

Stiffness and Damp-
ing Matrices, and
Pressure Load Vec-
tor

2 x 2
Equa-
tion 11.71 (p. 337)

Quad without midside nodes

6
Equa-
tion 11.114 (p. 341)

Triangle with midside nodes

3
Equa-
tion 11.68 (p. 337)

Triangle without midside
nodes

3 x 3

Equa-
tion 11.84 (p. 338),

Quad with midside nodes

Mass and Stress
Stiffness Matrices

Equa-
tion 11.85 (p. 338)
and Equa-
tion 11.86 (p. 338)

2 x 2

Equa-
tion 11.69 (p. 337),

Quad without midside nodes
Equa-
tion 11.70 (p. 337)
and Equa-
tion 11.71 (p. 337)
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Integration PointsShape Functions
Geometry / Midside Nodes

[1]
Matrix or Vector

6
Equa-
tion 11.114 (p. 341)

Triangle with midside nodes

3

Equa-
tion 11.66 (p. 337),

Triangle without midside
nodes

Equa-
tion 11.67 (p. 337)
and Equa-
tion 11.68 (p. 337)

3 x 3

Equa-
tion 11.84 (p. 338)

Quad with midside nodes

Surface Tension
Load Vector

and Equa-
tion 11.85 (p. 338)

2 x 2

Equa-
tion 11.69 (p. 337)

Quad without midside nodes
and Equa-
tion 11.70 (p. 337)

6

Equa-
tion 11.112 (p. 340)

Triangle with midside nodes
and Equa-
tion 11.113 (p. 340)

3

Equa-
tion 11.66 (p. 337)Triangle without midside

nodes and Equa-
tion 11.67 (p. 337)

1. Midside node setting is controlled by KEYOPT(4).

DistributionLoad Type

Same as shape functionsAll Loads

The stiffness matrix is:

(13.272)
e
f

f
z z

T

A

=

= ∫

�l�m�nt �oundation sti��n�ss matrix

where:

kf = foundation stiffness (input as EFS on R command)
A = area of element
{Nz} = vector of shape functions representing motions normal to the surface

The mass matrix is:

(13.273)
�

�

�

�
�

�

=

= +∫ ∫

�����	
 ���� ��
��

hρ
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where:

th = thickness (input as TKI, TKJ, TKK, TKL on RMORE command)

ρ = density (input as DENS on MP command)
{N} = vector of shape functions
Ad = added mass per unit area (input as ADMSUA on R command)

If the command LUMPM,ON is used, [Me] is diagonalized as described in Lumped Matrices (p. 391).

The element damping matrix is:

(13.274)e
T

A

= =∫µ �l�m�nt damping matrix

where:

µ = dissipation (input as VISC on MP command)

The element stress stiffness matrix is:

(13.275)� �
�

� �

�

= =∫ �����	
 ��ss ��
��

where:

[Sg] = derivatives of shape functions of normal motions

� =

















s = in-plane force per unit length (input as SURT on R command)

If pressure is applied to face 1, the pressure load stiffness matrix is computed as described in Pressure
Load Stiffness (p. 46).

The element load vector is:

(13.276)
� �

��
�
��= +

where:

�
��

�

E

= =∫ �u�f�c� �����o� fo�c� v�c�o�

{Np} = vector of shape functions representing in-plane motions normal to the edge

E = edge of element

 
!"

#
P

# y
P

y z
P

z

$

% & # X y Y z Z= + + + + +∫ τ τ τ

= '()**+() ,-./ 0)12-

3
4 3

3
5

=






67 K89O:;<=> ? @

67 K89O:;<=> ? B
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y
P

y

y
e

=






if KEYO�T(2) = 0

if KEYO�T(2) = 1

z
� z

z
�

=






�� ����	
�� � �

�� ����	
�� � �

{Nx} = vector of shape functions representing motion in element x direction

{Ny} = vector of shape functions representing motion in element y direction

x
� = v�ctor o� shap� �unct�ons r�pr�s�nt�ng mot�on �n th� local coord�nat� � d�r�ct�on

�
� = ������ �� � !"� �#$��%�$� ��"����$�%$& '��%�$ %$ � � *��!* ����+%$!�� , +%����%�$

-
. = /34567 68 9:;<3 8>?45@6?9 73<7393?5@?A B65@6? @? 5:3 C64;C 4667D@?;53 F D@7345@6?

G H I =

JLMNQLbRNSJ UQSMMRQSM VWSQ SXSZS[N L[ SXSZS[N \] ^̂] _[J ` JLQSjNLV[M kL[URN _M qw{| N}QR qw{~

�LN} {��� � �]]�]|] QSMUSjNLWSX^] V[ ��� jVZZ_[J] L� ������k�� � �

JLMNQLLbRNSJ UQSMMRQSM VWSQ SXSZS[N L[ XVj_X \] ^] _[J ` JLQSjNLLV[M kL[URN _M qw{| N}QR qw{~

�LN} {��� � |]�]�] QSMUSjNLWSSX^] V[ ��� jVZZ_[J] L� ������k�� � |











Pv = uniform pressure magnitude

� =




� θ �� ���������� � � �� �

�� ���������� � ��

P1 = input (VAL1 with LKEY = 5 on SFE command)

θ = angle between element normal and applied load direction

  =
≤ ¡ ¡¢£¤ ¥¦§¨©ª«¬® ¯ ¡ °± ²°³

£¤ ¥¦§¨©ª«¬® ¯ ¬ ´µ

θ

¶¶ ²°³θ >



 ¡ ¡¢

τ·
· · ¸ ¹=

+ +





≠º º º
»¼ ½¾¿ÀÁÂÃÄÄÅ

»¼ ½¾¿ÀÁÂÃÄÄÅ Æ Ä

τÇ
Ç È Ç É=

+ +





≠Ê Ê Ê
ËÌ ÍÎÏÐÑÒÓÔÔÕ Ô

ËÌ ÍÎÏÐÑÒÓÔÔÕ Ö Ô

τ× × Ø Ù ×= + +Ú Ú Ú

Dx, Dy, Dz = vector directions (input as VAL2 thru VAL4 with LKEY = 5 on SFE command)

{NX}, {NY}, {NZ} = vectors of shape functions in global Cartesian coordinates

The integration used to arrive at Û
ÜÝ

 is the usual numerical integration, even if KEYOPT(6) ≠ 0. The
output quantities “average face pressures” are the average of the pressure values at the integration
points.

13.155. Reserved for Future Use

This section is reserved for future use.
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13.156. SURF156 - 3-D Structural Surface Line Load Effect

I

x

y

K

z

J

L

1

2

3

4

I

�

y

1

3

2

z
�

�

4

Integration PointsShape FunctionsMidside Nodes [1]Matrix or Vector

3

Equa-
tion 11.19 (p. 330),

With midside nodes

Pressure Load Vec-
tor

Equa-
tion 11.20 (p. 330),
Equa-
tion 11.21 (p. 330)

2

Equa-
tion 11.15 (p. 330),

Without midside nodes
Equa-
tion 11.16 (p. 330),
Equa-
tion 11.17 (p. 330)

1. Midside node setting is controlled by KEYOPT(4).

DistributionLoad Type

Linear along length for faces 1, 2, and 3; constant along length for
face 4

Pressures

13.157. SHELL157 - Thermal-Electric Shell

L

K

J

I

st

Y

X
Z
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Integration PointsShape FunctionsGeometryMatrix or Vector

2 x 2
Equation 11.80 (p. 338). No vari-
ation thru thickness

Quad
Electrical Conductivity
Matrix

1
Equation 11.80 (p. 338). No vari-
ation thru thickness

Triangle

2 x 2
Equation 11.79 (p. 337) and
Equation 11.80 (p. 338). No vari-
ation thru thickness

QuadThermal Conductivity
Matrix; Heat Generation
Load and Convection
Surface Matrix and Load
Vectors 1

Equation 11.106 (p. 340) and
Equation 11.80 (p. 338). No vari-
ation thru thickness

Triangle

Same as conductiv-
ity matrix

Same as conductivity matrix. Matrix is diagonal-
ized as described in Lumped Matrices (p. 391)

Specific Heat Matrix

13.157.1. Other Applicable Sections

Coupling (p. 293) discusses coupled effects.

13.158. Not Documented

No detail or element available at this time.

13.159. SURF159 - General Axisymmetric Surface with 2 or 3 Nodes

J
2

I
2

K
2

J 3

K
3

I
3

J1

y

Z

x

z
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Integration Points[2]Shape FunctionsMidside Nodes [1]Matrix or Vector

3 x Nc

Equation 11.46 (p. 335)
through Equa-
tion 11.48 (p. 335)

With midside nodes

Mass Matrix

2 x Nc

Equation 11.43 (p. 335)
through Equa-
tion 11.45 (p. 335)

Without midside nodes

2 x NcSame as mass matrix.
With midside nodes

Stress Stiffness Matrix
Without midside nodes

2 x NcSame as mass matrix.
With midside nodesPressure Load Vector

Without midside nodes

1. Midside node setting is controlled by KEYOPT(4).

2. Nc = the number of node planes in the circumferential direction. The Nc integration points

are circumferentially located at:

• the nodal planes, and

• midway between the nodal planes (that is, at the integration planes)

so that Nc = (2 * Nnp), where Nnp = number of nodal planes (KEYOPT(2)).

Exception: If KEYOPT(2) = 1, then Nc = 1.

DistributionLoad Type

Linear along each face in both directions.Pressure

13.159.1. Other Applicable Sections

General Element Formulations (p. 50) gives the general element formulations used by this element.

13.159.2. Assumptions and Restrictions

Although the elements are initially axisymmetric, the loads and deformation can be general in non-
axisymmetric 3-D. The displacements are interpolated in elemental coordinate system by interpolation
functions, but the user can define the nodal displacements in any direction.
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13.160. LINK160 - Explicit 3-D Spar (or Truss)

L
J

sI

For all theoretical information about this element, see the LS-DYNA Theoretical Manual([199] (p. 932)).

13.161. BEAM161 - Explicit 3-D Beam

s

t

r

I

J

K

For all theoretical information about this element, see the LS-DYNA Theoretical Manual([199] (p. 932)).
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13.162. PLANE162 - Explicit 2-D Structural Solid

X (or Radial)
I

K

J

L

x

 Y(or Axial) y

For all theoretical information about this element, see the LS-DYNA Theoretical Manual([199] (p. 932)).

13.163. SHELL163 - Explicit Thin Structural Shell

L

K

J

I x

yz

BETA

(Note - x and y are in the plane of the element)

Y

Z

X

For all theoretical information about this element, see the LS-DYNA Theoretical Manual([199] (p. 932)).
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13.164. SOLID164 - Explicit 3-D Structural Solid

Z

X I

P
O

K

J

N
M

L

y
z

x

Y

For all theoretical information about this element, see the LS-DYNA Theoretical Manual([199] (p. 932)).

13.165. COMBI165 - Explicit Spring-Damper

I

J
J

I

TORQUE

Y

Z

X

For all theoretical information about this element, see the LS-DYNA Theoretical Manual([199] (p. 932)).
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13.166. MASS166 - Explicit 3-D Structural Mass

z

y
x

Z

Y

X

For all theoretical information about this element, see the LS-DYNA Theoretical Manual([199] (p. 932)).

13.167. LINK167 - Explicit Tension-Only Spar

J

I

Y

Z

X

For all theoretical information about this element, see the LS-DYNA Theoretical Manual([199] (p. 932)).

13.168. SOLID168 - Explicit 3-D 10-Node Tetrahedral Structural Solid

K

R

L

QO

P

M
N

J

I

Y,v

X,u
Z,w
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For all theoretical information about this element, see the LS-DYNA Theoretical Manual([199] (p. 932)).

13.169. TARGE169 - 2-D Target Segment

Target Segment
Element

Y

X

Contact
Element

LM N

JI K
Parabola

13.169.1. Other Applicable Sections

TARGE170 - 3-D Target Segment (p. 551) discusses Target Elements.

13.169.2. Segment Types

TARGE169 supports six 2-D segment types:

Figure 13.27:  2-D Segment Types

Line

Arc, clockwise

Arc, counterclockwise

Parabola

Circle
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13.170. TARGE170 - 3-D Target Segment
Target Segment Element

TARGE170

Surface-to-Surface

Contact Element

CONTA173 or CONTA174

K

I J

Node-to-Surface

Contact Element

CONTA175

n n

K

I J

n

��������

�	D Li
�	�	Li
�

�
���� �����
�

�������6

� �

�

Z

X

Y

K

I J

n

�	D Li
�	�	�������

�
���� �����
�

��������

13.170.1. Introduction

In studying the contact between two bodies, the surface of one body is conventionally taken as a contact
surface and the surface of the other body as a target surface. The “contact-target” pair concept has
been widely used in finite element simulations. For rigid-flexible contact, the contact surface is associated
with the deformable body; and the target surface must be the rigid surface. For flexible-flexible contact,
both contact and target surfaces are associated with deformable bodies. The contact and target surfaces
constitute a “Contact Pair”.

TARGE170 is used to represent various 3-D target surfaces for the associated contact elements (CONTA173,
CONTA174, CONTA175, CONTA176, and CONTA177). The contact elements themselves overlay the solid
elements, line elements, or shell element edges describing the boundary of a deformable body that is
potentially in contact with the rigid target surface, defined by TARGE170. Hence, a “target” is simply a
geometric entity in space that senses and responds when one or more contact elements move into a
target segment element.
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13.170.2. Segment Types

The target surface is modelled through a set of target segments; typically several target segments
comprise one target surface. Each target segment is a single element with a specific shape or segment
type. TARGE170 supports ten 3-D segment types; see Figure 13.28: 3-D Segment Types (p. 552)

Figure 13.28:  3-D Segment Types
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��������� �
�
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���������
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13.170.3. Reaction Forces

The reaction forces on the entire rigid target surface are obtained by summing all the nodal forces of
the associated contact elements. The reaction forces are accumulated on the pilot node. If the pilot
node has not been explicitly defined by the user, one of the target nodes (generally the one with the
smallest number) will be used to accumulate the reaction forces.
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13.171. CONTA171 - 2-D 2-Node Surface-to-Surface Contact

Associated Target Surface

Contact Element

Surface of Solid/Shell/Beam Element

J
I

X

Y

Contact normal

Integration PointsShape FunctionsMatrix or Vector

2W = C1 + C2 xStiffness Matrix

13.171.1. Other Applicable Sections

The CONTA171 description is the same as for CONTA174 - 3-D 8-Node Surface-to-Surface Contact (p. 554)
except that it is 2-D and there are no midside nodes.

13.172. CONTA172 - 2-D 3-Node Surface-to-Surface Contact

���������� 	�
��� �
����

������� �������

�
���� �� ����� �������

� �

�

�

������� ��
���

Integration PointsShape FunctionsMatrix or Vector

2W = C1 + C2 x + C3x2Stiffness Matrix

13.172.1. Other Applicable Sections

The CONTA172 description is the same as for CONTA174 - 3-D 8-Node Surface-to-Surface Contact (p. 554)
except that it is 2-D.
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13.173. CONTA173 - 3-D 4-Node Surface-to-Surface Contact

L

K

J

I

JI

K,L

Associated Target
Surfaces

Contact
Elements

Surface of Solid/Shell
Element

Y

Z

X

Integration PointsShape FunctionsGeometryMatrix or Vector

2 x 2
Equation 11.69 (p. 337), Equa-
tion 11.70 (p. 337), and Equa-
tion 11.71 (p. 337)

Quad

Stiffness and Stress
Stiffness Matrices

3
Equation 11.66 (p. 337), Equa-
tion 11.67 (p. 337), and Equa-
tion 11.68 (p. 337)

Triangle

13.173.1. Other Applicable Sections

The CONTA173 description is the same as for CONTA174 - 3-D 8-Node Surface-to-Surface Contact (p. 554)
except there are no midside nodes.

13.174. CONTA174 - 3-D 8-Node Surface-to-Surface Contact

JI

Associated Target
Surfaces

Y

Z

X

L

Contact
Elements

K,L,O

O

M

NP
K

J

I
M N

P

Surface of Solid/Shell
Element
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Integration PointsShape FunctionsGeometryMatrix or Vector

2 x 2

If KEYOPT(4) = 0 (has midside
nodes) Equation 11.84 (p. 338),

Quad
Stiffness and Stress
Stiffness Matrices

Equation 11.85 (p. 338), and Equa-
tion 11.86 (p. 338)

3
If KEYOPT(4) = 0 (has midside
nodes) Equation 11.114 (p. 341)

Triangle

The following CONTA174 topics are available:
13.174.1. Introduction
13.174.2. Contact Kinematics
13.174.3. Frictional Model
13.174.4. Contact Algorithm
13.174.5.Viscous Damping
13.174.6. Energy and Momentum Conserving Contact
13.174.7. Debonding
13.174.8. Contact Surface Wear
13.174.9.Thermal/Structural Contact
13.174.10. Electric Contact
13.174.11. Magnetic Contact

13.174.1. Introduction

CONTA174 is an 8-node element that is intended for general rigid-flexible and flexible-flexible contact
analysis. In a general contact analysis, the area of contact between two (or more) bodies is generally
not known in advance. CONTA174 is applicable to 3-D geometries. It may be applied for contact between
solid bodies or shells.

13.174.2. Contact Kinematics

Contact Pair

In studying the contact between two bodies, the surface of one body is conventionally taken as a contact
surface and the surface of the other body as a target surface. For rigid-flexible contact, the contact
surface is associated with the deformable body; and the target surface must be the rigid surface. For
flexible-flexible contact, both contact and target surfaces are associated with deformable bodies. The
contact and target surfaces constitute a "Contact Pair".

The CONTA174 contact element is associated with the 3-D target segment elements (TARGE170) using
a shared real constant set number. This element is located on the surface of 3-D solid, shell elements
(called underlying element). It has the same geometric characteristics as the underlying elements. The
contact surface can be either side or both sides of the shell or beam elements.

Location of Contact Detection
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Figure 13.29:  Contact Detection Point Location at Gauss Point

Rigid
body

Gauss integration
point

Deformable solid

Contact segment
Target segment

CONTA174 is a surface-to-surface contact element. The contact detection points are the integration
points and are located either at nodal points or Gauss points. The contact element is constrained against
penetration into the target surface at its integration points. However, the target surface can, in principle,
penetrate through into the contact surface. See Figure 13.29: Contact Detection Point Location at Gauss
Point (p. 556). CONTA174 uses Gauss integration points by default (Cescotto and Charlier([213] (p. 932)),
Cescotto and Zhu([214] (p. 932))), which generally provides more accurate results than when using the
nodes themselves as the integration points. A disadvantage of using nodal contact points is that, for a
uniform pressure, the kinematically equivalent forces at the nodes are unrepresentative and indicate
release at corners.

The surface projection method (based on Puso and Laursen ([382] (p. 942) and [383] (p. 942))) is available
for the 3-D elements, CONTA173 and CONTA174. This option enforces contact constraints on an over-
lapping region of contact and target surfaces (see Figure 13.30: Surface-Projection-Based Contact (p. 557))
rather than on individual contact nodes or Gauss points. This method passes patch tests and generally
offers smoother stress distributions (for both contact elements and underlying elements) than the other
contact detection options. The contact forces vary smoothly during large sliding, and the forces do not
jump when contact nodes slide off edges of target surfaces. The surface projection method also satisfies
moment equilibrium for frictional or bonded contact. Other contact detection options may not satisfy
moment equilibrium exactly when an offset exists along the contact normal direction under certain
circumstances (for example, when using a penalty based formulation, when accounting for shell thickness
effects, or when using a user-defined contact offset).
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Figure 13.30:  Surface-Projection-Based Contact
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Penetration Distance

The penetration distance is measured along the normal direction of the contact surface (at integration
points) to the target surface (Cescotto and Charlier([214] (p. 932))). See Figure 13.31: Penetration Dis-
tance (p. 557). It is uniquely defined even when the geometry of the target surface is not smooth. Such
discontinuities may be due to physical corners on the target surface, or may be introduced by a numer-
ical discretization process (e.g. finite elements). Based on the present way of calculating penetration
distance, there is no restriction on the shape of the rigid target surface. Smoothing is not always necessary
for the concave corner. For the convex corner, it is still recommended to smooth out the region of abrupt
curvature changes (see Figure 13.32: Smoothing Convex Corner (p. 558)).

Figure 13.31:  Penetration Distance
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Figure 13.32:  Smoothing Convex Corner

Smoothing Radius

Outward normal

For the surface-projection-based contact method, the contact detection remains at contact nodal points
and the contact normal is perpendicular to the contact surface. However, the contact penetration distance
is computed over the overlapping region (see Figure 13.30: Surface-Projection-Based Contact (p. 557))
in an average sense.

Pinball Algorithm

The position and the motion of a contact element relative to its associated target surface determine
the contact element status. The program monitors each contact element and assigns a status:

STAT = 0 Open far-field contact
STAT = 1 Open near-field contact
STAT = 2 Sliding contact
STAT = 3 Sticking contact

A contact element is considered to be in near-field contact when the element enters a pinball region,
which is centered on the integration point of the contact element. The computational cost of searching
for contact depends on the size of the pinball region. Far-field contact element calculations are simple
and add few computational demands. The near-field calculations (for contact elements that are nearly
or actually in contact) are slower and more complex. The most complex calculations occur the elements
are in actual contact.

Setting a proper pinball region is useful to overcome spurious contact definitions if the target surface
has several convex regions. The current default setting should be appropriate for most contact problems.

13.174.3. Frictional Model

Coulomb's Law

In the basic Coulomb friction model, two contacting surfaces can carry shear stresses. When the equi-
valent shear stress is less than a limit frictional stress (τlim), no motion occurs between the two surfaces.

This state is known as sticking. The Coulomb friction model is defined as:

(13.277)τ µlim= +

(13.278)τ τ≤ ���

where:
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τlim = limit frictional stress

τ
τ

τ τ
=

+

equivalent stress for 2-D contact

equivalent stre1
�

�
�

sss for 3-D contact







µ = coefficient of friction for isotropic friction (input as MU using either TB command with Lab

= FRIC or MP command; orthotropic friction defined below
P = contact normal pressure
b = contact cohesion (input as COHE on R command)

Once the equivalent frictional stress exceeds τlim, the contact and target surfaces will slide relative to

each other. This state is known as sliding. The sticking/sliding calculations determine when a point
transitions from sticking to sliding or vice versa. The contact cohesion provides sliding resistance even
with zero normal pressure.

CONTA174 provides an option for defining a maximum equivalent frictional stress τmax (input as TAUMAX

on RMORE command) so that, regardless of the magnitude of the contact pressure, sliding will occur
if the magnitude of the equivalent frictional stress reaches this value.

Figure 13.33:  Friction Model
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Contact elements offer two models for Coulomb friction: isotropic friction and orthotropic friction.

Isotropic Friction

The isotropic friction model uses a single coefficient of friction µiso based on the assumption of uniform

stick-slip behavior in all directions. It is available with all 2-D and 3-D contact elements (CONTA171,
CONTA172, CONTA173, CONTA174, CONTA175, CONTA176, CONTA177, and CONTA178).

Orthotropic Friction

The orthotropic friction model is based on two coefficients of friction, µ1 and µ2, to model different

stick-slip behavior in different directions. Use orthotropic friction model in 3-D contact only (CONTA173,
CONTA174, CONTA175, CONTA176, and CONTA177). The two coefficients are defined in two orthogonal
sliding directions called the principal directions (see Element Reference for more details). The frictional
stress in principal direction i=1,2 is given by:

(13.279)τ µ
 
= +
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By appropriately scaling the frictional stresses in principal directions the expressions for scaled limit

frictional stress (
′τlim ) and scaled equivalent frictional stress (

′τ
) for orthotropic friction can be written

in a form similar to isotropic friction (Michalowski and Mroz([361] (p. 941))):

(13.280)′ =








τ

µ

µ
τ�

eq

�
�

(13.281)µ
µ µ

�� =
+1

2
2
2

(13.282)′ = +τ µ��� ��

(13.283)′ = ′ + ′ ≤ ′τ τ τ τ�
	

	
	


��

where:

′τ  = scaled frictional stress in direction i = 1,2

′τ
 = scaled equivalent frictional stress

′τ���  = scaled limit frictional stress
µeq = equivalent coefficient of friction for orthotropic friction

µ1, µ2 = coefficients of friction in first and second principal directions (input as MU1 and MU2

using TB command with Lab = FRIC)

While scaled frictional stresses are used for friction computations, actual frictional stresses are output
after applying the inverse scaling in Equation 13.280 (p. 560).

The coefficient of friction (µ1 and µ2) can have dependence on time, temperature, normal pressure,

sliding distance, or sliding relative velocity (defined as fields on the TBFIELD command). Suitable
combinations of up to two fields can be used to define dependency, for example, temperature or
temperature and sliding distance; see Contact Friction in the Material Reference for details.

Static and Dynamic Friction

CONTA174 provides the exponential friction model, which is used to smooth the transition between
the static coefficient of friction and the dynamic coefficient of friction according to the formula (Benson
and Hallquist([317] (p. 938))):

(13.284)µ µ µ µd s d
c v

= + −
−

where:

v = slip rate

µ

µ

�

��o

=

���ff����nt �f fr��t��n f�r ���tr�p�� fr��t��n (�nnput a� MU

u��ng ��th�r ����an� w�th = FRIC �r �TB �PL�b ����an�)

��u��a��nt ���ff����nt �f fr��t��n f�r �rth�tµ ! rr�p�� fr��t��n

(��f�n�� "���w)













µs= Rf µd = static coefficient of friction

Rf = ratio of static and dynamic friction (input as FACT on RMORE command)

Release 15.0 - © SAS IP, Inc. All rights reserved. - Contains proprietary and confidential information
of ANSYS, Inc. and its subsidiaries and affiliates.560

Element Library



c = decay coefficient (input as DC on RMORE command)

Integration of Frictional Law

The integration of the frictional mode is similar to that of nonassociated theory of plasticity (see Rate-
Independent Plasticity (p. 64)). In each substep that sliding friction occurs, an elastic predictor is com-
puted in contact traction space. The predictor is modified with a radial return mapping function,
providing both a small elastic deformation along with a sliding response as developed by Giannako-
poulos([135] (p. 928)).

The flow rule giving the slip increment for orthotropic friction can be written as:

(13.285)i

i

=
∂ ′ − ′

∂












λ

τ τ

τ
lim

where:

dui = slip increment in principal direction i = 1, 2

λ = Lagrange multiplier for friction

By appropriately scaling the slip increment, it can be shown that the Lagrange multiplier is equal to
the scaled equivalent slip increment:

(13.286)λ = ′ = ′ + ′
1
2

2
2

(13.287)�
�

eq

�
′ =











µ
µ

and the direction of scaled slip increment is same as that of scaled frictional stress.

(13.288)
� �
′
′
=

′
′
τ
τ

Thus, computations for orthotropic friction use the same framework as isotropic friction except for
scaled slip increments and scaled frictional stresses which are converted to actual values for output.

User-defined Friction

For friction models that do not follow Coulomb’s law, you can write a USERFRIC subroutine. Refer to
the Guide to User-Programmable Features for a detailed description on writing a USERFRIC subroutine.
You can use it with any 2-D or 3-D contact element (CONTA171, CONTA172, CONTA173, CONTA174,
CONTA175, CONTA176, CONTA177, and CONTA178) with penalty method for tangential contact (select
KEYOPT(2) = 0, 1, or 3). Use the TB,FRIC command with TBOPT = USER to choose the user define friction
option, and specify the friction properties on the TBDATA command.

Friction models involve nonlinear material behavior, so only experienced users who have a good under-
standing of the theory and finite element programming should attempt to write a USERFRIC subroutine.

Constitutive Relationship for Frictional Sliding

Regarding frictional sliding, the linearized constitutive relationship between tangential stresses and
sliding increments can be expressed:
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(13.289)i i ij i j j i j
pred

τ µ
µ

δ
τ µ

= +
∂
∂









 + −( ) +

∂
∂

l�m

∆ ɺ j

where:

����

 = equivalent slip predictor over the current substep (Laursen and Simo[216] (p. 933))

ɺ
 = current equivalent slip rate

ti = the unit vector in the direction of slip (i = 1, 2)

∂
∂
µ

 can be obtained from the tabular input (define the friction coefficient to be a function of pressure
via the TB,FRIC command).

∂
∂
µ
ɺ

 can be obtained from the tabular input (define friction coefficient to be a function of sliding ve-
locity via TB,FRIC command) or from the definition of Static and Dynamic Friction (p. 560) via real constants
FACT and DC.

Algorithmic Symmetrization

Contact problems involving friction produce non-symmetric stiffness. Using an unsymmetric solver
(NROPT,UNSYM) is more computationally expensive than a symmetric solver for each iteration. For this
reason, a symmetrization algorithm developed by Laursen and Simo([216] (p. 933)) is used by which
most frictional contact problems can be solved using solvers for symmetric systems. If frictional stresses
have a substantial influence on the overall displacement field and the magnitude of the frictional stresses
is highly solution dependent, any symmetric approximation to the stiffness matrix may provide a low
rate of convergence. In such cases, the use of an unsymmetric stiffness matrix is more computationally
efficient.

Forced Frictional Sliding Using Velocity Input

In a static analysis, you can model steady-state frictional sliding between two flexible bodies or between
a flexible and a rigid body with different velocities. In this case the sliding velocities no longer follow
the nodal displacements, and they are predefined through the CMROTATE command. This command
sets the velocities on the nodes of the element component as an initial condition at the start of a load
step. The program determines the sliding direction based on the direction of the sliding velocities. The
frictional stresses then can be expressed by:

(13.290)τ τ�
�= ���

ɺ

ɺ

where 
ɺ
	  is obtained from the CMROTATE command.

The linearized frictional stress with respect to the sliding velocity can be expressed in the following
form (Bajer, Belsky, and Kung[397] (p. 943)):

(13.291)
 
 � � 
 
� 
 � �τ
µ

δ
τ

=
∂
∂

+ −( )
ɺ
ɺ

ɺ
ɺ��
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In the complex eigenvalue extraction analysis using the QRDAMP or DAMP method, the above terms
will be included in the damping matrix. The first term is, in general, negative in the case of a negative
friction-sliding velocity gradient, and it can destabilize the system. Therefore, it is referred to as
destabilizing squeal damping. The destabilizing squeal damping is proportional to the contact pressure,
but it follows the sliding direction. The second term is proportional to the equivalent friction stress but
orthogonal to the sliding direction. It may be needed to avoid false unstable modes and is, therefore,
referred to as stabilizing squeal damping (Bajer, Belsky, and Kung[397] (p. 943)). To study the effects of
squeal damping on the complex eigenvalue extraction analysis, the above equation is rewritten:

(13.292)i i j j i ij i j jd sτ
µ

δ
τ

=
∂
∂

+ −( )
ɺ
ɺ

ɺ
ɺl�m

where:

cd = a scaling factor for destabilizing squeal damping (real constant FDMD when KEYOPT(16)

= 0)
cs = a scaling factor for stabilizing squeal damping (real constant FDMS when KEYOPT(16) = 0)

∂
∂
µ
ɺ

 = friction-sliding velocity gradient (real constant FDMD when KEYOPT(16) = 1)

�

∂
∂
µ
ɺ

 = destabilizing damping coefficient (real constant FDMD when KEYOPT(16) = 2)

�

τ���
ɺ

 = stabilizing damping coefficient (real constant FDMS when KEYOPT(16) = 1 or 2)

13.174.4. Contact Algorithm

Four different contact algorithms are implemented in this element (selected by KEYOPT(2)).

• Pure penalty method

• Augmented Lagrangian method (Simo and Laursens([215] (p. 932)))

• Pure Lagrange multiplier method (Bathe([2] (p. 921)))

• Lagrange multiplier on contact normal and penalty on frictional direction

Pure Penalty Method

This method requires both contact normal and tangential stiffness. The main drawback is that the
amount penetration between the two surfaces depends on this stiffness. Higher stiffness values decrease
the amount of penetration but can lead to ill-conditioning of the global stiffness matrix and to conver-
gence difficulties. Ideally, you want a high enough stiffness that contact penetration is acceptably small,
but a low enough stiffness that the problem will be well-behaved in terms of convergence or matrix
ill-conditioning.

The contact traction vector is:

(13.293)τ

τ
1

2
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where:

P = normal contact pressure
τ1 = frictional stress in direction 1

τ2 = frictional stress in direction 2

The contact pressure is:

(13.294)
n

n n n

=
>

≤





if

if

where:

Kn = contact normal stiffness

un = contact gap size

The frictional stress for isotropic friction is obtained by Coulomb's law:

(13.295)τ
τ τ τ τ µ

µ τ τ
�

�
�

s � �so
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+ = + − <

=
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2
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�� 11
2

2
2+ − =







 τ µ�so �l�d��g

where:

Ks = tangential contact stiffness (input as FKT on R command)

∆ui = slip increment in direction i over the current substep; In the case of sticking, ∆ui is the

elastic slip increment, which represents the reversible tangential motion within the current
substep.

∆
 = equivalent slip increment over the current substep

µiso = coefficient of friction

τ�
�−�

 = frictional stress in direction i = 1,2 at the end of previous substep

For orthotropic friction, slip increment and frictional stress are scaled so that

(13.296)′ =
′ + ′ ′ ′ = ′ + ′ − <

′

−

τ
τ τ τ τ µ

µ
	

	



�	 	 eq

eq
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∆

∆

�� ��������

∆∆ ′
′ = ′ + ′ − =










eq�� �������τ τ τ µ�





where:

′��  = scaled tangential contact stiffness in principal direction i = 1, 2

∆ ′�  = slip increment in principal direction i = 1, 2 over the current substep

∆ ′
 = scaled equivalent slip increment over the current substep

µeq = equivalent coefficient of friction

′ −τ�
� �

 = scaled frictional stress in principal direction i = 1, 2 at the end of previous substep
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For consistency between scaled friction stress and scaled slip increment, the scaled tangential contact
stiffness in principal direction i = 1, 2 must be defined as:

(13.297)′ =








si

eq

i
s

µ

µ

2

Augmented Lagrangian Method

The augmented Lagrangian method is an iterative series of penalty updates to find the Lagrange mul-
tipliers (i.e., contact tractions). Compared to the penalty method, the augmented Lagrangian method
usually leads to better conditioning and is less sensitive to the magnitude of the contact stiffness
coefficient. However, in some analyses, the augmented Lagrangian method may require additional iter-
ations, especially if the deformed mesh becomes excessively distorted.

The contact pressure is defined by:

(13.298)
n

n n � n

=
>

+ ≤



 +1

�f

�fλ

where:

λ
λ ε

λ ε�
� � � �

� �
+ =

+ >

<






�

��

��

ε = compatibility tolerance (input as FTOLN on R command)
λi = Lagrange multiplier component at iteration i

The Lagrange multiplier component λi is computed locally (for each element) and iteratively.

Pure Lagrange Multiplier Method

The pure Lagrange multiplier method does not require contact stiffness. Instead it requires chattering
control parameters. Theoretically, the pure Lagrange multiplier method enforces zero penetration when
contact is closed and "zero slip" when sticking contact occurs. However the pure Lagrange multiplier
method adds additional degrees of freedom to the model and requires additional iterations to stabilize
contact conditions. This will increase the computational cost. This algorithm has chattering problems
due to contact status changes between open and closed or between sliding and sticking. The other
main drawback of the Lagrange multiplier method is overconstraint in the model. The model is over-
constrained when a contact constraint condition at a node conflicts with a prescribed boundary condition
on that degree of freedom (e.g., D command) at the same node. Overconstraints can lead to convergence
difficulties and/or inaccurate results. The Lagrange multiplier method also introduces zero diagonal
terms in the stiffness matrix, so that iterative solvers (e.g., PCG) can not be used.

The contact traction components (i.e., Lagrange multiplier parameters) become unknown DOFs for each
element. The associated Newton-Raphson load vector is:

(13.299)�r �
T=  τ τ� 	 � 	∆ ∆

Lagrange Multiplier on Contact Normal and Penalty on Frictional Direction

In this method only the contact normal pressure is treated as a Lagrange multiplier. The tangential
contact stresses are calculated based on the penalty method (see Equation 13.295 (p. 564)).
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This method allows only a very small amount of slip for a sticking contact condition. It overcomes
chattering problems due to contact status change between sliding and sticking which often occurs in
the pure Lagrange Multiplier method. Therefore this algorithm treats frictional sliding contact problems
much better than the pure Lagrange method.

13.174.5. Viscous Damping

Viscous damping is primarily used to damp relative motions between the contact and target surfaces
for open contact. It provides a certain resistance to reduce the risk of rigid body motion. The viscous
damping traction is proportional but opposite to the relative velocities along contact normal or tangential
directions:

(13.300)dn n n= ɺ

(13.301)� t1 1= ɺ

(13.302)� �2 2= ɺ

where:

dn = damping coefficient in normal direction

dt = damping coefficient in tangential direction

The total damping force is calculated by the integration of damping traction over the contact elements.

The damping coefficient is specified as a function of the opening gap:

(13.303)�
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where:

upinb = pinball radius (real constant PINB)

dn0 = normal contact damping coefficient (real constant FDMN)

dt0 = tangential contact damping coefficient (real constant FDMT)

13.174.6. Energy and Momentum Conserving Contact

To correctly model the physical interaction between contact and target surfaces in a transient dynamic
analysis, the contact forces must maintain force and energy balance, and ensure proper transfer of linear
momentum. This requires imposing additional constraints on relative velocities between contact and
target surfaces (see Laursen and Chawla ([376] (p. 942)), and Armero and Pet cz ([377] (p. 942))).

Impact Constraints and Contact Forces

In ANSYS the penetration constraints and the relative velocity constraints between contact and target
surfaces are collectively referred to as impact constraints. These constraints can be selected by setting
KEYOPT(7) = 4 for any of the 2D or 3D contact elements and are valid for all types of contact interactions
(flexible-to-flexible, flexible-to-rigid, and rigid-to-rigid) with and without friction.
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An automatic time stepping scheme is used to predict the time of impact and adjust the size of the
time increment to minimize penetration. When contact is detected, the relative velocity constraints are
imposed using one of the four contact algorithms: pure penalty method, augmented Lagrangian
method, pure Lagrange multiplier method, or Lagrange multiplier in contact normal and penalty in
frictional direction method. In the case of rough contact (KEYOPT(12) = 1) the relative velocity constraint
is imposed in the tangential direction also to prevent slip. In the case of standard contact (KEYOPT(12)
= 0) with friction, the slip increment and frictional stress are computed by taking the relative velocity
constraint into consideration.

For the pure penalty method, contact pressure P and friction stresses τi for isotropic friction are defined

as:

(13.305)P
u u u

P K u u u

n n n
n

n n n n

=
> < ≤

+ −( ) ≤−1
uun ≤





where:

Kn = contact normal stiffness

un = contact gap size

 = algorithmic contact gap size (based on the relative velocity constraint)

Pn-1 = normal contact pressure at the end of previous substep

and:
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where:

Ks = tangential contact stiffness (input as FKT on R command)

�  = slip increment in direction i over the current substep

 = equivalent slip increment over the current substep

�  = algorithmic slip increment in direction i over the current substep

∆ = algorithmic equivalent slip increment over the current substep

µiso = coefficient of friction

�

�-	

 = frictional stress in direction i = 1,2 at the end of previous substep
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For other contact algorithms, the expressions for contact pressure and frictional stresses are defined in
a similar manner as shown in Equation 13.298 (p. 565) and Equation 13.299 (p. 565) but with additional
variables as shown above in Equation 13.305 (p. 567) and Equation 13.306 (p. 567).

Energy and Momentum Balance

Imposition of the impact constraints at Gauss points of contact elements ensures satisfaction of mo-
mentum and energy balance in a finite element sense. Since the impact constraints act only on the
contact/target interface, energy balance is not enforced for the underlying finite elements used to
model the interior of the contact and target bodies. Total energy at the contact/target interface is
conserved for frictionless or rough contact when relative velocity constraints are satisfied exactly. If the
relative velocity constraints are not satisfied to a tight tolerance there may be some loss of kinetic energy.

When friction is specified for contact elements, energy is conserved when the contact and target surfaces
are not slipping (STICK) with respect to each other, and energy equal to the work done by frictional
forces is dissipated when the contact and target surfaces are slipping (SLIP) with respect to each other.

Energy is also lost when numerical damping is used for the time integration scheme.

As per the classical theory of impact, exact conservation of energy during impact between rigid bodies
is identified with elastic impact. It corresponds to a coefficient of restitution (COR) of 1. The impact con-
straints in ANSYS for impact between rigid bodies satisfy the conditions of elastic impact when the
constraints are satisfied exactly and no numerical damping or friction is specified. Energy loss during
impact between rigid bodies can be modeled by specifying a coefficient of restitution value (input as
real constant COR) smaller than 1.

Time Integration Scheme

The impact constraints are formulated such that they can be used with both methods available for im-
plicit transient dynamic analysis in ANSYS, the Newmark method and the HHT method. An important
reason for using the impact constraints is that they make the time integration scheme numerically more
stable without using large numerical damping. A small amount of numerical damping may still be
needed to suppress high frequency noise.

13.174.7. Debonding

Debonding refers to separation of bonded contact (KEYOPT(12) = 2, 3, 4, 5 or 6). It is activated by asso-
ciating a cohesive zone material model (input with TB,CZM) with contact elements. Debonding is
available only for pure penalty method and augmented Lagrangian method (KEYOPT(2) = 0,1) with
contact elements CONTA171, CONTA172, CONTA173, CONTA174, CONTA175, CONTA176, and CONTA177.

A cohesive zone material model is provided with bilinear behavior (Alfano and Crisfield([365] (p. 941)))
for debonding. The model defines contact stresses as:

(13.307)n n= −

(13.308)τ1 1= −t

and

(13.309)τ2 2= −�

where:

P = normal contact stress (tension)
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τ1 = tangential contact stress in direction 1

τ2 = tangential contact stress in direction 2

Kn = normal contact stiffness

Kt = tangential contact stiffness

un = contact gap

u1 = contact slip distance in direction 1

u2 = contact slip distance in direction 2

d = debonding parameter
direction 1 and direction 2 = principal directions in tangent plane

The debonding parameter is defined as:

(13.310)=
−









∆
∆

χ

with d = 0 for ∆ ≤  1 and 0 < d ≤  1 for ∆ > 1, and ∆ and χ are defined below.

Debonding allows three modes of separation: mode I, mode II and mixed mode.

Mode I debonding is defined by setting

(13.311)∆ ∆= =n
n

n

and

(13.312)χ χ= =
−
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�
c

�
c

�

where:

�  = contact gap at the maximum normal contact traction (tension)

�
�

 = contact gap at the completion of debonding (input on TBDATA command as C2 using
TB,CZM)

Mode II debonding is defined by setting

(13.313)∆ ∆= =t
t

t

(13.314)
� = +1
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2
2
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(13.315)χ χ= =
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where:

�  = equivalent tangential slip distance at the maximum equivalent tangential stress,
τ τ�
	

	
	+
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t
c

 = equivalent tangential slip distance at the completion of debonding (input on TBDATA

command as C4 using TB,CZM)

Mixed mode debonding is defined by setting

(13.316)∆ ∆ ∆m n �= +2 2

and

(13.317)χ =
−












=

−













�
�

�
�

�

�
�

�
�

�

The constraint on χ that the ratio of the contact gap distances be same as the ratio of tangential slip
distances is enforced automatically by appropriately scaling the contact stiffness values.

For mixed mode, debonding is complete when the energy criterion is satisfied:

(13.318)�

��

�

��









 +









 =

� �

with

(13.319)� �= ∫

(13.320)
	 	= +∫ τ τ1








(13.321)�� �
�= σax

(13.322)�� �
�= τ���

where:

σmax = maximum normal contact stress (input on TBDATA command as C1 using TB,CZM)

τmax = maximum equivalent tangential contact stress (input on TBDATA command as C3 using

TB,CZM)

Verification of satisfaction of energy criterion can be done during postprocessing of results.

The debonding modes are based on input data:

1. Mode I for normal data (input on TBDATA command as C1, C2, and C5).

2. Mode II for tangential data (input on TBDATA command as C3, C4, and C5).

3. Mixed mode for normal and tangential data (input on TBDATA command as C1, C2, C3, C4, C5
and C6).

Artificial damping can be used to overcome convergence difficulties associated with debonding. It is
activated by specifying the damping coefficient η (input on TBDATA command as C5 using TB,CZM).

Tangential slip under compressive normal contact stress for mixed mode debonding is controlled by
appropriately setting the flag β (input on TBDATA command as C6 using TB,CZM). Settings on β are:
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β = 0 (default) indicates no tangential slip
β = 1 indicates tangential slip is allowed

After debonding is completed the surface interaction is governed by standard contact constraints for
normal and tangential directions. Frictional contact is used if friction is specified for contact elements.

13.174.8. Contact Surface Wear

Progressive loss of material from the surface of a solid body when in contact with another body (in any
phase) is called wear. At a micro-scale, the process of wear is quite complex with various mechanical
and chemical processes resulting in material failure and loss. At a continuum scale, wear is approximated
by phenomenological models that relate various quantities at the contact surface with material loss
(see Meng and Ludema [418] (p. 944)). ANSYS models wear using such a phenomenological approach.
Material loss due to wear is approximated by repositioning the contact nodes at the contact surface.
The new coordinates of the nodes are determined by a wear model. Since the contact nodes are moved
to new positions, the contact variables (for example, contact pressure) change. The underlying continuum
elements also experience a loss in material (and volume), thus simulating wear. After the nodes are
moved to a new position, equilibrium may be lost and the program continues to iterate until equilibrium
is achieved.

The following options are available for defining a wear model:

• Archard wear model (see Archard [419] (p. 944))

• User-defined wear model

Wear is activated using the TB command with Lab = WEAR for the material assigned to contact elements.
The following contact elements support modeling wear: CONTA171, CONTA172, CONTA173, CONTA174,
and CONTA175.

Archard Wear Model

The Archard wear model (see Archard [419] (p. 944)) is a popular sliding wear model with fairly good
results for simulating wear. The original model proposed by Archard assumed that the rate of volume
loss due to wear is linearly proportional to the contact pressure and sliding velocity at the contact surface.
A generalized version of this model allowing proper law dependence on contact pressure and velocity
is implemented in the program. Wear is assumed to occur in the inward normal direction of the surface,

taken as the direction opposite the contact normal direction. The rate of wear at a contact node, ɺ ,
is given by:

(13.323)ɺ m
rel
n=

where:

K = wear coefficient
H = material hardness
P = contact pressure
vrel = the relative sliding velocity

m = pressure exponent
n = velocity exponent

The Archard model is defined using the TB command with TBOPT = ARCD and Lab = WEAR.

User-Defined Wear Model (USERWEAR)
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If the Archard wear model does not fit your needs, you can define your own wear model by programming
the subroutine USERWEAR. Most of the relevant contact results and properties are passed in the
USERWEAR subroutine. You can define the wear increment and direction of the wear increment. The
user-defined wear model is defined using the TB command with TBOPT = USER and Lab = WEAR.

13.174.9. Thermal/Structural Contact

Combined structural and thermal contact is specified if KEYOPT(1) = 1, which indicates that structural
and thermal DOFs are active. Pure thermal contact is specified if KEYOPT(1) = 2. The thermal contact
features (Zhu and Cescotto([280] (p. 936))) are:

Thermal Contact Conduction

(13.324)c T C= − ≥if S�A�

where:

q = heat flux (heat flow rate per area)
Kc = thermal contact conductance coefficient (input as TCC on R command)

TT = temperature on target surface

TC = temperature on contact surface

Heat Convection

(13.325)� e �= − ≤�� ����

where:

hf = convection coefficient (input on SFE command with Lab = CONV and KVAL = 1)

�

	

=


� �� = 1

�nv
ronm�ntal t�mp�ratur� (
nput on

�om

�FE

mmand w
th Lab = �ONV and KV�L = 2)


� �� = 0











Heat Radiation

(13.326)� � � �= + − +





≤σε 4 4
�� ����

where:

σ = Stefan-Boltzmann constant (input as SBCT on R command)
ε = emissivity (input using EMIS on MP command)
F = radiation view factor (input as RDVF on R command)
To = temperature offset (input as VALUE on TOFFST command)

Heat Generation Due to Frictional Sliding

(13.327)
� � �

� � �

=

= −





> � ! "#$# % & '*+ µ

where:
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qc = amount of frictional dissipation on contact surface

qT = amount of frictional dissipation on target surface

Fw = weight factor for the distribution of heat between two contact and target surfaces (input

as FWGT on R command)
Ff = fractional dissipated energy converted into heat (input on FHTG on R command)

t = equivalent frictional stress
v = sliding rate

Note

When KEYOPT(1) = 2, heat generation due to friction is ignored.

13.174.10. Electric Contact

Combined structural, thermal, and electric contact is specified if KEYOPT(1) = 3. Combined thermal and
electric contact is specified if KEYOPT(1) = 4. Combined structural and electric contact is specified if
KEYOPT(1) = 5. Pure electric contact is specified if KEYOPT(1) = 6. The electric contact features are:

Electric Current Conduction (KEYOPT(1) = 3 or 4)

(13.328)T C= −
σ

where:

J = current density
σ/L = electric conductivity per unit length (input as ECC on R command)
VT = voltage on target surface

VC = voltage on contact surface

Electrostatic (KEYOPT(1) = 5 or 6)

(13.329)� �= −

where:

Q

A
= charge per unit area

�

�
= ��������	�
 �
� �	�� ��
� (�	��� �s E�� o	 �omm�	d)R

13.174.11. Magnetic Contact

The magnetic contact is specified if KEYOPT(1) = 7. Using the magnetic scalar potential approach, the
3-D magnetic flux across the contacting interface is defined by:

(13.330)ψ φ φ µ
M � � � �

= − −

where:
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ψ
n = magnetic flux
ϕt = magnetic potential at target surface (MAG degree of freedom)

ϕc = magnetic potential at contact surface (MAG degree of freedom)

CM = magnetic contact permeance coefficient

µo = free space permeability

A = contact area

g
n

 = normal component of the "guess" magnetic field (See Equation 5.16 (p. 180))

The gap permeance is defined as the ratio of the magnetic flux in the gap to the total magnetic potential
difference across the gap. The equation for gap permeance is:

(13.331)o= µ

where:

t = gap thickness

The magnetic contact permeance coefficient is defined as:

(13.332)M �= µ

The above equations are only valid for 3-D analysis using the Magnetic Scalar Potential approach.

13.175. CONTA175 - 2-D/3-D Node-to-Surface Contact

I
CONTA175

3-D ass�ciated tar�et

surface (TARGE170)

tar�et ��rmal

Y

Z

X

2-D ass�ciated tar�et

surface (TARGE169)

tar�et ��rmal

X

�

I
CONTA175

Integration PointsShape FunctionsGeometryMatrix or Vector

NoneNoneNormal Direction
Stiffness Matrix

NoneNoneSliding Direction

13.175.1. Other Applicable Sections

The CONTA175 description is the same as for CONTA174 - 3-D 8-Node Surface-to-Surface Contact (p. 554)
except that it is a one node contact element.

13.175.2. Contact Models

The contact model can be either contact force based (KEYOPT(3) = 0, default) or contact traction based
(KEYOPT(3) = 1). For a contact traction based model, ANSYS can determine the area associated with the
contact node. For the single point contact case, a unit area will be used which is equivalent to the
contact force based model.
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13.175.3. Contact Forces

In order to satisfy contact compatibility, forces are developed in a direction normal (n-direction) to the
target that will tend to reduce the penetration to an acceptable numerical level. In addition to normal
contact forces, friction forces are developed in directions that are tangent to the target plane.

(13.333)n
n n

=




>

≤

0

0

if u

if u

n

n

where:

Fn = normal contact force

Kn = contact normal stiffness (input as FKN on R command)

un = contact gap size

(13.334)T
T T �

� � �

=
− <

− =







�� (st�ck��g)

�� (sl�d��g)

T

T

µ

µ µ

where:

FT = tangential contact force

KT = tangential contact stiffness (input as FKT on R command)

uT = contact slip distance

µ

µ

=

��o ��e��	�	e
� �� �r	��	�
 ��r 	���r�p	� �r	��	�
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��	
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�e�	
e� �e��w�













For orthotropic friction, µeq is computed using the expression:

(13.335)µ
µ µ

�� =
+1

2
2
2

where:

µeq = equivalent coefficient of friction for orthotropic friction

µ1, µ2 = coefficients of friction in first and second principal directions (input as MU1 and MU2

using TB command with Lab = FRIC)
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13.176. CONTA176 - 3-D Line-to-Line Contact

3-D associated target

line segments (TARGE170)

CONTA176

J

K

I

Y

Z

X

Integration PointsShape FunctionMatrix or Vector

NoneW = C1 + C2x + C3x2Stiffness Matrix

13.176.1. Other Applicable Sections

The CONTA176 description is the same as for CONTA174 - 3-D 8-Node Surface-to-Surface Contact (p. 554)
except that it is a 3-D line contact element.

13.176.2. Contact Kinematics

Three different scenarios can be modeled by CONTA176:

• Internal contact where one beam (or pipe) slides inside another hollow beam (or pipe) (see Fig-
ure 13.34: Beam Sliding Inside a Hollow Beam (p. 577)).

• External contact between two beams that lie next to each other and are roughly parallel (see Fig-
ure 13.35: Parallel Beams in Contact (p. 577)).

• External contact between two beams that cross (see Figure 13.36: Crossing Beams in Contact (p. 578)).

Use KEYOPT(3) = 0 for the first two scenarios (internal contact and parallel beams). In both cases, the
contact condition is only checked at contact nodes.

Use KEYOPT(3) = 1 for the third scenario (beams that cross). In this case, the contact condition is checked
along the entire length of the beams. The beams with circular cross-sections are assumed to come in
contact in a point-wise manner.
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Figure 13.34:  Beam Sliding Inside a Hollow Beam
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Figure 13.35:  Parallel Beams in Contact
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Figure 13.36:  Crossing Beams in Contact
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Contact is detected when two circular beams touch or overlap each other. The non-penetration condition
for beams with a circular cross-section can be defined as follows.

For internal contact:

(13.336)� �= − − ≤

and for external contact:

(13.337)� �= − + ≤

where:

g = gap distance
rc and rt = radii of the cross-sections of the beam on the contact and target sides, respectively.

d = minimal distance between the two beam centerlines (also determines the contact normal
direction).

Contact occurs for negative values of g.

13.176.3. Contact Forces

CONTA176 uses a contact force based model. In order to satisfy contact compatibility, forces are de-
veloped in a direction normal (n-direction) to the target that will tend to reduce the penetration to an
acceptable numerical level. In addition to normal contact forces, friction forces are developed in directions
that are tangent to the target plane.

(13.338)�
� �

=




>

≤

�

�

if u

if u

�

�

where:
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Fn = normal contact force

Kn = contact normal stiffness (input as FKN on R command)

un = contact gap size

(13.339)T
T T n

n n n

=
− <

− =







if (sticki�g)

if (slidi�g)

T

T

µ

µ µ

where:

FT = tangential contact force

KT = tangential contact stiffness (input as FKT on R command)

uT = contact slip distance

µ

µ

=

��o ��e�����e�� �� �r������ ��r �	��r�p�� �r������ 
��ppu� a	 MU

u	��� e��her ��mma�� w��h = FRIC �r ��B �PL�b mmma���

equ�va�e�� ��e�����e�� �� �r������ ��r �r�h��rµ�� ��p�� �r������


�e���e� �e��w�













For orthotropic friction, µeq is computed using the expression:

(13.340)µ
µ µ

�� =
+1

2
2
2

where:

µeq = equivalent coefficient of friction for orthotropic friction

µ1, µ2 = coefficients of friction in first and second principal directions (input as MU1 and MU2

using TB command with Lab = FRIC)

13.177. CONTA177 - 3-D Line-to-Surface Contact
Y

Z

X
�ON�A�77

J

K

�

E��� ��

 !�"" �"�#�$% 
�ON�A�77

3-D %&'��%  *'�&+�

,�A.GE�70/

4 56

Integration PointsShape FunctionMatrix or Vector

NoneW = C1 + C2x + C3x2Stiffness Matrix
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13.177.1. Other Applicable Sections

The CONTA177 description is the same as for CONTA174 - 3-D 8-Node Surface-to-Surface Contact (p. 554)
except that it is a 3-D line contact element.

13.177.2. Contact Forces

CONTA177 uses a contact force based model. In order to satisfy contact compatibility, forces are de-
veloped in a direction normal (n-direction) to the target that will tend to reduce the penetration to an
acceptable numerical level. In addition to normal contact forces, friction forces are developed in directions
that are tangent to the target plane.

(13.341)n
n n

=




>

≤

0

0

if u

if u

n

n

where:

Fn = normal contact force

Kn = contact normal stiffness (input as FKN on R command)

un = contact gap size
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T T �
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− =
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T

T
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where:

FT = tangential contact force

KT = tangential contact stiffness (input as FKT on R command)

uT = contact slip distance

µ

µ
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For orthotropic friction, µeq is computed using the expression:

(13.343)µ
µ µ

�� =
+1

2
2
2

where:

µeq = equivalent coefficient of friction for orthotropic friction

µ1, µ2 = coefficients of friction in first and second principal directions (input as MU1 and MU2

using TB command with Lab = FRIC)
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13.178. CONTA178 - 3-D Node-to-Node Contact

x

y

z

I

J

Y

X
Z

Integration PointsShape FunctionsGeometryMatrix or Vector

NoneNoneNormal Direction
Stiffness Matrix

NoneNoneSliding Direction

DistributionLoad Type

None - average used for material property evaluationElement Temperature

None - average used for material property evaluationNodal Temperature

13.178.1. Introduction

CONTA178 represents contact and sliding between any two nodes of any types of elements. This node-
to-node contact element can handle cases when the contact location is known beforehand.

CONTA178 is applicable to 3-D geometries. It can also be used in 2-D and axisymmetric models by
constraining the UZ degrees of freedom. The element is capable of supporting compression in the
contact normal direction and Coulomb friction in the tangential direction.

13.178.2. Contact Algorithms

Four different contact algorithms are implemented in this element.

• Pure penalty method

• Augmented Lagrange method

• Pure Lagrange multiplier method

• Lagrange multiplier on contact normal penalty on frictional direction

Pure Penalty Method

The Newton-Raphson load vector is:
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where:

Fn = normal contact force

Fsy = tangential contact force in y direction

Fsz = tangential contact force in z direction

(13.345)�
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=

>

≤



 if

where:

Kn = contact normal stiffness (input FKN on R command)

un = contact gap size
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where:

Ks = tangential contact stiffness (input as FKS on R command)

uy = contact slip distance in y direction

µ = coefficient of friction (input as MU on TB command with Lab = FRIC or MP command)

Augmented Lagrange Method

(13.347)	
	 	 
 	

	

=
+ ≤

>





+λ 1 ��
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τ ε��

ε = user-defined compatibility tolerance (input as TOLN on R command)

The Lagrange multiplier component of force λ is computed locally (for each element) and iteratively.

Pure Lagrange Multiplier Method

The contact forces (i.e., Lagrange multiplier components of forces) become unknown DOFs for each
element. The associated Newton-Raphson load vector is:
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Lagrange Multiplier on Contact Normal Penalty on Frictional Direction

In this method only the contact normal face is treated as a Lagrange multiplier. The tangential forces
are calculated based on penalty method:

(13.349)��
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2 2
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µ µ

13.178.3. Element Damper

The damping capability is only used for modal and transient analyses. Damping is only active in the
contact normal direction when contact is closed. The damping force is computed as:

(13.350)D v= −

where:

V = relative velocity between two contact nodes in contact normal direction

� � �= +1 �

Cv1 = constant damping coefficient (input as CV1 on R command)

Cv2 = linear damping coefficient (input as CV2 on R command)

13.178.4. Rigid Coulomb Friction

If you know that a CONTA178 element will be in sliding status throughout the analysis, and that the
relative displacement of the two nodes will be monotonically increasing, the rigid Coulomb friction
option (KEYOPT(10) = 7) can be used to avoid convergence problems. This option removes the stiffness
in the sliding direction, as shown in Figure 13.37: Force-Deflection Relations for Rigid Coulomb Op-
tion (p. 584). Note that if the relative displacement does not increase monotonically, the convergence
characteristics of the rigid Coulomb friction law (KEYOPT(10) = 7) will be worse than for the elastic
Coulomb friction law (KEYOPT(10) = 0).
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Figure 13.37:  Force-Deflection Relations for Rigid Coulomb Option
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13.179. PRETS179 - Pretension

I

JY

X
Z

K

Integration PointsShape FunctionsMatrix or Vector

NoneNoneStiffness Matrix

DistributionLoad Type

Applied on pretension node K across entire pretension sectionPretension Force

13.179.1. Introduction

The element is used to represent a two or three dimensional section for a bolted structure. The pretension
section can carry a pretension load. The pretension node (K) on each section is used to control and
monitor the total tension load.

13.179.2. Assumptions and Restrictions

The pretension element is not capable of carrying bending or torsion loads.
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13.180. LINK180 - 3-D Spar (or Truss)

J

I

w

u

v
s

Y

X
Z

Integration PointsShape FunctionsMatrix or Vector

1Equation 11.6 (p. 329)Stiffness Matrix; and
Thermal and Newton
Raphson Load Vectors

1Equation 11.6 (p. 329), Equation 11.7 (p. 330), and
Equation 11.8 (p. 330)

Mass and Stress Stiffen-
ing Matrices

DistributionLoad Type

Linear along lengthElement Temperature

Linear along lengthNodal Temperature

Reference: Cook et al.([117] (p. 927))

13.180.1. Assumptions and Restrictions

The theory for this element is a reduction of the theory for BEAM189 - 3-D 3-Node Beam (p. 602). The
reductions include only 2 nodes, no bending or shear effects, no pressures, and the entire element as
only one integration point.

The element is not capable of carrying bending loads. The stress is assumed to be uniform over the
entire element.
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13.181. SHELL181 - 4-Node Shell

L

K

J

I

x

y

s,u
t,v

r,w

θ

Y

X
Z

Integration PointsShape FunctionsMatrix or Vector

In-plane:
1 x 1 (KEYOPT(3) = 0)
2 x 2 (KEYOPT(3) = 2)

Equation 11.69 (p. 337), Equa-
tion 11.70 (p. 337), Equation 11.71 (p. 337),
Equation 11.72 (p. 337), Equa-

Stiffness Matrix; and
Thermal Load Vector

tion 11.73 (p. 337), and Equa-
tion 11.74 (p. 337)

Thru-the-thickness:
1, 3, 5, 7, or 9 per layer for
data input for section general
shell option (KEYOPT(1) = 0)

Thru-the-thickness:
1 per layer for section data
input for membrane shell
option (KEYOPT(1) = 1)

Closed form integrationEquation 11.69 (p. 337), Equa-
tion 11.70 (p. 337), Equation 11.71 (p. 337),

Consistent Mass and
Stress Stiffness Matrices

Equation 11.72 (p. 337), Equa-
tion 11.73 (p. 337), and Equa-
tion 11.74 (p. 337)

Closed form integrationEquation 11.69 (p. 337), Equa-
tion 11.70 (p. 337), Equation 11.71 (p. 337)

Lumped Mass Matrix

2 x 2Equation 11.71 (p. 337)Transverse Pressure
Load Vector

2Equation 11.69 (p. 337) and Equa-
tion 11.70 (p. 337) specialized to the
edge

Edge Pressure Load
Vector
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DistributionLoad Type

Bilinear in plane of element, linear thru each layerElement Temperature

Bilinear in plane of element, constant thru thicknessNodal Temperature

Bilinear in plane of element and linear along each edgePressure

References: Ahmad([1] (p. 921)), Cook([5] (p. 921)), Dvorkin([96] (p. 926)), Dvorkin([97] (p. 926)), Bathe and
Dvorkin([98] (p. 926)), Allman([113] (p. 927)), Cook([114] (p. 927)), MacNeal and Harder([115] (p. 927))

13.181.1. Other Applicable Sections

Structures (p. 5) describes the derivation of structural element matrices and load vectors as well as
stress evaluations.

13.181.2. Assumptions and Restrictions

Normals to the centerplane are assumed to remain straight after deformation, but not necessarily normal
to the centerplane.

Each set of integration points thru a layer (in the r direction) is assumed to have the same element
(material) orientation.

13.181.3. Assumed Displacement Shape Functions

The assumed displacement and transverse shear strain shape functions are given in Shape Func-
tions (p. 327). The basic functions for the transverse shear strain have been changed to avoid shear
locking (Dvorkin([96] (p. 926)), Dvorkin([97] (p. 926)), Bathe and Dvorkin([98] (p. 926))).

13.181.4. Membrane Option

A membrane option is available for SHELL181 if KEYOPT(1) = 1. For this option, there is no bending
stiffness or rotational degrees of freedom. There is only one integration point per layer, regardless of
other input.

13.181.5. Warping

A warping factor is computed as:

(13.351)φ =

where:

D = component of the vector from the first node to the fourth node parallel to the element
normal
t = average thickness of the element

If φ > 1.0, a warning message is printed.

13.181.6. Shear Correction

The element uses an equivalent energy method to compute shear-correction factors. These factors are
predetermined based on the section lay-up at the start of solution.
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13.182. PLANE182 - 2-D 4-Node Structural Solid

K

J

I

t

L

s

X,R,u

Y,v

Integration PointsShape Functions
Geo-

metry
Matrix or Vector

2 x 2 if KEYOPT(1) = 0, 2, or 3
1 if KEYOPT(1) = 1

Equation 11.120 (p. 341) and
Equation 11.121 (p. 341)

QuadStiffness and Stress
Stiffness Matrices; and
Thermal Load Vector

1
Equation 11.100 (p. 340) and
Equation 11.101 (p. 340)

Triangle

2 x 2
Same as stiffness matrix

Quad
Mass Matrix

1Triangle

2
Same as stiffness matrix, specialized to
face

Pressure Load Vector

DistributionLoad Type

Bilinear across element, constant thru thickness or around circum-
ference

Element Temperature

Same as element temperature distributionNodal Temperature

Linear along each facePressure

13.182.1. Other Applicable Sections

Structures (p. 5) describes the derivation of structural element matrices and load vectors as well as
stress evaluations. General Element Formulations (p. 50) gives the general element formulations used
by this element.

13.182.2. Theory

If KEYOPT(1) = 0, this element uses B  method (selective reduced integration technique for volumetric
terms) (Hughes([219] (p. 933)), Nagtegaal et al.([220] (p. 933))).

If KEYOPT(1) = 1, the uniform reduced integration technique (Flanagan and Belytschko([232] (p. 934)))
is used.
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If KEYOPT(1) = 2 or 3, the enhanced strain formulations from the work of Simo and Rifai([318] (p. 938)),
Simo and Armero([319] (p. 939)), Simo et al.([320] (p. 939)), Andelfinger and Ramm([321] (p. 939)), and
Nagtegaal and Fox([322] (p. 939)) are used. It introduces 5 internal degrees of freedom to prevent shear
and volumetric locking for KEYOPT(1) = 2, and 4 internal degrees of freedom to prevent shear locking
for KEYOPT(1) = 3. If mixed u-P formulation is employed with the enhanced strain formulations, only 4
degrees of freedom for overcoming shear locking are activated.

13.183. PLANE183 - 2-D 8-Node Structural Solid

X,R,u

Y,v

I

J

K

L

M

N
O

P

s

t

Integration PointsShape FunctionsGeometryMatrix or Vector

2 x 2
Equation 11.134 (p. 342) and
Equation 11.135 (p. 342)

QuadStiffness and Stress
Stiffness Matrices; and
Thermal Load Vector 3

Equation 11.112 (p. 340) and
Equation 11.113 (p. 340)

Triangle

3 x 3
Same as stiffness matrix

Quad
Mass Matrix

3Triangle

2 along faceSame as stiffness matrix, specialized to the facePressure Load Vector

DistributionLoad Type

Same as shape functions across element, constant thru thickness
or around circumference

Element Temperature

Same as element temperature distributionNodal Temperature

Linear along each facePressure

Reference: Zienkiewicz([39] (p. 922))

13.183.1. Other Applicable Sections

Structures (p. 5) describes the derivation of structural element matrices and load vectors as well as
stress evaluations. General Element Formulations (p. 50) gives the general element formulations used
by this element.

13.183.2. Assumptions and Restrictions

A dropped midside node implies that the face is and remains straight.
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13.184. MPC184 - Multipoint Constraint

y

x

z

I

J

Y

Z

X

MPC184 comprises a general class of multipoint constraint elements that implement kinematic constraints
using Lagrange multipliers. The elements are loosely classified here as "constraint elements" and "joint
elements". All of these elements are used in situations that require you to impose some kind of constraint
to meet certain requirements. Since these elements are implemented using Lagrange multipliers, the
constraint forces and moments are available for output purposes. The different constraint elements and
joint elements are identified by KEYOPT(1).

13.184.1. Slider Element

The slider element (KEYOPT(1) = 3) is a 3-node element that allows a "slave" node to slide on a line
joining two "master" nodes.

Figure 13.38:  184.2 Slider Constraint Geometry

J

K

I

Y

Z

X

The constraints required to maintain the "slave" node on the line joining the two "master" nodes are
as follows:

Define a unit vector n as:

(13.352)=
−

−

J I

J Ix x

where:

x
I, x

J = position vectors of nodes I and J in the current configuration

Identify unit vectors l and m such that l, m, and n form an orthonormal set.
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The constraints are then defined as:

(13.353)( )x x LK I− ⋅ = 0

(13.354)( )x x MK I− ⋅ = 0

where:

xk = position vector of the node K in the current configuration

Let i, j, and k be the global base vectors. Then we can define the unit vector l as:

(13.355)l
n i

n i
i=

×
×

≠if n

If n = l, then:

(13.356)l
n k

n k
=

×
×

Finally, the unit vector m is defined as:

(13.357)m n l= ×

The virtual work contributions are obtained from taking the variations of the above equations.

13.184.2. Joint Elements

The equations for the constraints imposed in joint elements are described in the individual element
descriptions:

MPC184-Revolute
MPC184-Universal
MPC184-Slot
MPC184-Point
MPC184-Translational
MPC184-Cylindrical
MPC184-Planar
MPC184-Weld
MPC184-Orient
MPC184-Spherical
MPC184-General
MPC184-Screw

13.185. SOLID185 - 3-D 8-Node Structural Solid

SOLID185 is available in two forms:

• Standard (nonlayered) structural solid (KEYOPT(3) = 0, the default) - see SOLID185 - 3-D 8-Node
Structural Solid (p. 592).

• Layered structural solid (KEYOPT(3) = 1) - see SOLID185 - 3-D 8-Node Layered Solid (p. 593).
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13.185.1. SOLID185 - 3-D 8-Node Structural Solid

J

K

O

P

M

I
L

r

N

s

t

Z,w

Y,v

X,u

Integration PointsShape FunctionsMatrix or Vector

2 x 2 x 2 if KEYOPT(2) = 0, 2, or 3
1 if KEYOPT(2) = 1

Equation 11.212 (p. 353), Equa-
tion 11.213 (p. 353), and Equa-
tion 11.214 (p. 353)

Stiffness and Stress
Stiffness Matrices; and
Thermal Load Vector

2 x 2 x 2Same as stiffness matrixMass Matrix

2 x 2
Equation 11.69 (p. 337)
and Equa-
tion 11.70 (p. 337)

Quad

Pressure Load Vector

3
Equation 11.49 (p. 336)
and Equa-
tion 11.50 (p. 336)

Triangle

DistributionLoad Type

Trilinear thru elementElement Temperature

Trilinear thru elementNodal Temperature

Bilinear across each facePressure
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13.185.2. SOLID185 - 3-D 8-Node Layered Solid

P

K

O
M

I

L

J

N

t,v

s,u

r,w

Y

X
Z

Integration PointsShape FunctionsMatrix or Vector

In-plane:
2 x 2

Equation 11.212 (p. 353), Equa-
tion 11.213 (p. 353), and Equa-
tion 11.214 (p. 353)

Stiffness and Stress
Stiffness Matrices; and
Thermal Load Vector Thru-the-thickness:

2 if no shell section defined.
1, 3, 5, 7, or 9 per layer if a 
shell section is defined

Same as stiffness matrixSame as stiffness matrixMass Matrix

2 x 2
Equation 11.69 (p. 337)
and Equa-
tion 11.70 (p. 337)

Quad

Pressure Load Vector

3
Equation 11.49 (p. 336)
and Equa-
tion 11.50 (p. 336)

Triangle

DistributionLoad Type

Bilinear in plane of element, linear thru each layerElement Temperature

Trilinear thru elementNodal Temperature

Bilinear across each facePressure

13.185.3. Other Applicable Sections

Structures (p. 5) describes the derivation of structural element matrices and load vectors as well as
stress evaluations. General Element Formulations (p. 50) gives the general element formulations used
by this element.

13.185.4. Theory

If KEYOPT(2) = 0 (not applicable to layered SOLID185), this element uses B  method (selective reduced
integration technique for volumetric terms) (Hughes([219] (p. 933)), Nagtegaal et al.([220] (p. 933))).
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If KEYOPT(2) = 1 (not applicable to layered SOLID185), the uniform reduced integration technique
(Flanagan and Belytschko([232] (p. 934))) is used.

If KEYOPT(2) = 2 or 3, the enhanced strain formulations from the work of Simo and Rifai([318] (p. 938)),
Simo and Armero([319] (p. 939)), Simo et al.([320] (p. 939)), Andelfinger and Ramm([321] (p. 939)), and
Nagtegaal and Fox([322] (p. 939)) are used. It introduces 13 internal degrees of freedom to prevent shear
and volumetric locking for KEYOPT(2) = 2, and 9 degrees of freedom to prevent shear locking only for
KEYOPT(2) = 3. If mixed u-P formulation is employed with the enhanced strain formulations, only 9
degrees of freedom for overcoming shear locking are activated.

13.185.5. Shear Correction

The element does not perform interlaminar shear correction. Stresses are calculated from strains as is.

13.186. SOLID186 - 3-D 20-Node homogeneous/Layered Structural Solid

SOLID186 is available in two forms:

• homogeneous (nonlayered) structural solid (KEYOPT(3) = 0, the default) - see SOLID186 - 3-D 20-Node
homogeneous Structural Solid (p. 594).

• Layered structural solid (KEYOPT(3) = 1) - see SOLID186 - 3-D 20-Node Layered Structural Solid (p. 595).

13.186.1. SOLID186 - 3-D 20-Node homogeneous Structural Solid

L

N

M

P W
O

K
R

J

Y
S

U

X

V

Q

I

T Z

B
A

r

s

t

Y,v

X,u
Z,w

Integration PointsShape Functions
Geo-

metry
Matrix or Vector

14 if KEYOPT(2) = 1
2 x 2 x 2 if KEYOPT(2) = 0

Equation 11.230 (p. 354), Equa-
tion 11.231 (p. 354), and Equa-
tion 11.232 (p. 355)

Brick

Stiffness and Stress
Stiffness Matrices; and
Thermal Load Vector

3 x 3
Equation 11.206 (p. 352), Equa-
tion 11.207 (p. 352), and Equa-
tion 11.208 (p. 352)

Wedge

2 x 2 x 2
Equation 11.190 (p. 350), Equa-
tion 11.191 (p. 350), and Equa-
tion 11.192 (p. 350)

Pyramid
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Integration PointsShape Functions
Geo-

metry
Matrix or Vector

4
Equation 11.182 (p. 348), Equa-
tion 11.183 (p. 348), and Equa-
tion 11.184 (p. 348)

Tet

3 x 3 x 3 if brick. If other
shapes, same as stiffness
matrix

Same as stiffness matrix.Mass Matrix

3 x 3
Equation 11.84 (p. 338) and
Equation 11.85 (p. 338)

Quad

Pressure Load Vector

6
Equation 11.57 (p. 336) and
Equation 11.58 (p. 336)

Triangle

DistributionLoad Type

Same as shape functions thru elementElement Temperature

Same as shape functions thru elementNodal Temperature

Bilinear across each facePressure

13.186.2. SOLID186 - 3-D 20-Node Layered Structural Solid

Y,v

X,u
Z,w

L

N
M

P W
O

K
R

J

Y

S

U

X

V

Q

I T
Z

B
A

r t

Integration PointsShape Functions
Geo-

metry
Matrix or Vector

In-plane:
2 x 2

Equation 11.230 (p. 354), Equa-
tion 11.231 (p. 354), and Equa-
tion 11.232 (p. 355)

Brick
Stiffness and Stress
Stiffness Matrices; and
Thermal Load Vector

Thru-the-thickness:
2 if no shell section
 defined.
1, 3, 5, 7, or 9 per 
layer if a shell 
section is defined
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Integration PointsShape Functions
Geo-

metry
Matrix or Vector

In-plane: 3
Thru-the-thickness:

Equation 11.206 (p. 352), Equa-
tion 11.207 (p. 352), and Equa-
tion 11.208 (p. 352)

Wedge

2 if no shell section 
defined.
1, 3, 5, 7, or 9 per 
layer if a shell 
section is defined

In-plane:
3 x 3 if brick

Same as stiffness matrix.Mass Matrix 3 if wedge
Thru-the-thickness:
Same as stiffness matrix

3 x 3
Equation 11.84 (p. 338) and
Equation 11.85 (p. 338)

Quad

Pressure Load Vector

6
Equation 11.57 (p. 336) and
Equation 11.58 (p. 336)

Triangle

DistributionLoad Type

Bilinear in plane of element, linear thru each layerElement Temperature

Same as shape functions thru elementNodal Temperature

Bilinear across each facePressure

Reference: Zienkiewicz([39] (p. 922))

13.186.3. Other Applicable Sections

Structures (p. 5) describes the derivation of structural element matrices and load vectors as well as
stress evaluations. General Element Formulations (p. 50) gives the general element formulations used
by this element.

13.186.4. Shear Correction

The element does not perform interlaminar shear correction. Stresses are calculated from strains as is.
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13.187. SOLID187 - 3-D 10-Node Tetrahedral Structural Solid

K

R

L

QO

P

M
N

J

I

Y,v

X,u
Z,w

Integration PointsShape FunctionsMatrix or Vector

4
Equation 11.182 (p. 348), Equation 11.183 (p. 348),
and Equation 11.184 (p. 348)

Stiffness, Mass, and
Stress Stiffness Matrices;
and Thermal Load Vec-
tor

6
Equation 11.182 (p. 348), Equation 11.183 (p. 348),
and Equation 11.184 (p. 348) specialized to the
face

Pressure Load Vector

DistributionLoad Type

Same as shape functionsElement Temperature

Same as shape functionsNodal Temperature

Linear over each facePressure

Reference: Zienkiewicz([39] (p. 922))

13.187.1. Other Applicable Sections

Structures (p. 5) describes the derivation of structural element matrices and load vectors as well as
stress evaluations. General Element Formulations (p. 50) gives the general element formulations used
by this element.
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13.188. BEAM188 - 3-D 2-Node Beam

J

K

y

x

z

Y

X
Z

I

Integration PointsShape FunctionsOption
Matrix or Vec-

tor

Along the length: 1Equa-
tion 11.6 (p. 329),

Linear (KEYOPT(3) =
0)

Stiffness and
Stress Stiffness

Across the section:
see text below

Equa-
tion 11.7 (p. 330),

Matrices; and
Thermal and

Equa-Newton-Raph-
tion 11.8 (p. 330),son Load Vec-

tors Equa-
tion 11.9 (p. 330),
Equa-
tion 11.10 (p. 330),
and Equa-
tion 11.11 (p. 330)

Along the length: 2Equa-
tion 11.19 (p. 330),

Quadratic (KEY-
OPT(3) = 2)

Across the section:
see text below.

Equa-
tion 11.20 (p. 330),
Equa-
tion 11.21 (p. 330),
Equa-
tion 11.22 (p. 331),
Equa-
tion 11.23 (p. 331),
and Equa-
tion 11.24 (p. 331)

Along the length: 3Equa-
tion 11.26 (p. 331),

Cubic (KEYOPT(3) =
3)

Across the section:
see text below.

Equa-
tion 11.27 (p. 331),
Equa-
tion 11.28 (p. 331),
Equa-
tion 11.29 (p. 331),
Equa-
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Integration PointsShape FunctionsOption
Matrix or Vec-

tor

tion 11.30 (p. 331),
and Equa-
tion 11.31 (p. 331)

Along the length: 2Equa-
tion 11.6 (p. 329),

Linear (KEYOPT(3) =
0)

Consistent Mass
Matrix and Pres-

Across the section:
1

Equa-
tion 11.7 (p. 330),

sure Load Vec-
tor

Equa-
tion 11.8 (p. 330),
Equa-
tion 11.9 (p. 330),
Equa-
tion 11.10 (p. 330),
and Equa-
tion 11.11 (p. 330)

Along the length: 3Equa-
tion 11.19 (p. 330),

Quadratic (KEY-
OPT(3) = 2)

Across the section:
1

Equa-
tion 11.20 (p. 330),
Equa-
tion 11.21 (p. 330),
Equa-
tion 11.22 (p. 331),
Equa-
tion 11.23 (p. 331),
and Equa-
tion 11.24 (p. 331)

Along the length: 4Equa-
tion 11.26 (p. 331),

Cubic (KEYOPT(3) =
3)

Across the section:
1

Equa-
tion 11.27 (p. 331),
Equa-
tion 11.28 (p. 331),
Equa-
tion 11.29 (p. 331),
Equa-
tion 11.30 (p. 331),
and Equa-
tion 11.31 (p. 331)

Along the length: 2Equa-
tion 11.6 (p. 329),

Linear (KEYOPT(3) =
0)

Lumped Mass
Matrix

Across the section:
1

Equa-
tion 11.7 (p. 330), and
Equation 11.8 (p. 330)

Along the length: 3Equa-
tion 11.19 (p. 330),

Quadratic (KEY-
OPT(3) = 2)

Across the section:
1

Equa-
tion 11.20 (p. 330),
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Integration PointsShape FunctionsOption
Matrix or Vec-

tor

and Equa-
tion 11.21 (p. 330)

Along the length: 4Equa-
tion 11.26 (p. 331),

Cubic (KEYOPT(3) =
3)

Across the section:
1

Equa-
tion 11.27 (p. 331),
and Equa-
tion 11.28 (p. 331)

DistributionLoad Type

Bilinear across cross-section and linear along lengthElement Temperature

Constant across cross-section, linear along lengthNodal Temperature

Linear along length. The pressure is assumed to act along the ele-
ment x-axis.

Pressure

References: Simo and Vu-Quoc([237] (p. 934)), Ibrahimbegovic([238] (p. 934)).

13.188.1. Assumptions and Restrictions

The element is based on Timoshenko beam theory; therefore, shear deformation effects are included.
The element is well-suited for linear, large rotation, and/or large strain nonlinear applications. If KEYOPT(2)
= 0, the cross-sectional dimensions are scaled uniformly as a function of axial strain in nonlinear analysis
such that the volume of the element is preserved.

The element includes stress stiffness terms, by default, in any analysis using large deformation
(NLGEOM,ON). The stress stiffness terms provided enable the elements to analyze flexural, lateral and
torsional stability problems (using eigenvalue buckling or collapse studies with arc length methods).
Pressure load stiffness (Pressure Load Stiffness (p. 46)) is included.

Transverse-shear strain is constant through cross-section; that is, cross sections remain plane and undis-
torted after deformation. Higher-order theories are not used to account for variation in distribution of
shear stresses. A shear-correction factor is calculated in accordance with in the following references:

• Schramm, U., L. Kitis, W. Kang, and W.D. Pilkey. “On the Shear Deformation Coefficient in Beam Theory.”
[Finite Elements in Analysis and Design, The International Journal of Applied Finite Elements and Computer
Aided Engineering]. 16 (1994): 141-162.

• Pilkey, Walter D. [Formulas for Stress, Strain, and Structural Matrices]. New Jersey: Wiley, 1994.

The element can be used for slender or stout beams. Due to the limitations of first order shear deform-
ation theory, only moderately “thick” beams may be analyzed. Slenderness ratio of a beam structure
may be used in judging the applicability of the element. It is important to note that this ratio should
be calculated using some global distance measures, and not based on individual element dimensions.
A slenderness ratio greater than 30 is recommended.

These elements support only elastic relationships between transverse-shear forces and transverse-shear
strains. Orthotropic elastic material properties with bilinear and multilinear isotropic hardening plasticity
options (BISO, MISO) may be used. Transverse-shear stiffnesses can be specified using real constants.
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The St. Venant warping functions for torsional behavior is determined in the undeformed state, and is
used to define shear strain even after yielding. The element does not provide options to recalculate the
torsional shear distribution on cross sections during the analysis and possible partial plastic yielding of
cross section. As such, large inelastic deformation due to torsional loading should be treated with caution
and carefully verified.

The elements are provided with section relevant quantities (area of integration, position, Poisson function,
function derivatives, etc.) automatically at a number of section points by the use of section commands.
Each section is assumed to be an assembly of predetermined number of nine-node cells which illustrates
a section model of a rectangular section. Each cell has four integration points.

Figure 13.39:  Section Model

Rectangular Section

Section Nodes
Section Integration Points

When the material has inelastic behavior or the temperature varies across the section, constitutive cal-
culations are performed at each of the section integration points. For all other cases, the element uses
the precalculated properties of the section at each element integration point along the length. The re-
strained warping formulation used may be found in Timoshenko and Gere([246] (p. 934)) and Schulz
and Fillippou([247] (p. 934)).

13.188.2. Stress Evaluation

Several stress-evaluation options exist. The section strains and generalized stresses are evaluated at
element integration points and then linearly extrapolated to the nodes of the element.

If the material is elastic, stresses and strains are available after extrapolation in cross-section at the
nodes of section mesh. If the material is plastic, stresses and strains are moved without extrapolation
to the section nodes (from section integration points).
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13.189. BEAM189 - 3-D 3-Node Beam

Y

X
Z

K

I

J

Lz

y

x

Integration PointsShape FunctionsMatrix or Vector

Along the length: 2
Equation 11.19 (p. 330), Equa-
tion 11.20 (p. 330), Equa-Stiffness and Stress

Stiffness Matrices; and Across the section: see
BEAM188 - 3-D 2-Node
Beam (p. 598)

tion 11.21 (p. 330), Equa-
tion 11.22 (p. 331), Equa-
tion 11.23 (p. 331), and Equa-
tion 11.24 (p. 331)

Thermal and Newton-
Raphson Load Vectors

Along the length: 3
Same as stiffness matrix

Consistent Mass Matrix
and Pressure Load Vec-
tor Across the section: 1

Along the length: 3Equation 11.19 (p. 330), Equa-
tion 11.20 (p. 330), and Equa-
tion 11.21 (p. 330)

Lumped Mass Matrix
Across the section: 1

DistributionLoad Type

Bilinear across cross-section and linear along lengthElement Temperature

Constant across cross-section, linear along lengthNodal Temperature

Linear along length. The pressure is assumed to act along the ele-
ment x-axis.

Pressure

References: Simo and Vu-Quoc([237] (p. 934)), Ibrahimbegovic([238] (p. 934)).

The theory for this element is identical to that of BEAM188 - 3-D 2-Node Beam (p. 598), except that it is
a nonlinear, 3-node beam element.
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13.190. SOLSH190 - 3-D 8-Node Layered Solid Shell

M
I

J

N

K, L
O, P

Prism OptionZ

X Y

P

M

N

J

O

K

I

L

z

y
x

xo

zo

yo

Integration PointsShape FunctionsMatrix or Vector

In-plane:
2 x 2

Equation 11.212 (p. 353), Equation 11.213 (p. 353),
and Equation 11.214 (p. 353)

Stiffness and Stress
Stiffness Matrices; and
Thermal Load Vector

Thru-the-thickness:
2 if no shell section 
defined
1, 3, 5, 7, or 9 per layer
if a shell section is 
defined

Same as stiffness
matrix

Same as stiffness matrixMass Matrix

2 x 2
Equation 11.69 (p. 337) and
Equation 11.70 (p. 337)

Quad

Pressure Load Vector

3
Equation 11.49 (p. 336) and
Equation 11.50 (p. 336)

Triangle

DistributionLoad Type

Bilinear in-plane of element, linear thru each layerElement Temperature

Trilinear thru elementNodal Temperature

Bilinear across each facePressure

13.190.1. Other Applicable Sections

Structures (p. 5) describes the derivation of structural element matrices and load vectors as well as
stress evaluations. General Element Formulations (p. 50) gives the general element formulations used
by this element.
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13.190.2. Theory

SOLSH190 is a 3-D solid element free of locking in bending-dominant situations. Unlike shell elements,
SOLSH190 is compatible with general 3-D constitutive relations and can be connected directly with
other continuum elements.

SOLSH190 utilizes a suite of special kinematic formulations, including assumed strain method (Bathe
and Dvorkin([98] (p. 926))) to overcome locking when the shell thickness becomes extremely small.

SOLSH190 employs enhanced strain formulations (Simo and Rifai([318] (p. 938)), Simo et al.([320] (p. 939)))
to improve the accuracy in in-plane bending situations. The satisfaction of the in-plane patch test is
ensured. Incompatible shape functions are used to overcome the thickness locking.

13.190.3. Shear Correction

The element allows for parabolic enhanced transverse shear strains. Stresses are then calculated from
enhanced shear strains.

13.191. Reserved for Future Use

This section is reserved for future use.

13.192. INTER192 - 2-D 4-Node Gasket

J

I

K

L

x

y

X

Y

Integration PointsShape FunctionsMatrix or Vector

2Linear in x and y directionsStiffness Matrix

Same as stiffness
matrix

Same as stiffness matrixThermal Load Vector

DistributionLoad Type

Based on element shape function, constant through the direction
perpendicular to element plane

Element temperature

Same as element temperature distributionNodal temperature

13.192.1. Other Applicable Sections

The theory for this element is described in INTER194 - 3-D 16-Node Gasket (p. 605).
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13.193. INTER193 - 2-D 6-Node Gasket

J

I

K

L

x

y

X

Y
M

O

Integration PointsShape FunctionsMatrix or Vector

2Linear in x, quadratic in y directionStiffness Matrix

Same as stiffness
matrix

Same as stiffness matrixThermal Load Vector

DistributionLoad Type

Based on element shape function, constant through the direction
perpendicular to element plane

Element temperature

Same as element temperature distributionNodal temperature

13.193.1. Other Applicable Sections

The theory for this element is described in INTER194 - 3-D 16-Node Gasket (p. 605).

13.194. INTER194 - 3-D 16-Node Gasket
P

X

M

Q

J

N
V

U

T

R

W

S

O

K

I

L

x

y

z

Z

X Y

Integration PointsShape FunctionsMatrix or Vector

2 x 2Linear in x, quadratic in y and z directionsStiffness Matrix
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Integration PointsShape FunctionsMatrix or Vector

Same as stiffness
matrix

Same as stiffness matrixThermal Load Vector

DistributionLoad Type

Based on element shape function, constant through the direction
perpendicular to element plane

Element temperature

Same as element temperature distributionNodal temperature

13.194.1. Element Technology

The element is designed specially for simulation of gasket joints, where the primary deformation is
confined to the gasket through-thickness direction. The through-thickness deformation of gasket is
decoupled from the other deformations and the membrane (in-plane) stiffness contribution is neglected.
The element offers a direct means to quantify the through-thickness behavior of the gasket joints. The
pressure-deformation behavior obtained from experimental measurement can be applied to the gasket
material. See Gasket Material (p. 121) for detailed description of gasket material options.

The element is composed of bottom and top surfaces. An element midplane is created by averaging
the coordinates of node pairs from the bottom and top surfaces of the elements. The numerical integ-
ration of interface elements is performed in the element midplane. The element formulation is based
on a corotational procedure. The virtual work in an element is written as:

(13.358)
δ δW T ddS

S
int

int

= ∫

where:

t = traction force across the element
d = closure across the element
Sint = midplane of the interface surfaces

The integration is performed in the corotational equilibrium configuration and the Gauss integration
procedure is used.

The relative deformation between top and bottom surfaces is defined as:

(13.359)d u u= −TOP BOTTOM

where, uTOP and uBOTTOM are the displacement of top and bottom surfaces of interface elements in the
local element coordinate system based on the midplane of element.

The thickness direction is defined as the normal direction of the mid plane of the element at the integ-
ration point.
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13.195. INTER195 - 3-D 8-Node Gasket
P

M

O

KN

I

J

L

x

z

y

Z

X Y

Integration PointsShape FunctionsMatrix or Vector

2 x 2Linear in x, bilinear in y and z directionsStiffness Matrix

Same as stiffness
matrix

Same as stiffness matrixThermal Load Vector

DistributionLoad Type

Based on element shape function, constant through the direction
perpendicular to element plane

Element temperature

Same as element temperature distributionNodal temperature

13.195.1. Other Applicable Sections

The theory for this element is described in INTER194 - 3-D 16-Node Gasket (p. 605).

13.196. Reserved for Future Use

This section is reserved for future use.

13.197. Reserved for Future Use

This section is reserved for future use.

13.198. Reserved for Future Use

This section is reserved for future use.

13.199. Reserved for Future Use

This section is reserved for future use.

13.200. Reserved for Future Use

This section is reserved for future use.
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13.201. Reserved for Future Use

This section is reserved for future use.

13.202. INTER202 - 2-D 4-Node Cohesive

J

I

K

L

x

y

X

Y

Integration PointsShape FunctionsMatrix or Vector

2Linear in x and y directionsStiffness Matrix

DistributionLoad Type

Based on element shape function, constant through the direction
perpendicular to element plane

Element temperature

Same as element temperature distributionNodal temperature

13.202.1. Other Applicable Sections

The theory for this element is described in INTER204 - 3-D 16-Node Cohesive (p. 609).

13.203. INTER203 - 2-D 6-Node Cohesive

J

I

K

L

x

y

X

Y M

O

Integration PointsShape FunctionsMatrix or Vector

2Linear in x, quadratic in y directionStiffness Matrix
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DistributionLoad Type

Based on element shape function, constant through the direction
perpendicular to element plane

Element temperature

Same as element temperature distributionNodal temperature

13.203.1. Other Applicable Sections

The theory for this element is described in INTER204 - 3-D 16-Node Cohesive (p. 609).

13.204. INTER204 - 3-D 16-Node Cohesive
P

X

M

Q

J

N

V

U

T

R

W
S

O
K

I

L

x

y

z

Z

X Y

Integration PointsShape FunctionsMatrix or Vector

2 x 2Linear in x, quadratic in y and z directionsStiffness Matrix

DistributionLoad Type

Based on element shape function, constant through the direction
perpendicular to element plane

Element temperature

Same as element temperature distributionNodal temperature

13.204.1. Element Technology

The element is designed specially for simulation of interface delamination and fracture, where the inter-
face surfaces are represented by a group of interface elements, in which an interfacial constitutive rela-
tionship characterizes the traction separation behavior of the interface. The element offers a direct
means to quantify the interfacial separation behavior. See Cohesive Zone Material (CZM) Model (p. 162)
for detailed description of interface material options.

The virtual work of the element is written as:

(13.360)
δ δW T ddS

S
int

int

= ∫

where:
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t = traction force across the element
d = separation across the element
Sint = midplane of the interface surfaces

The integration is performed in the corotational equilibrium configuration and the Gauss integration
procedure is used.

The separation, d, is defined as the relative deformation between top and bottom surfaces as:

(13.361)d u u= −TOP BOTTOM

where, uTOP and uBOTTOM are the displacement of top and bottom surfaces of interface elements in the
local element coordinate system based on the midplane of element.

The thickness direction is defined as the normal direction of the midplane of the element at the integ-
ration point.

13.205. INTER205 - 3-D 8-Node Cohesive
P

M

O
K

N

I

J

L

x

z

y

Z

X Y

Integration PointsShape FunctionsMatrix or Vector

2 x 2Linear in x, bilinear in y and z directionsStiffness Matrix

DistributionLoad Type

Based on element shape function, constant through the direction
perpendicular to element plane

Element temperature

Same as element temperature distributionNodal temperature

13.205.1. Other Applicable Sections

The theory for this element is described in INTER204 - 3-D 16-Node Cohesive (p. 609).

13.206. Reserved for Future Use

This section is reserved for future use.
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13.207. Reserved for Future Use

This section is reserved for future use.

13.208. SHELL208 - 2-Node Axisymmetric Shell

Axial (Y)

Radial (X)

J

I
z

x

KEYOPT(3) = 0 KEYOPT(3) = 2

internal node

J

I
z

x

Integration PointsShape FunctionsMatrix or Vector

Along-the-length:
1 (KEYOPT(3) = 0)

KEYOPT(3) = 0:
Equation 11.6 (p. 329), Equation 11.7 (p. 330),

Stiffness and Stress Stiffness
Matrix; and Thermal and

2 (KEYOPT(3) = 2)and Equation 11.11 (p. 330)

Newton-Raphson Load Vec-
tors

Thru-the-thickness:
1, 3, 5, 7, or 9 per layerKEYOPT(3) = 2:

Equation 11.19 (p. 330), Equation 11.20 (p. 330),
and Equation 11.24 (p. 331)

Along-the-length:
2 (KEYOPT(3) = 0)

Same as stiffness matrix
Mass Matrix and Pressure
Load Vector

3 (KEYOPT(3) = 2)
Thru-the-thickness:
1, 3, 5, 7, or 9 per layer

DistributionLoad Type

Linear along length and linear thru thicknessElement Temperature

Linear along length and constant thru thicknessNodal Temperature

Linear along lengthPressure

References: Ahmad([1] (p. 921)), Cook([5] (p. 921))

13.208.1. Other Applicable Sections

Structures (p. 5) describes the derivation of structural element matrices and load vectors as well as
stress evaluations.
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13.208.2. Assumptions and Restrictions

Normals to the centerline are assumed to remain straight after deformation, but not necessarily normal
to the centerline.

13.208.3. Shear Correction

The element uses an equivalent energy method to compute shear-correction factors. These factors are
predetermined based on the section lay-up at the start of solution.

13.209. SHELL209 - 3-Node Axisymmetric Shell
J

K

I

Axial (Y)

Radial (X)

x
z

Integration PointsShape FunctionsMatrix or Vector

Along-the-length: 2
Thru-the-thickness:
1, 3, 5, 7, or 9 per layer

Equation 11.19 (p. 330), Equa-
tion 11.20 (p. 330), and Equa-
tion 11.24 (p. 331)

Stiffness and Stress Stiffness
Matrix; and Thermal and
Newton-Raphson Load Vec-
tors

Along-the-length: 3
Thru-the-thickness:
1, 3, 5, 7, or 9 per layer

Same as stiffness matrix
Mass Matrix and Pressure
Load Vector

DistributionLoad Type

Linear along length and linear thru thicknessElement Temperature

Linear along length and constant thru thicknessNodal Temperature

Linear along lengthPressure

References: Ahmad([1] (p. 921)), Cook([5] (p. 921))

13.209.1. Other Applicable Sections

Structures (p. 5) describes the derivation of structural element matrices and load vectors as well as
stress evaluations.
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13.209.2. Assumptions and Restrictions

Normals to the centerline are assumed to remain straight after deformation, but not necessarily normal
to the centerline.

13.209.3. Shear Correction

The element uses an equivalent energy method to compute shear-correction factors. These factors are
predetermined based on the section lay-up at the start of solution.

13.210. Reserved for Future Use

This section is reserved for future use.

13.211. Reserved for Future Use

This section is reserved for future use.

13.212. CPT212 - 2-D 4-Node Coupled Pore-Pressure Mechanical Solid

X (or radial)

     Y
(or axial)

1

4

2

3L K

I

J

K, L

I
J

(Triangular Option - 
not recommended)

Integration PointsShape FunctionsGeometryMatrix or Vector

2 x 2
Equation 11.120 (p. 341) and
Equation 11.121 (p. 341)

QuadStiffness and Stress
Stiffness Matrices;
and Thermal Load
Vector 1

Equation 11.100 (p. 340) and
Equation 11.101 (p. 340)

Tri-
angle

2 x 2

Same as stiffness matrix

Quad

Mass Matrix
1

Tri-
angle

Same as stiffness matrixDamping matrices

2
Same as stiffness matrix, specialized to
edge

Pressure Load Vec-
tor

2Linear across each edgeFlow Load Vector

DistributionLoad Type

Bilinear across element, constant thru thickness or around cir-
cumference

Element Temperature
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DistributionLoad Type

Same as element temperature distributionNodal Temperature

Linear along each edgeSurface Pressure Load

Linear along each edgeFlow flux

13.212.1. Other Applicable Sections

General Element Formulations gives the general element formulations used by this element.

13.213. CPT213 - 2-D 8-Node Coupled Pore-Pressure Mechanical Solid

X (or radial)

     Y

(or axial)

O

K

N

J

M

P

L

I

3

1

2

4

I
J

K, L, O

P N

M

Degenerated

    triangle

KEYOPT(1) = 0

Integration PointsShape FunctionsGeometryMatrix or Vector

2 x 2
Equation 11.134 (p. 342) and
Equation 11.135 (p. 342)

QuadStiffness and Stress
Stiffness Matrices; and
Thermal Load Vector 3

Equation 11.112 (p. 340) and
Equation 11.113 (p. 340)

Triangle

3 x 3
Same as stiffness matrix

Quad
Mass Matrix

3Triangle

2Same as stiffness matrix, specialized to the edgePressure Load Vector

2Linear across each edgeFlow Load Vector

DistributionLoad Type

Same as shape functions across element, constant thru thickness
or around circumference

Element Temperature

Same as element temperature distributionNodal Temperature

Linear along each edgeSurface Pressure Load

Linear along each edgeFlow flux

Reference: Zienkiewicz(39)
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13.213.1. Other Applicable Sections

General Element Formulations gives the general element formulations used by this element.

13.213.2. Assumptions and Restrictions

A dropped midside node implies that the edge is and remains straight.

13.214. COMBI214 - 2-D Spring-Damper Bearing

K11

C21

K21

C11

K12

K22 C22

C12

K (optional)

JI

X

Y

Bearing

Rotor

Integration PointsShape FunctionsMatrix or Vector

NoneNoneStiffness and Damping
Matrices

NoneNoneStress Stiffening Matrix

13.214.1. Matrices

If KEYOPT(2) = 0, the element lies in the (XY) plane and the stiffness, damping and stress-stiffness
matrices in nodal coordinates are:
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(13.362)[ ]K

K K K K

K K K K

K K K Ke =

− −

− −

− −

11 12 11 12

21 22 21 22

11 12 11 12

0 0

0 0

0 0 0 0 0 0

0 00

0 0

0 0 0 0 0 0
21 22 21 22− −



























K K K K

(13.363)[ ]C

C C C C

C C C C

C C C Ce =

− −

− −

− −

11 12 11 12

21 22 21 22

11 12 11 12

0 0

0 0

0 0 0 0 0 0

0 00

0 0

0 0 0 0 0 0
21 22 21 22− −



























C C C C

(13.364)[ ]S

K

L

K

L

K

L

K

L

K

L

K

L

e =

− −11 0
1

1

12 0
2

2

11 0
1

1

12 0
2

2

21 0
1

1

22 0
2

2

0 0

0

ε ε ε ε

ε ε
−− −

− −

K

L

K

L

K

L

K

L

K

L

K

21 0
1

1

22 0
2

2

11 0
1

1

12 0
2

2

11 0
1

1

12 0

0

0 0 0 0 0 0

0

ε ε

ε ε ε ε22

2

21 0
1

1

22 0
2

2

21 0
1

1

22 0
2

2

0

0 0

0 0 0 0 0 0

L

K

L

K

L

K

L

K

L
− −















ε ε ε ε




































where:

K11, K12, K21, K22 = stiffness coefficients (input as K11, etc. on R command)

C11, C12, C21, C22 = damping coefficients (input as C11, etc. on R command)

ε ε0
1

0
2, = stretches in element from previous iteration

L1 = distance between the two nodes I and J

L2 = distance between the two nodes K and J

The matrices for KEYOPT(2) equals 1 or 2 are developed analogously.

Stiffness and/or damping matrices may depend upon the rotational velocity (input through OMEGA or
CMOMEGA) if real constants are defined as table parameters.

13.214.2. Output Quantities

The stretch is computed as:
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(13.365)ε0
1 =

′ − ′

′ − ′

′ − ′

u u

v v

u u

J I

J I

J I

if KEYOPT(2) = 0

if KEYOPT(2) = 1

iff KEYOPT(2) = 2

(output as STRETCH1)



















(13.366)ε0
2 =

′ − ′

′ − ′

′ − ′

v v

w w

w w

J I

J I

J I

if KEYOPT(2) = 0

if KEYOPT(2) = 1

iff KEYOPT(2) = 2

(output as STRETCH2)



















where:

u', v', w' = displacements in nodal Cartesian coordinates (UX, UY, UZ)

The static forces are computed as:

(13.367)F K Ks
1

11 0
1

12 0
2= +ε ε (output as FORC1)

(13.368)F K Ks
2

21 0
1

22 0
2= +ε ε (output as FORC2)

Finally, if a nonlinear transient dynamic (ANTYPE,TRANS, with TIMINT,ON) analysis is performed, a
damping force is computed:

The damping forces are computed as:

(13.369)F C CD
1

11
1

12
2= +ν ν (output as DAMPING FORCE1)

(13.370)F C CD
2

21
1

22
2= +ν ν (output as DAMPING FORCE2)

where:

v1, v2 = relative velocities

Relative velocities are computed using Equation 13.365 (p. 617) and Equation 13.366 (p. 617), where the
nodal displacements u', v', and w' are replaced with the nodal Newmark velocities.
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13.215. CPT215 - 3-D 8-Node Coupled Pore-Pressure Mechanical Solid

I

P

K

J

N
M

L

Z

X

Y

5

2

4

3

1

6

O

M O,P

I K,L

J

N

Prism Option

I

K,L

J

M,N,O,P

Tetrahedral Option - 
not recommended

Integration PointsShape FunctionsMatrix or Vector

2 x 2 x 2
Equation 11.212 (p. 353), Equation 11.213 (p. 353),
and Equation 11.214 (p. 353)

Stiffness and Stress
Stiffness Matrices; and
Thermal Load Vector

2 x 2 x 2Same as stiffness matrixMass Matrix

2 x 2
Equation 11.69 (p. 337) and
Equation 11.70 (p. 337)

Quad
Pressure Load Vector
Mass Matrix

3
Equation 11.49 (p. 336) and
Equation 11.50 (p. 336)

Triangle

Same as
stiffness

Damping matrices

Same as
Pressure
Load Vector

Flow Load Vector

DistributionLoad Type

Trilinear thru elementElement Temperature

Trilinear thru elementNodal Temperature

Bilinear across each faceSurface Pressure Load

Bilinear across each faceFlow flux

13.215.1. Other Applicable Sections

General Element Formulations gives the general element formulations used by this element.
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13.216. CPT216 - 3-D 20-Node Coupled Pore-Pressure Mechanical Solid

5

6

2 3

P

X

M

4

1

Y

I

Q
J

T
L

W

O

A

K

R

S
Z

B
U N

Z

X

Y

Tetrahedral Option

M,N,O,P,U,V,W,X

Y A,B

K,L,S
R

JQ
I T

Z

Pyramid Option

M,N,O,P,U,V,W,X

Y

I

JQ
R

K

A
Z

S

B

L
T

Prism Option

O,P,W

A,B

K,L,S
R

J
Q

I

Y

M
X

U

T

Z
N

V

V

Integration PointsShape FunctionsGeometryMatrix or Vector

14
Equation 11.230 (p. 354), Equa-
tion 11.231 (p. 354), and Equa-
tion 11.232 (p. 355)

Brick

Stiffness and Stress
Stiffness Matrices; and
Thermal Load Vector

3 x 3
Equation 11.206 (p. 352), Equa-
tion 11.207 (p. 352), and Equa-
tion 11.208 (p. 352)

Wedge

2 x 2 x 2
Equation 11.190 (p. 350), Equa-
tion 11.191 (p. 350), and Equa-
tion 11.192 (p. 350)

Pyramid

4
Equation 11.182 (p. 348), Equa-
tion 11.183 (p. 348), and Equa-
tion 11.184 (p. 348)

Tet

3 x 3 x 3 if brick. If
other shapes, same
as stiffness matrix

Same as stiffness matrix.Mass Matrix

3 x 3
Equation 11.84 (p. 338) and
Equation 11.85 (p. 338)

Quad

Pressure Load Vector

6
Equation 11.57 (p. 336) and
Equation 11.58 (p. 336)

Triangle

3 x 3
Equation 11.84 (p. 338) and
Equation 11.85 (p. 338)

QuadFlow Load Vector
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Integration PointsShape FunctionsGeometryMatrix or Vector

6
Equation 11.57 (p. 336) and
Equation 11.58 (p. 336)

Triangle

Same as stiffnessdamping matrices

DistributionLoad Type

Bilinear in plane of elementElement Temperature

Same as shape functions thru elementNodal Temperature

Bilinear across each faceSurface Pressure Load

Bilinear across each faceFlow flux

13.216.1. Other Applicable Sections

General Element Formulations gives the general element formulations used by this element.

13.217. CPT217 - 3-D 10-Node Coupled Pore-Pressure Mechanical Solid

Y

Z

X

1

2
3

4

L

P
R

Q

K

N

J

MI

O

Integration PointsShape FunctionsMatrix or Vector

4
Equation 11.182 (p. 348), Equa-
tion 11.183 (p. 348), and Equa-
tion 11.184 (p. 348)

Stiffness, Mass, and Stress Stiffness
Matrices; and Thermal Load Vector

6

Equation 11.182 (p. 348), Equa-
tion 11.183 (p. 348), and Equa-

Pressure Load Vector
tion 11.184 (p. 348) specialized
to the face

6

Equation 11.182 (p. 348), Equa-
tion 11.183 (p. 348), and Equa-

Flow Load Vector
tion 11.184 (p. 348) specialized
to the face

Same as stiffness matrixMass Matrix

Same as stiffness matrixDamping Matrices
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DistributionLoad Type

Same as shape functionsElement Temperature

Same as shape functionsNodal Temperature

Linear over each faceSurface Pressure Load

Linear across each faceFlow flux

13.217.1. Other Applicable Sections

General Element Formulations gives the general element formulations used by this element.

13.218. Reserved for Future Use

This section is reserved for future use.

13.219. Reserved for Future Use

This section is reserved for future use.

13.220. Reserved for Future Use

This section is reserved for future use.

13.221. Reserved for Future Use

This section is reserved for future use.

13.222. Reserved for Future Use

This section is reserved for future use.

13.223. PLANE223 - 2-D 8-Node Coupled-Field Solid

X,R,u

Y,v

I

J

K

L

M

N
O

P

s

t

Integration PointsShape FunctionsGeometryMatrix or Vector

2 x 2
Equation 11.134 (p. 342) and
Equation 11.135 (p. 342)

Quad
Stiffness and Stress
Stiffness Matrices;
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Integration PointsShape FunctionsGeometryMatrix or Vector

3
Equation 11.112 (p. 340) and
Equation 11.113 (p. 340)

Triangle

Thermal Expansion, Dif-
fusion Expansion, and
Electrostatic Force Load
Vectors

3 x 3
Same as stiffness matrix

Quad
Mass Matrix

3Triangle

2Same as stiffness matrix, specialized to the facePressure Load Vector

2 x 2Equation 11.138 (p. 342)QuadThermal Conductivity
Matrix and Heat Genera-
tion Load Vector 3Equation 11.117 (p. 341)Triangle

Same as thermal conductivity matrixSpecific Heat Matrix

2
Same as thermal conductivity matrix, specialized
to the face

Convection Surface
Matrix and Load Vector

2 x 2Equation 11.139 (p. 342)QuadDielectric Permittivity
and Electrical Conductiv-

3Equation 11.118 (p. 341)Triangle

ity Matrices; Charge
Density, Joule Heating,
and Peltier Heat Flux
Load Vectors

2 x 2Equation 11.140 (p. 342)QuadDiffusivity Matrix and
Diffusing Substance
Generation Load Vector 3Equation 11.119 (p. 341)Triangle

Same as diffusivity matrix. If KEYOPT(10)=1, matrix is diagonalized as
described in Lumped Matrices (p. 391)

Diffusion Damping Mat-
rix

2Same as diffusivity matrix, specialized to the
face

Diffusion Flux Load Vec-
tor

Same as combination of stiffness and thermal conductivity matricesThermoelastic stiffness
and Damping Matrices

Same as combination of stiffness matrix and dielectric matrix
Piezoelectric Coupling
Matrix

Same as combination of electrical conductivity and thermal conductivity
matrices

Seebeck Coefficient
Coupling Matrix

Same as combination of stiffness and diffusivity matricesDiffusion-Elastic Stiffness
Matrix

2Same as dielectric matrix, specialized to the face
Surface Charge Density
Load Vector

13.223.1. Other Applicable Sections

Structures (p. 5) describes the derivation of structural element matrices and load vectors as well as
stress evaluations. General Element Formulations (p. 50) gives the general element formulations used
by this element. Electromagnetics (p. 177) describes the derivation of dielectric and electric conduction
matrices. Piezoelectrics (p. 313) discusses the piezoelectric capability used by the element. Piezoresistiv-
ity (p. 318) discusses the piezoresistive effect. Thermoelectrics (p. 319) discusses the thermoelectric effects.
Thermoelasticity (p. 309) discusses the thermoelastic effects. Electroelasticity (p. 317) discusses the Maxwell
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stress electroelastic coupling. Thermoplasticity (p. 312) discusses the thermoplastic effect. Structural-
Diffusion Coupling (p. 323) discusses diffusion strain coupling.

13.224. Reserved for Future Use

This section is reserved for future use.

13.225. Reserved for Future Use

This section is reserved for future use.

13.226. SOLID226 - 3-D 20-Node Coupled-Field Solid

L

N

M

P W
O

K
R

J

Y
S

U

X

V

Q

I

T Z

B
A

r

s

t

Y,v

X,u
Z,w

Integration PointsShape Functions
Geo-

metry
Matrix or Vector

14 if KEYOPT(6) = 0Equation 11.230 (p. 354), Equa-
tion 11.231 (p. 354), and Equa-
tion 11.232 (p. 355)

Brick

Stiffness and Stress
Stiffness Matrices; and
Thermal Expansion, Dif-

2 x 2 x 2 if KEYOPT(6) = 1

fusion Expansion, and

3 x 3
Equation 11.206 (p. 352), Equa-
tion 11.207 (p. 352), and Equa-
tion 11.208 (p. 352)

Wedge

Electrostatic Force Load
Vector

2 x 2 x 2
Equation 11.190 (p. 350), Equa-
tion 11.191 (p. 350), and Equa-
tion 11.192 (p. 350)

Pyramid

4
Equation 11.182 (p. 348), Equa-
tion 11.183 (p. 348), and Equa-
tion 11.184 (p. 348)

Tet

3 x 3 x 3 if brick. If other shapes, same as stiffness maSame as stiffness matrix.Mass Matrix

3 x 3
Equation 11.84 (p. 338) and
Equation 11.85 (p. 338)

Quad

Pressure Load Vector

6
Equation 11.57 (p. 336) and
Equation 11.58 (p. 336)

Triangle
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Integration PointsShape Functions
Geo-

metry
Matrix or Vector

14 [1]Equation 11.233 (p. 355)Brick
Thermal Conductivity
Matrix and Heat Genera-
tion Load Vector

3 x 3Equation 11.209 (p. 352)Wedge

2 x 2 x 2Equation 11.193 (p. 350)Pyramid

4Equation 11.185 (p. 348)Tet

Same as thermal conductivity matrixSpecific Heat Matrix

3 x 3Equation 11.91 (p. 338)QuadConvection Surface
Matrix and Load Vector 6Equation 11.63 (p. 337)Triangle

14 [1]Equation 11.234 (p. 355)BrickDielectric Permittivity
and Electrical Conductiv- 3 x 3Equation 11.210 (p. 352)Wedge
ity Matrices; Charge

2 x 2 x 2Equation 11.194 (p. 350)PyramidDensity, Joule Heating,

4Equation 11.186 (p. 348)Tet
and Peltier Heat Flux
Load Vectors

14 [1]Equation 11.236 (p. 355)BrickDiffusivity Matrix and
Diffusing Substance
Generation Load Vector

3 x 3Equation 11.211 (p. 352)Wedge

2 x 2 x 2Equation 11.195 (p. 350)Pyramid

4Equation 11.188 (p. 348)Tet

Same as diffusivity matrix. If KEYOPT(10)=1, matrix is diagonalized as described in Lumped MatrDiffusion Damping Mat-
rix

3 x 3Equation 11.93 (p. 339)QuadDiffusion Flux Load Vec-
tor 6Equation 11.65 (p. 337)Triangle

Same as combination of stiffness and thermal conductivity matrices
Thermoelastic stiffness
and Damping Matrices

Same as combination of stiffness matrix and dielectric matrix
Piezoelectric Coupling
Matrix

Same as combination of electrical conductivity and thermal conductivity matrices
Seebeck Coefficient
Coupling Matrix

Same as combination of stiffness and diffusivity matricesDiffusion-elastic stiffness
and damping matrices

3 x 3Equation 11.194 (p. 350)QuadSurface Charge Density
Load Vector 6Equation 11.64 (p. 337)Triangle

1. When KEYOPT(6) = 1 in a coupled-field analysis with structural DOFs, the unified reduced integration
scheme with 2 x 2 x 2 integration points is used to form the thermal, electric, electrostatic matrices and
load vectors.

13.226.1. Other Applicable Sections

Structures (p. 5) describes the derivation of structural element matrices and load vectors as well as
stress evaluations. General Element Formulations (p. 50) gives the general element formulations used
by this element. Electromagnetics (p. 177) describes the derivation of dielectric and electric conduction
matrices. Piezoelectrics (p. 313) discusses the piezoelectric capability used by the element. Piezoresistiv-
ity (p. 318) discusses the piezoresistive effect. Thermoelectrics (p. 319) discusses the thermoelectric effects.
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Thermoelasticity (p. 309) discusses the thermoelastic effects. Electroelasticity (p. 317) discusses the Maxwell
stress electroelastic coupling. Thermoplasticity (p. 312) discusses the thermoplastic effect. Structural-
Diffusion Coupling (p. 323) discusses diffusion strain coupling.

13.227. SOLID227 - 3-D 10-Node Coupled-Field Solid

K

R

L

QO

P

M
N

J

I

Y,v

X,u
Z,w

Integration PointsShape FunctionsMatrix or Vector

4
Equation 11.182 (p. 348), Equation 11.183 (p. 348),
and Equation 11.184 (p. 348)

Stiffness, Mass, and
Stress Stiffness Matrices;
and Thermal Expansion
and Electrostatic Force
Load Vectors

6
Equation 11.182 (p. 348), Equation 11.183 (p. 348),
and Equation 11.184 (p. 348) specialized to the
face

Pressure Load Vector

2 x 2Equation 11.185 (p. 348)
Thermal Conductivity
Matrix and Heat Genera-
tion Load Vector

11Same as thermal conductivity matrixSpecific Heat Matrix

6
Equation 11.185 (p. 348) specialized to the face.
Consistent surface matrix.

Convection Surface
Matrix and Load Vector

2 x 2Equation 11.186 (p. 348)

Dielectric Permittivity
and Electrical Conductiv-
ity Matrices; Charge
Density, Joule Heating,
and Peltier Heat Flux
Load Vectors

2 x 2Equation 11.188 (p. 348)
Diffusivity Matrix and
Diffusing Substance
Generation Load Vector

4Same as diffusivity matrix. If KEYOPT(10) = 1,
the matrix is diagonalized as described in
Lumped Matrices (p. 391)

Damping Matrix
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Integration PointsShape FunctionsMatrix or Vector

6Equation 11.188 (p. 348) specialized to the faceDiffusion Flux Load Vec-
tor

Same as combination of stiffness and thermal conductivity matrices
Thermoelastic Stiffness
and Damping Matrices

Same as combination of stiffness matrix and dielectric matrix
Piezoelectric Coupling
Matrix

Same as combination of electrical conductivity and thermal conductivity
matrices

Seebeck Coefficient
Coupling Matrix

Same as combination of stiffness and diffusivity matrices
Diffusion-Elastic Stiffness
and Damping Matrices

6Equation 11.186 (p. 348) specialized to the face
Surface Charge Density
Load Vector

13.227.1. Other Applicable Sections

Structures (p. 5) describes the derivation of structural element matrices and load vectors as well as
stress evaluations. General Element Formulations (p. 50) gives the general element formulations used
by this element. Electromagnetics (p. 177) describes the derivation of dielectric and electric conduction
matrices. Piezoelectrics (p. 313) discusses the piezoelectric capability used by the element. Piezoresistiv-
ity (p. 318) discusses the piezoresistive effect. Thermoelectrics (p. 319) discusses the thermoelectric effects.
Thermoelasticity (p. 309) discusses the thermoelastic effects. Electroelasticity (p. 317) discusses the Maxwell
stress electroelastic coupling. Thermoplasticity (p. 312) discusses the thermoplastic effect. Structural-
Diffusion Coupling (p. 323) discusses diffusion strain coupling.

13.228. Reserved for Future Use

This section is reserved for future use.

13.229. Reserved for Future Use

This section is reserved for future use.

13.230. PLANE230 - 2-D 8-Node Electric Solid

I
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s

t

X,R

Y
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Integration PointsShape FunctionsGeometryMatrix or Vector

3 x 3Equation 11.139 (p. 342)QuadElectrical Conductivity and
Dielectric Permittivity Coefficient
Matrices 3Equation 11.118 (p. 341)Triangle

13.230.1. Other Applicable Sections

Electromagnetics (p. 177) describes the derivation of the electric element matrices and load vectors as
well as electric field evaluations.

13.230.2. Assumptions and Restrictions

A dropped midside node implies that the edge is straight and that the potential varies linearly along
that edge.

13.231. SOLID231 - 3-D 20-Node Electric Solid

Y

X
Z

L

N

M

P W
O

K
R

J

Y
S

U

X

V

Q

I

T Z

B
A

r

s

t

Integration PointsShape FunctionsGeometryMatrix or Vector

14Equation 11.234 (p. 355)Brick
Electrical Conductivity and
Dielectric Permittivity Coefficient
Matrices

3 x 3Equation 11.210 (p. 352)Wedge

8Equation 11.194 (p. 350)Pyramid

4Equation 11.186 (p. 348)Tet

13.231.1. Other Applicable Sections

Electromagnetics (p. 177) describes the derivation of electric element matrices and load vectors as well
as electric field evaluations.
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13.232. SOLID232 - 3-D 10-Node Tetrahedral Electric Solid

K

R

L

Q
O

P

M
N

J

I

Y

X
Z

Integration PointsShape FunctionsMatrix or Vector

4Equation 11.186 (p. 348)
Dielectric Permittivity and Electrical
Conductivity Coefficient Matrices,
Charge Density Load Vector

13.232.1. Other Applicable Sections

Electromagnetics (p. 177) describes the derivation of electric element matrices and load vectors as well
as electric field evaluations.

13.233. PLANE233 - 2-D 8-Node Electromagnetic Solid

Integration

Points
Shape FunctionsGeometryMatrix or Vector

3 x 3
Equa-

tion 11.137 (p. 342)
QuadMagnetic Potential Coeffi-

cient, Eddy Current Damp-
ing or Displacement Cur-

2 x 2
Equa-

tion 11.137 (p. 342)
Quad - Axisymmetric
Massive Conductorrent Mass Matrices; and
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Integration

Points
Shape FunctionsGeometryMatrix or Vector

Permanent Magnet and
Applied Current Load Vec-
tors

(KEYOPT(1)=1 and
KEYOPT(3)=1)

3
Equa-

tion 11.115 (p. 341)
Triangle

Same as coeffi-
cient matrix

Equa-
tion 11.137 (p. 342)

Quad

Electrical Conductivity and
Displacement Current
Damping Matrices

and Equa-
tion 11.139 (p. 342)

Same as coeffi-
cient matrix

Equa-
tion 11.115 (p. 341)

Triangle
and Equa-

tion 11.139 (p. 342)

DistributionLoad Type

Bilinear across elementCurrent Density and Phase Angle Distribution

13.233.1. Other Applicable Sections

Electromagnetics (p. 177) describes the derivation of the electric element matrices and load vectors as
well as electric field evaluations.

13.233.2. Assumptions and Restrictions

A dropped midside node implies that the edge is straight and that the potential varies linearly along
that edge.

13.234. Reserved for Future Use

This section is reserved for future use.

13.235. Reserved for Future Use

This section is reserved for future use.

13.236. SOLID236 - 3-D 20-Node Electromagnetic Solid
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Integration PointsShape Functions
Geo-

metry
Matrix or Vector

14Equation 11.276 (p. 363), Equa-
tion 11.276 (p. 363), and Equa-
tion 11.276 (p. 363)

Brick

Magnetic Reluctivity,
Eddy Current Damping,
Displacement Current

3 x 3Wedge

3 x 3 x 3Pyramid

Mass Matrices, Source

4

Equation 11.270 (p. 362), Equa-
tion 11.271 (p. 362), Equa-

Tet
Current Density and
Remnant Magnetization
Load Vectors

tion 11.272 (p. 362), Equa-
tion 11.273 (p. 362), Equa-
tion 11.274 (p. 362), and Equa-
tion 11.275 (p. 362),

14Equation 11.234 (p. 355)Brick
Electrical Conductivity
and Displacement Cur-
rent Damping Matrices

3 x 3Equation 11.210 (p. 352)Wedge

3 x 3 x 3Equation 11.194 (p. 350)Pyramid

4Equation 11.186 (p. 348)Tet

Combination of eddy current and electrical conductivity matrices
Magneto-Electric Coup-
ling Matrix

Combination displacement current mass and damping matrices
Magneto-Dielectric
Coupling Matrix

13.236.1. Other Applicable Sections

Electromagnetics (p. 177) describes the derivation of element matrices and load vectors as well as elec-
tromagnetic field evaluations.

13.237. SOLID237 - 3-D 10-Node Electromagnetic Solid

M

J

Q

I

L

P

O

s
N

R

K

r

t

Z,w
X,u

Y,v

Integration PointsShape FunctionsMatrix or Vector

4

Equation 11.270 (p. 362), Equa-
tion 11.271 (p. 362), Equa-

Magnetic Reluctivity,
Eddy Current Damping,

tion 11.272 (p. 362), Equa-
Displacement Current

tion 11.273 (p. 362), Equa-
Mass Matrices, Source

tion 11.274 (p. 362), andEqua-
tion 11.275 (p. 362),

Current Density and
Remnant Magnetization
Load Vectors

4Equation 11.186 (p. 348)
Electrical Conductivity
and Displacement Cur-
rent Damping Matrices
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Integration PointsShape FunctionsMatrix or Vector

Combination of eddy current and electrical conductivity
matrices

Magneto-Electric Coup-
ling Matrix

Combination displacement current mass and damping
matrices

Magneto-Dielectric
Coupling Matrix

13.237.1. Other Applicable Sections

Electromagnetics (p. 177) describes the derivation of element matrices and load vectors as well as elec-
tromagnetic field evaluations.

13.238. PLANE238 - 2-D 8-Node Diffusion Solid

Y

X,R I

J

K

L

M

N
O

P

s

t

Integration PointsShape FunctionsGeometryMatrix or Vector

3 x 3Equation 11.140 (p. 342)QuadDiffusivity Matrix and Diffusing
Substance Generation Load
Vector

6Equation 11.119 (p. 341)Triangle

Same as diffusivity matrix. If KEYOPT(1) = 1, matrix is diagonal-
ized as described in Lumped Matrices (p. 391)

Damping Matrix

2Same as coefficient matrix, specialized
to the face

Diffusion Flux Load Vector

13.238.1. Other Applicable Sections

Diffusion in the Mechanical APDL Theory Reference describes the derivation of the diffusion element
matrices and load vectors as well as diffusion flux evaluation. If KEYOPT(1) = 1, the damping matrix is
diagonalized as described in Lumped Matrices (p. 391).

13.238.2. Assumptions and Restrictions

A dropped midside node implies that the edge is straight and that the concentration varies linearly
along that edge.
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13.239. SOLID239 - 3-D 20-Node Diffusion Solid
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Integration PointsShape FunctionsGeometryMatrix or Vector

14Equation 11.236 (p. 355)BrickDiffusivity Matrix and Diffusing
Substance Generation Load
Vector

3 x 3Equation 11.211 (p. 352)Wedge

2 x 2 x 2Equation 11.195 (p. 350)Pyramid

4Equation 11.188 (p. 348)Tet

Same as diffusivity matrix. If KEYOPT(1) = 1, the damping matrix
is diagonalized as described in Lumped Matrices (p. 391).

Damping Matrix

3 x 3Equation 11.93 (p. 339)QuadDiffusion Flux Load Vector

6Equation 11.65 (p. 337)Triangle

13.239.1. Other Applicable Sections

Diffusion in the Mechanical APDL Theory Reference describes the derivation of diffusion element matrices
and load vectors as well as diffusion flux evaluation.
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13.240. SOLID240 - 3-D 10-Node Tetrahedral Diffusion Solid

K

R

L

Q
O

P

M
N

J

I

Y

X
Z

Integration PointsShape FunctionsMatrix or Vector

4Equation 11.188 (p. 348)Diffusivity Matrix and Diffusing
Substance Generation Load
Vector

11Same as diffusivity mat-
rix. If KEYOPT(1) = 1, the

Damping Matrix

matrix is diagonalized as
described in Lumped
Matrices (p. 391)

6Equation 11.188 (p. 348)
specialized to the face

Diffusion Flux Load Vector

13.240.1. Other Applicable Sections

Diffusion in the Mechanical APDL Theory Reference describes the derivation of diffusion element matrices
and load vectors as well as diffusion flux evaluations. If KEYOPT(1) = 1, the damping matrix is diagonalized
as described in Lumped Matrices (p. 391).

13.241. HSFLD241 - 2-D Hydrostatic Fluid

Integration PointsShape FunctionsMatrix or Vector

2 or 3Same as attached 2-D solid elementStiffness Matrix
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DistributionLoad Type

Fluid mass flow rate at pressure nodeFluid Mass Flow Rate

Temperature at the pressure nodeNodal Temperature

HSFLD241 is used to model fluids that are fully enclosed by solids (containing vessels). The logic for
HSFLD241 is very similar to that given for HSFLD242 - 3-D Hydrostatic Fluid (p. 634), with the differences
noted below:

1. The element thickness must be input on R command.

2. If KEYOPT(3) = 0, the element behaves as 2-D. The determination for plane stress or plane strain behavior
is done based on the attached 2-D solid element.

3. If KEYOPT(3) = 1, the element behaves as axisymmetric.

4. The set of orthonormal vectors on the fluid surface for defining fluid volume is given as:

(13.371)= ×1 2

where:

n = outward normal vector (in X-Y plane) to the fluid surface enclosing the fluid volume
t1 = k = first tangent vector (normal to X-Y plane) to the fluid surface

t2 = second tangent vector (in X-Y plane) to the fluid surface

Since the model stays in the X-Y plane, the variation of the first tangent vector is always zero. As a
result, no geometric stiffness contributions are made from the rate of change of volume enclosed
by the solid surface:

(13.372)
d V v d d dSs s

Ss

δ δ δɺ = ⋅ ×( )+ ×( ) ∫ =1 2 1 2 0

13.242. HSFLD242 - 3-D Hydrostatic Fluid

Integration PointsShape FunctionsMatrix or Vector

2 x 2 or 3 x 3Same as attached 3-D solid or shell elementStiffness Matrix

DistributionLoad Type

Fluid mass flow rate at pressure nodeFluid Mass Flow Rate

Temperature at the pressure nodeNodal Temperature
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13.242.1. Introduction

HSFLD242 is used to model fluids that are fully enclosed by solids (containing vessels). The fluid is as-
sumed to have no viscosity, rotation or inertial effects (including acceleration loads) such as sloshing.
The fluid fills the containing vessel completely so it has no free surface. Under these conditions, the
fluid can be assumed to be hydrostatic; that is, the fluid pressure is uniform throughout the fluid volume.
The hydrostatic fluid element is pyramid shaped with the base overlaying a 3-D solid or shell element
face and the vertex at a pressure node. The element nodes shared with the underlying 3-D solid or shell
element have only translation degrees of freedom. The pressure node has a single hydrostatic pressure
degree of freedom (HDSP) and is shared by all hydrostatic fluid elements defining the fluid volume. The
coupling between the fluid volume and the containing vessel is modeled by applying the hydrostatic
fluid pressure as a surface load on the containing vessel. No fluid is assumed to flow in or out of the
containing vessel unless a hydrostatic pressure value or fluid mass flow rate is prescribed at the pressure
node.

13.242.2. Element Matrices and Load Vectors

Formulating a coupled system of a solid (containing vessel) enclosing a hydrostatic fluid requires aug-
menting the internal virtual work for the solid with contributions from the fluid. Starting with the rate
of internal energy expression:

(13.373)W W t v dS t v dSsi si
S

fi fi
Ss f

′ = + ∫ + ∫

where:

W = internal energy for the solid
Ss = current solid surface enclosing the fluid volume

Sf = current fluid surface enclosing the fluid volume

tsi = component i of surface traction at a point on Ss

tfi = component i of surface traction at a point on Sf

vsi = component i of velocity at a point on Ss

vfi = component i of velocity at a point on Sf

Since the fluid fills the containing vessel completely and the system is in equilibrium, the surface traction
at a point on the solid surface should be equal and opposite to the surface traction at a point on the
fluid surface that it is in contact with. The surface tractions represent the loads exerted by the fluid and
the solid on each other. Assuming no viscosity for the fluid, the surface tractions have only normal non-
zero components, so:

(13.374)t t Pnsi fi i= − = −

where:

P = fluid pressure
ni = component i of outward normal to the fluid surface enclosing the fluid volume

Further, assuming that the fluid has no inertial effects or acceleration loads, Equation 8.2 (p. 253), Equa-
tion 8.3 (p. 253), and Equation 8.4 (p. 254) for fluid momentum show that the fluid pressure should be
uniform. Using this fact with Equation 13.374 (p. 635) in Equation 13.373 (p. 635) gives:

(13.375)W W P n v dS P n v dSi si
S

i fi
Ss f

′ = − ∫ + ∫
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By taking a variation of Equation 13.375 (p. 635) and then using Gauss' theorem, we get the internal
virtual work expression:

(13.376)δ δ δ δW W P n v dS P n v dS v dVi si
S

i si
S

fi i
Vs s f

′ = − ∫ − ∫ − ∫










,

where:

Vf = current fluid volume

vfi,i = div vf = divergence of velocity vector at a point in Vf

The second term on the right hand side in Equation 13.376 (p. 636) is the virtual work done by the hy-
drostatic fluid pressure on the solid that contains the fluid and represents the coupling between the
fluid volume and the solid (containing vessel).

Since the fluid volume has uniform pressure, the volumetric strain is also uniform. This allows Equa-
tion 13.376 (p. 636) to be simplified further.

Using the definitions of deformation gradient and its determinant as given in Equation 3.2 (p. 30),
Equation 3.3 (p. 30), and Equation 3.4 (p. 30), and the derivative of the determinant (Gurtin [381] (p. 942)),
it can be seen that:

(13.377)
ɺV

dV

dt

d F

dt
dV v dVf

f
fi i

def

V Vf f

= ∫ = ∫
(det[ ])

,
0

Similarly, for the solid surface enclosing the fluid volume:

(13.378)
ɺV

dV

dt
n v dSs

s
i si

S

def

s

= ∫

where:

Vs = current volume enclosed by solid surface Ss

Using Equation 13.377 (p. 636) and Equation 13.378 (p. 636) (and its variation) in Equation 13.376 (p. 636)
gives:

(13.379)δ δ δ δ′ = − − −( )W W P V P V Vs s f
ɺ ɺ ɺ

The internal virtual work in Equation 13.379 (p. 636) is valid for large as well as small strains. Since the
fluid is assumed to have no acceleration loads or free surface, there are no contributions to external
virtual work from loads. However, if fluid mass flow rate is prescribed at the pressure node, then the
mass, and hence the volume, of the fluid will change and the virtual work expression will be:

(13.380)δ δ δ δ
ρ

′ = − − − −








W W P V P V V

w
s s f

f

ɺ ɺ ɺ

where:

w = fluid mass flow rate (use F command)
ρf = current fluid density
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The stiffness matrix for the coupled system can be obtained by taking the derivative of the virtual work
expression as given in Equation 13.380 (p. 636):

(13.381)D W D W DP V PD V P DV DV
w

Ds s s f
f

fδ δ δ δ δ
ρ

ρ′ = − − − − +
( )















ɺ ɺ ɺ ɺ
2

For completeness, the variational quantities in Equation 13.381 (p. 637) need to be expressed in terms

of the independent variables. To compute δ
ɺVs , we start by taking a variation of Equation 13.378 (p. 636):

(13.382)
δ δ δɺV n v dS n v dSs i si

S
i si

Ss s

= ∫ = ∫

Since the fluid is assumed to be irrotational, there is no contribution from the term containing the
variation of the normal, δni.

For D Vsδ ɺ , we start with Equation 13.382 (p. 637), including the term containing the variation of the
normal:

(13.383)D V D n v dS n v dS D n v dSs i si
S

i si
S

i si
Ss s s

δ δ δ δɺ = ∫ + ∫











= ∫

Again, irrotational fluid assumption eliminates terms with variation of the normal. If t1 and t2 define

orthonormal tangent vectors on the surface such that:

(13.384)= ×1 2

then, Equation 13.383 (p. 637) can be expanded as:

(13.385)
D V D dSs s

Ss

δ δ δɺ = ⋅ ×( )+ ×( ) ∫ 1 2 1 2D

The terms DVf
ɺ

 and Dρf in Equation 13.381 (p. 637) define material stiffness for the fluid volume. This

requires the definition of the pressure-volume relationship as described below.

13.242.2.1. Incompressible Fluid

The incompressibility constraint for the fluid volume can be given by using Equation 13.377 (p. 636) as:

(13.386)
ɺV v dVf fi i

Vf

= ∫ =, 0

The augmented virtual work expression incorporating the incompressibility constraint can be written
as:

(13.387)δ δ λδ δλ
ρ

′ = − − −








W W V V

w
s s

f

ɺ ɺ

where:

λ = Lagrange multiplier
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Comparing Equation 13.387 (p. 637) to Equation 13.380 (p. 636) shows that they are equivalent with the
hydrostatic fluid pressure P acting as a Lagrange multiplier. The stiffness contribution can be obtained
by taking the derivative of the augmented virtual work:

(13.388)D W D W D V D V DVs s sδ δ λδ λ δ δλ′ = − − −ɺ ɺ ɺ

The incompressible fluid may have a change in volume if it has non-zero thermal expansion. Since
temperature is not defined as a degree of freedom, changes in volume due to temperature changes
are computed by specifying temperature loading (use the BF command) and coefficient of thermal ex-
pansion (use the MP command):

(13.389)ɺ ɺV V Tf f= 3 0 α

where:

α = coefficient of thermal expansion (use MP command)

ɺT  = rate of change of temperature
V0f = initial fluid volume

13.242.2.2. Liquid

Using the constitutive equation for liquid (see Fluid Material Models (p. 174)), the rate of change of
volume and its variation can be given as:

(13.390)ɺ ɺ ɺV
V

K
P V Tf

f
f= − +0 3 0 α

(13.391)DV
V

K
DPf

fɺ ɺ= − 0

where:

K = bulk modulus (use TB command with Lab = FLUID and TBOPT = LIQUID)

The variation of current density can be defined as:

(13.392)D
K

DPf
f

f

fρ
ρ
ρ

ρ
=

0

13.242.2.3. Gas

To define the rate of change of volume, we need to look at incremental change in volume:

(13.393)ɺV
t

V Vf f nf= −( )1

∆

where:

∆t = time increment for current substep
Vnf = fluid volume at the end of previous substep

Using the Ideal Gas Law, the previous expression can be expanded as:

(13.394)ɺ ɺ ɺV
t

V V
P

P

T

T

V

P
P

V

T
Tf f f

t

nt

nt

t

f

nt

nf

nt
= −









 = − +

1

∆

Release 15.0 - © SAS IP, Inc. All rights reserved. - Contains proprietary and confidential information
of ANSYS, Inc. and its subsidiaries and affiliates.638

Element Library



where:

Pt = Pref + P = total fluid pressure

Pref  = reference pressure (specified as a real constant with R command)

Tt = Toff  + T = total temperature

Toff  = temperature offset from absolute zero to zero (use TOFFST command)

Pnt = total fluid pressure at the end of previous substep

Tnt = total temperature at the end of previous substep

The variation of the rate of change of volume can be easily obtained as:

(13.395)DV
V

P
DPf

f

nt

ɺ ɺ= −

and the variation of current density can be given as:

(13.396)D
P

DPf
f

t
ρ

ρ
=

13.242.2.4. Pressure-Volume Data

For compressible fluids that do not follow the constitutive equation for liquid or the Ideal Gas Law, the
rate of change of volume can be expressed as:

(13.397)ɺ ɺ ɺV
V

P
P

V

T
Tf

f f= +
∆
∆

∆
∆

where:

∆
∆
V

P
f

 = slope (interpolated) of the pressure-volume data curve

∆
∆
V

T
f

 = slope (interpolated) of the temperature-volume data curve

and the variation of the rate of change of volume can be expressed as:

(13.398)DV
V

P
DPf

fɺ ɺ=
∆
∆

The variation of current density is defined as:

(13.399)D
V

V

P
DPf

f

f

fρ
ρ

= −
∆
∆

See Fluid Material Models (p. 174) for more details.

13.243. Reserved for Future Use

This section is reserved for future use.

13.244. Reserved for Future Use

This section is reserved for future use.
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13.245. Reserved for Future Use

This section is reserved for future use.

13.246. Reserved for Future Use

This section is reserved for future use.

13.247. Reserved for Future Use

This section is reserved for future use.

13.248. Reserved for Future Use

This section is reserved for future use.

13.249. Reserved for Future Use

This section is reserved for future use.

13.250. Reserved for Future Use

This section is reserved for future use.

13.251. SURF251 - 2-D Radiosity Surface

I

J

X

Y

SURF251 is used only for postprocessing of radiation quantities, such as radiation heat flux. See SURF251
in the Element Reference for details.
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13.252. SURF252 - 3-D Thermal Radiosity Surface

Z

X

Y

(Triangular Option)

L K

JI

K,L

I J

SURF252 is used only for postprocessing of radiation quantities, such as radiation heat flux. See SURF252
in the Element Reference for details.

13.253. Reserved for Future Use

This section is reserved for future use.

13.254. Reserved for Future Use

This section is reserved for future use.

13.255. Reserved for Future Use

This section is reserved for future use.

13.256. Reserved for Future Use

This section is reserved for future use.

13.257. Reserved for Future Use

This section is reserved for future use.

13.258. Reserved for Future Use

This section is reserved for future use.

13.259. Reserved for Future Use

This section is reserved for future use.

13.260. Reserved for Future Use

This section is reserved for future use.
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13.261. Reserved for Future Use

This section is reserved for future use.

13.262. Reserved for Future Use

This section is reserved for future use.

13.263. REINF263 - 2-D Smeared Reinforcing

Integration Points
Shape Functions (for each

layer)

Base Ele-

ment
Matrix or Vector

Across the
length: 1Equation 11.6 (p. 329), Equa-

tion 11.7 (p. 330), and Equa-
tion 11.8 (p. 330)

Linear 2-D
solid or shell

Stiffness and Stress
Stiffness Matrices and
Thermal Load Vector

Across the sec-
tion: 1

Across the
length: 2Equation 11.19 (p. 330), Equa-

tion 11.20 (p. 330), and Equa-
tion 11.21 (p. 330)

Quadratic 3-
D solid or
shell Across the sec-

tion: 1

Release 15.0 - © SAS IP, Inc. All rights reserved. - Contains proprietary and confidential information
of ANSYS, Inc. and its subsidiaries and affiliates.642

Element Library



Integration Points
Shape Functions (for each

layer)

Base Ele-

ment
Matrix or Vector

Same as stiffness
matrix.

Same as stiffness matrix.Mass Matrix

N/AN/APressure Load Vector

DistributionLoad Type

Linear along the length, constant across the section.Element Temperature

N/ANodal Temperature

N/APressure

13.263.1. Other Applicable Sections

Structures (p. 5) describes the derivation of structural element matrices and load vectors as well as
stress evaluations. General Element Formulations (p. 50) gives the general element formulations used
by this element. See Stiffness and Mass Matrices of a Reinforcing Layer (p. 646) for the general formulation
of the reinforcing stiffness and mass matrices.

13.264. REINF264 - 3-D Discrete Reinforcing

P
X

M

Y

I

Q
J

T
L

W

O

A

K

R

S
Z

B
U N

V

KK

II JJ

I

P

K

J

NM

L

O

II JJ

L

P
R

K

N

J

M

I

O

Q

KK

II
JJ

L

K

J

I

II JJ
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L K

J
I

N

M

P

O

KKII

JJ

L K

J
I

II JJ

II

JJI

J

KK

K

II

JJI

J

II

JJ

I

J

Integration Points
Shape Functions (for each

layer)

Base Ele-

ment
Matrix or Vector

Across the length: 1
Across the section: 1

Equation 11.6 (p. 329), Equa-
tion 11.7 (p. 330), and Equa-
tion 11.8 (p. 330)

Linear 3-D
spar, beam,
solid, or
shell

Stiffness and Stress
Stiffness Matrices and
Thermal Load Vector Across the length: 2

Across the section: 1

Equation 11.19 (p. 330), Equa-
tion 11.20 (p. 330), and Equa-
tion 11.21 (p. 330)

Quadratic 3-
D beam, sol-
id, or shell

Same as stiffness
matrix

Same as stiffness matrixMass Matrix

N/AN/APressure Load Vector

DistributionLoad Type

Linear along the length, constant across the section.Element Temperature

N/ANodal Temperature

N/APressure

13.264.1. Other Applicable Sections

Structures (p. 5) describes the derivation of structural element matrices and load vectors as well as
stress evaluations. General Element Formulations (p. 50) gives the general element formulations used
by this element. See Stiffness and Mass Matrices of a Reinforcing Layer (p. 646) for the general formulation
of the reinforcing stiffness and mass matrices.
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13.265. REINF265 - 3-D Smeared Reinforcing

P
X

M

Y

I

Q
J

T
L

W

O

A

K

R

S
Z

B
U N

V

LL

II

JJ

KK

MM
NN

OOPP

I

P

K

J

NM

L

O

LL

II

JJ

KK

L K

J
I

II
JJ

KK
LLL

P
R

K

N

J

MI

II

JJ

MM
NN

PP KK, LL, OO

O

Q

Z

X

Y

L K

J
I

II JJ

KK
LL

N

M

MM

P

PP
O

OO

NN

Integration Points
Shape Functions (for each

layer)

Base Ele-

ment
Matrix or Vector

In-plane:  1 x 1
Thru-the-thickness: 1

Equation 11.69 (p. 337), Equa-
tion 11.70 (p. 337), and Equa-
tion 11.71 (p. 337)

Linear 3-D
solid or shell

Stiffness and Stress
Stiffness Matrices and
Thermal Load Vector
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Integration Points
Shape Functions (for each

layer)

Base Ele-

ment
Matrix or Vector

In-plane:  2 x 2
Thru-the-thickness: 1

Equation 11.84 (p. 338), Equa-
tion 11.85 (p. 338), and Equa-
tion 11.86 (p. 338)

Quadratic 3-
D solid or
shell

Same as stiffness
matrix

Same as stiffness matrixMass Matrix

N/AN/APressure Load Vector

DistributionLoad Type

Bilinear in plane of each reinforcing layer, constant thru-the-thick-
ness of each layer.

Element Temperature

N/ANodal Temperature

N/APressure

13.265.1. Other Applicable Sections

Structures (p. 5) describes the derivation of structural element matrices and load vectors as well as
stress evaluations. General Element Formulations (p. 50) gives the general element formulations used
by this element.

13.265.2. Stiffness and Mass Matrices of a Reinforcing Layer

Each layer of reinforcing fibers is simplified as a membrane with unidirectional stiffness. The equivalent
membrane thickness h is given by:

(13.400)h A S= /

where:

A = cross-section area of each fiber (input on SECDATA command)
S = distance between two adjacent fibers (input on SECDATA command)

We assume that the reinforcing fibers are firmly attached to the base element (that is, no relative
movement between the base element and the fibers is allowed). Therefore, the degrees of freedom
(DOF) of internal layer nodes (II, JJ, KK, LL, etc.) can be expressed in terms of DOFs of the external element
nodes (I, J, K, L, etc.). Taking a linear 3-D solid base element as the example, the DOFs of an internal
layer node II can be shown as:

(13.401)

u

v

w

N

u

v

w

II

II

II

i II I II

i

i

i
i
















=

















∑
=

( , , )Iξ η ζ
1

8

where:

{uII, vII, wII} = displacements of internal layer node II

{ui, vi, wi} = displacements of base element node i

Ni (ξII, ηII, ζII) = value of trilinear shape function of node i at the location of internal node II
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Similar relationships can be established for other type of base elements. The stiffness and mass matrices
of each reinforcing layer are first evaluated with respect to internal layer DOFs. The equivalent stiffness
and mass contributions of this layer to the element is then determined through relationship (Equa-
tion 13.401 (p. 646)).

13.266. Reserved for Future Use

This section is reserved for future use.

13.267. Reserved for Future Use

This section is reserved for future use.

13.268. Reserved for Future Use

This section is reserved for future use.

13.269. Reserved for Future Use

This section is reserved for future use.

13.270. Reserved for Future Use

This section is reserved for future use.

13.271. Reserved for Future Use

This section is reserved for future use.

13.272. SOLID272 - General Axisymmetric Solid with 4 Base Nodes

Integration Points*Shape Functions
Geo-

metry
Matrix or Vector

2 x 2 x Nc

Equation 11.255 (p. 359),
Equation 11.256 (p. 359),Quad

Stiffness and Stress
Stiffness Matrices; and
Thermal Load Vector Equation 11.258 (p. 360),
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Integration Points*Shape Functions
Geo-

metry
Matrix or Vector

Equation 11.259 (p. 360), and
Equation 11.260 (p. 360)

1 x Nc

Equation 11.255 (p. 359),
Equation 11.256 (p. 359),

Triangle Equation 11.261 (p. 360),
Equation 11.262 (p. 360), and
Equation 11.263 (p. 360)

2 x 2 x Nc
Same as stiffness matrix

Quad
Mass Matrix

1 x NcTriangle

2 x Nc
Same as stiffness matrix, specialized to
face

Pressure Load Vector

* Nc = the number of integration points in the circumferential direction. The Nc integration

points are circumferentially located at:

• the nodal planes, and

• midway between the nodal planes (that is, at the integration planes)

so that Nc = (2 * Nnp), where Nnp = number of nodal planes (KEYOPT(2)). Exception: If

KEYOPT(2) = 1, then Nc = 1.

DistributionLoad Type

Bilinear across element on rz plane, linear in circumferential direc-
tion

Element Temperature

Same as element temperature distributionNodal Temperature

Linear along each facePressure

13.272.1. Other Applicable Sections

Structures (p. 5) describes the derivation of structural element matrices and load vectors as well as
stress evaluations.

13.272.2. Assumptions and Restrictions

Although the elements are initially axisymmetric, the loads and deformation can be general in non-
axisymmetric 3-D. The displacements are interpolated in elemental coordinate system by interpolation
functions, but the user can define the nodal displacements in any direction.
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13.273. SOLID273 - General Axisymmetric Solid with 8 Base Nodes

Integration Points*Shape Functions
Geo-

metry
Matrix or Vector

2 x 2 x Nc

Equation 11.255 (p. 359),
Equation 11.256 (p. 359),

Quad

Stiffness and Stress
Stiffness Matrices; and
Thermal Load Vector

Equation 11.264 (p. 361),
Equation 11.265 (p. 361), and
Equation 11.266 (p. 361)

3 x Nc

Equation 11.255 (p. 359),
Equation 11.256 (p. 359),

Triangle Equation 11.267 (p. 361),
Equation 11.268 (p. 361), and
Equation 11.269 (p. 361)

3 x 3 x Nc
Same as stiffness matrix

Quad
Mass Matrix

3 x NcTriangle

2 x Nc
Same as stiffness matrix, specialized to
face

Pressure Load Vector

* Nc = the number of integration points in the circumferential direction. The Nc integration

points are circumferentially located at:

• the nodal planes, and

• midway between the nodal planes (that is, at the integration planes)

so that Nc = (2 * Nnp), where Nnp = number of nodal planes (KEYOPT(2)). Exception: If

KEYOPT(2) = 1, then Nc = 1.

DistributionLoad Type

Biquadratic across element on rz plane and linear between nodal
planes in the circumferential direction

Element Temperature

Same as element temperature distributionNodal Temperature

Linear along each facePressure
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13.273.1. Other Applicable Sections

Structures (p. 5) describes the derivation of structural element matrices and load vectors as well as
stress evaluations. General Element Formulations (p. 50) gives the general element formulations used
by this element.

13.273.2. Assumptions and Restrictions

Although the elements are initially axisymmetric, the loads and deformation can be general in non-
axisymmetric 3-D. The displacements are interpolated in elemental coordinate system by interpolation
functions, but the user can define the nodal displacements in any direction.

13.274. Reserved for Future Use

This section is reserved for future use.

13.275. Reserved for Future Use

This section is reserved for future use.

13.276. Reserved for Future Use

This section is reserved for future use.

13.277. Reserved for Future Use

This section is reserved for future use.

13.278. SOLID278 - 3-D 8-Node homogeneous/Layered Thermal Solid

SOLID278 is available in two forms:

• homogeneous (nonlayered) thermal solid (KEYOPT(3) = 0, the default) - see SOLID278 - 3-D 8-Node
homogeneous Thermal Solid (p. 651).

• Layered thermal solid (KEYOPT(3) = 1) - see SOLID278 - 3-D 8-Node Layered Thermal Solid (p. 651).
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13.278.1. SOLID278 - 3-D 8-Node homogeneous Thermal Solid

J

K

O

P

M

I
L

r

N

s

t

Z,w

Y,v

X,u

Integration PointsShape FunctionsMatrix or Vector

2 x 2 x 2Equation 11.222 (p. 353)
Conductivity Matrix and Heat Gener-
ation Load Vector

Same as conductiv-
ity matrix

Equation 11.222 (p. 353). Matrix is
diagonalized as described in
Lumped Matrices (p. 391)

Specific Heat Matrix

2 x 2
Equation 11.222 (p. 353) specialized
to the face

Convection Surface Matrix and Load
Vector

13.278.2. SOLID278 - 3-D 8-Node Layered Thermal Solid

P

K

O
M

I

L

J

N

t,v

s,u

r,w

Y

X
Z

Integration PointsShape FunctionsMatrix or Vector

In-plane:
2 x 2Equation 11.222 (p. 353)

Conductivity Matrix and Heat Gener-
ation Load Vector

Thru-the-thickness:
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Integration PointsShape FunctionsMatrix or Vector

1, 3, 5, 7, or 9 per layer
Defaults to 3 

Same as conductiv-
ity matrix

Equation 11.222 (p. 353). Matrix is
diagonalized as described in
Lumped Matrices (p. 391)

Specific Heat Matrix

2 x 2
Equation 11.222 (p. 353) specialized
to the face

Convection Surface Matrix and Load
Vector

13.279. SOLID279 - 3-D 20-Node homogeneous/Layered Thermal Solid

SOLID279 is available in two forms:

• homogeneous (nonlayered) thermal solid (KEYOPT(3) = 0, the default) - see SOLID279 - 3-D 20-Node
homogeneous Thermal Solid (p. 652).

• Layered thermal solid (KEYOPT(3) = 1) - see SOLID279 - 3-D 20-Node Layered Thermal Solid (p. 653).

13.279.1. SOLID279 - 3-D 20-Node homogeneous Thermal Solid

L

N

M

P W
O

K
R

J

Y
S

U

X

V

Q

I

T Z

B
A

r

s

t

Y,v

X,u
Z,w

Integration PointsShape FunctionsGeometryMatrix or Vector

14Equation 11.233 (p. 355)Brick
Conductivity Matrix and
Heat Generation Load
Vector

3 x 3Equation 11.209 (p. 352)Wedge

2 x 2 x 2Equation 11.193 (p. 350)Pyramid

4Equation 11.185 (p. 348)Tet

Same as conductiv-
ity matrix

Same as conductivity matrix.Specific Heat Matrix

3 x 3Equation 11.91 (p. 338)QuadConvection Surface
Matrix and Load Vector 6Equation 11.63 (p. 337)Triangle
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13.279.2. SOLID279 - 3-D 20-Node Layered Thermal Solid

Y,v

X,u
Z,w

L

N
M

P W
O

K
R

J

Y

S

U

X

V

Q

I T
Z

B
A

r t

Integration PointsShape FunctionsGeometryMatrix or Vector

In-plane:
2 x 2

Equation 11.233 (p. 355)Brick
Conductivity Matrix and
Heat Generation Load
Vector

Thru-the-thickness:
1, 3, 5, 7, or 9 per layer
Defaults to 3 

3 x 3Equation 11.209 (p. 352)Wedge

2 x 2 x 2Equation 11.193 (p. 350)Pyramid

4Equation 11.185 (p. 348)Tet

Same as conductiv-
ity matrix

Same as conductivity matrix.Specific Heat Matrix

3 x 3Equation 11.91 (p. 338)QuadConvection Surface
Matrix and Load Vector 6Equation 11.63 (p. 337)Triangle

13.280. Reserved for Future Use

This section is reserved for future use.
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13.281. SHELL281 - 8-Node Shell

L

P

I

M
N

K

O

1

2

3

5

4

6

7

82

J

4

6

1

3

5

I

K, L, O

N

M

J

P

yo

xo

x
Z

X

Y

y
z

zo

Integration PointsShape FunctionsGeometryMatrix or Vector

In-plane:  2 x 2

Equation 11.84 (p. 338), Equa-
tion 11.85 (p. 338), Equa-

Quad

Stiffness Matrix and
Thermal Load Vector

Thru-the-thickness:

tion 11.86 (p. 338), Equa-

1, 3, 5, 7, or 9 per layer

tion 11.87 (p. 338), Equa-

for section data input for

tion 11.88 (p. 338), and Equa-
tion 11.89 (p. 338)

general shell option 
(KEYOPT(1) = 0)

Thru-the-thickness:
1 per layer for section
data input for membrane
shell option 
(KEYOPT(1) = 1)

In-plane:  3

Equation 11.57 (p. 336), Equa-
tion 11.58 (p. 336), Equa-

Triangle

1, 3, 5, 7, or 9 per layer

tion 11.59 (p. 336), Equa-

for section  data input for

tion 11.60 (p. 336), Equa-

general shell option 

tion 11.61 (p. 336), and Equa-
tion 11.62 (p. 337)

(KEYOPT(1) = 0)

1 per layer for section 
data input for membrane
shell option 
(KEYOPT(1) = 1)

Same as stiffness mat-
rix

Equation 11.84 (p. 338), Equa-
tion 11.85 (p. 338), Equa-Quad

Consistent Mass and
Stress Stiffness Matrices

tion 11.86 (p. 338), Equa-

Release 15.0 - © SAS IP, Inc. All rights reserved. - Contains proprietary and confidential information
of ANSYS, Inc. and its subsidiaries and affiliates.654

Element Library



Integration PointsShape FunctionsGeometryMatrix or Vector

tion 11.87 (p. 338), Equa-
tion 11.88 (p. 338), and Equa-
tion 11.89 (p. 338)

Same as stiffness mat-
rix

Equation 11.57 (p. 336), Equa-
tion 11.58 (p. 336), Equa-

Triangle
tion 11.59 (p. 336), Equa-
tion 11.60 (p. 336), Equa-
tion 11.61 (p. 336), and Equa-
tion 11.62 (p. 337)

Same as stiffness mat-
rix

Equation 11.84 (p. 338), Equa-
tion 11.85 (p. 338), and Equa-
tion 11.86 (p. 338)

Quad

Lumped Mass Matrix

Same as stiffness mat-
rix

Equation 11.57 (p. 336), Equa-
tion 11.58 (p. 336), and Equa-
tion 11.59 (p. 336)

Triangle

2 x 2Equation 11.86 (p. 338)QuadTransverse Pressure
Load Vector 3Equation 11.59 (p. 336)Triangle

2
Same as in-plane mass matrix, specialized to
the edge

Edge Pressure Load
Vector

DistributionLoad Type

Linear thru thickness, bilinear in plane of elementElement Temperature

Constant thru thickness, bilinear in plane of elementNodal Temperature

Bilinear in plane of element, linear along each edgePressure

References: Ahmad([1] (p. 921)), Cook([5] (p. 921)), Dvorkin([96] (p. 926)), Dvorkin([97] (p. 926)), Bathe and
Dvorkin([98] (p. 926)), Allman([113] (p. 927)), Cook([114] (p. 927)), MacNeal and Harder([115] (p. 927))

13.281.1. Other Applicable Sections

Structures (p. 5) describes the derivation of structural element matrices and load vectors as well as
stress evaluations.

13.281.2. Assumptions and Restrictions

Normals to the centerplane are assumed to remain straight after deformation, but not necessarily normal
to the centerplane.

Each set of integration points thru a layer (in the r direction) is assumed to have the same element
(material) orientation.

13.281.3. Membrane Option

A membrane option is available for SHELL281 if KEYOPT(1) = 1. For this option, there is no bending
stiffness or rotational degrees of freedom. There is only one integration point per layer, regardless of
other input.

655
Release 15.0 - © SAS IP, Inc. All rights reserved. - Contains proprietary and confidential information

of ANSYS, Inc. and its subsidiaries and affiliates.

SHELL281 - 8-Node Shell



13.281.4. Shear Correction

The element uses an equivalent energy method to compute shear-correction factors. These factors are
predetermined based on the section lay-up at the start of solution.

13.282. Reserved for Future Use

This section is reserved for future use.

13.283. Reserved for Future Use

This section is reserved for future use.

13.284. Reserved for Future Use

This section is reserved for future use.

13.285. SOLID285 - 3-D 4-Node Tetrahedral Structural Solid with Nodal

Pressures

Y

Z

X

L

K

J

I

Integration PointsShape FunctionsMatrix or Vector

4
Equation 11.170 (p. 347) through Equa-
tion 11.181 (p. 348)

Stiffness, Mass, and
Stress Stiffness Matrices;
and Thermal Load Vec-
tor

3
Equation 11.49 (p. 336) and Equa-
tion 11.50 (p. 336)

Pressure Load Vector

DistributionLoad Type

Same as shape functionsElement Temperature

Same as shape functionsNodal Temperature

Linear over each facePressure
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13.285.1. Other Applicable Sections

Structures (p. 5) describes the derivation of structural element matrices and load vectors as well as
stress evaluations. General Element Formulations (p. 50) gives the general element formulations used
by this element.

13.285.2. Theory

Stabilization terms are introduced and condensed out at element as enhanced term (Onate et
al.([91] (p. 925))).

13.286. Reserved for Future Use

This section is reserved for future use.

13.287. Reserved for Future Use

This section is reserved for future use.

13.288. PIPE288 - 3-D 2-Node Pipe

J

K

y

x

z

Y

X
Z

I

Integration PointsShape FunctionsOptionMatrix or Vector

Along the length: 1Equation 11.6 (p. 329),
Equation 11.7 (p. 330),

Linear (KEY-
OPT(3)=0)

Stiffness and Stress
Stiffness Matrices; and

Across the section:
see text below

Equation 11.8 (p. 330),
Equation 11.9 (p. 330),

Thermal and Newton-
Raphson Load Vectors

Equation 11.10 (p. 330),
and Equa-
tion 11.11 (p. 330)

Along the length: 2Equation 11.19 (p. 330),
Equation 11.20 (p. 330),

Quadratic (KEY-
OPT(3)=2)

Across the section:
see text below

Equation 11.21 (p. 330),
Equation 11.22 (p. 331),
Equation 11.23 (p. 331),
and Equa-
tion 11.24 (p. 331)
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Integration PointsShape FunctionsOptionMatrix or Vector

Along the length: 3Equation 11.26 (p. 331),
Equation 11.27 (p. 331),

Cubic (KEY-
OPT(3)=3)

Across the section:
see text below

Equation 11.28 (p. 331),
Equation 11.29 (p. 331),
Equation 11.30 (p. 331),
and Equa-
tion 11.31 (p. 331)

Along the length: 2Equation 11.6 (p. 329),
Equation 11.7 (p. 330),

Linear (KEY-
OPT(3)=0)

Consistent Mass Mat-
rix and Pressure Load
Vector Across the section:

1
Equation 11.8 (p. 330),
Equation 11.9 (p. 330),
Equation 11.10 (p. 330),
and Equa-
tion 11.11 (p. 330)

Along the length :
3

Equation 11.19 (p. 330),
Equation 11.20 (p. 330),

Quadratic (KEY-
OPT(3)=2)

Across the section:
1

Equation 11.21 (p. 330),
Equation 11.22 (p. 331),
Equation 11.23 (p. 331),
and Equa-
tion 11.24 (p. 331)

Along the length: 4Equation 11.26 (p. 331),
Equation 11.27 (p. 331),

Cubic (KEY-
OPT(3)=3)

Across the section:
1

Equation 11.28 (p. 331),
Equation 11.29 (p. 331),
Equation 11.30 (p. 331),
and Equa-
tion 11.31 (p. 331)

Along the length: 2Equation 11.6 (p. 329),
Equation 11.7 (p. 330), and
Equation 11.8 (p. 330)

Linear (KEYOPT(3) =
0)

Lumped Mass Matrix

Across the section:
1

Along the length :
3

Equation 11.19 (p. 330),
Equation 11.20 (p. 330),

Quadratic (KEY-
OPT(3) = 2)

Across the section:
1

and Equa-
tion 11.21 (p. 330)

Along the length: 4Equation 11.26 (p. 331),
Equation 11.27 (p. 331),

Cubic (KEYOPT(3) =
3)

Across the section:
1

and Equa-
tion 11.28 (p. 331)`

DistributionLoad Type

KEYOPT(1) = 0 Linear through wall and linear along length
KEYOPT(1) = 1 Bilinear across cross-section and linear along
length

Element Temperature

Constant across cross-section, linear along lengthNodal Temperature
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DistributionLoad Type

Constant, except as adjusted by the affect of internal and external
fluids.

Internal and External Pres-
sures

References: Simo and Vu-Quoc([237] (p. 934)), Ibrahimbegovic([238] (p. 934)).

13.288.1. Assumptions and Restrictions

The element is based on Timoshenko beam theory; therefore, shear deformation effects are included.
The element is well-suited for linear, large rotation, and/or large strain nonlinear applications.

The element includes stress stiffness terms, by default, in any analysis using large deformation
(NLGEOM,ON). The stress stiffness terms provided enable the elements to analyze flexural, lateral and
torsional stability problems (using eigenvalue buckling or collapse studies with arc length methods).

Transverse shear strain is constant through cross-section (that is, cross sections remain plane and undis-
torted after deformation). The element can be used for slender or stout beams. Due to the limitations
of first-order shear deformation theory, slender to moderately thick beams can be analyzed. Slenderness
ratio of a beam structure may be used in judging the applicability of the element. It is important to
note that this ratio should be calculated using some global distance measures, and not based on indi-
vidual element dimensions. A slenderness ratio greater than 30 is recommended.

The elements are provided with section relevant quantities (area of integration, position, Poisson function,
function derivatives, etc.) automatically at a number of section points by the use of section commands.
Each section is assumed to be an assembly of number of nine-node cells. The number of cells in both
the circumferential and thickness directions is controlled by the SECDATA command. Each cell has four
integration points, as shown in the following figure:

Figure 13.40:  Section Model

x
x

x

x

Section Nodes

Section Integration Points+
Section Corner Nodes

The section includes internal fluid which contributes only mass and applied pressure, and insulation
which contributes only mass, and adds to the effective (hydraulic) diameter.
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13.288.2. Ocean Effects

The following ocean effects apply to this element:
13.288.2.1. Location of the Element
13.288.2.2. Mass Matrix
13.288.2.3. Load Vector
13.288.2.4. Hydrostatic Effects
13.288.2.5. Hydrodynamic Effects

13.288.2.1. Location of the Element

The origin for any problem containing PIPE288 using ocean effects must be at the free surface (mean
sea level). Further, the Z axis is always the vertical axis, pointing away from the center of the earth.

The element may be located in the fluid, above the fluid, or in both regimes simultaneously. There is

a tolerance of only 

De

8  below the mud line, for which

(13.402)D D te o i= + 2

where:

De = effective diameter of the pipe

Do = outside diameter of pipe (input as Do on the SECDATA command)

ti = thickness of external insulation (input as Tins on the SECDATA command)

The mud line is located at distance d below the origin (input as DEPTH on the OCDATA command).
This condition is checked with:

(13.403)Z N d
De( ) > − +









 ←8

no error message

(13.404)Z N d
De( ) ≤ − +









 ←8

fatal error message

where Z(N) = vertical location of node N.

If it is necessary to generate a structure below the mud line, a second material property can be set up
for those elements using a greater d and omitting hydrodynamic effects.

For a large-deflection problem, greater tolerances apply for second and subsequent iterations:

(13.405)Z N d De( ) ( )> − + ←10 no error message

(13.406)− + ≥ > ←( ) ( ) ( )d D Z N de10 2 warning message

(13.407)− ≥ ←( ) ( )2d Z N fatal error message

The element is allowed to sink into the mud for 10 diameters before generating a warning message. If
a node sinks into the mud a distance equal to the water depth, the analysis terminates. If the element
is intended to lie on the ocean floor, gap elements must be provided.
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13.288.2.2. Mass Matrix

The element mass matrix is comprised of several components, each organized on a mass-per-unit-length
basis:

(13.408)m ( )w o iD D= − =ρ π
4

2 2 mass of pipe wall per unit length

where:

ρ = density of the pipe wall (input as DENS on the MP command)

(13.409)min intt iD= =ρ π
4

2 mass of internal fluid per unit length 

where:

ρint = density of the internal fluid (input as DENS on the MP command, with the material number specified

via Mint on the SECDATA command)

(13.410)m ( )ins i e oD D= − =ρ π
4

2 2 mass of insulation per unit length

where:

ρi = density of external insulation (input as DENS on the MP command, with the material number

specified via Mins on the SECDATA command)

(13.411)mah = mass of additional hardware per unit length

where:

mah is input as ADDMAS on the SECCONTROL command

(13.412)m C Dadd a w e= =ρ
π
4

2 mass of external fluid per unit length

where:

Ca = coefficient of added mass of the external fluid (input as Ca on the OCDATA command)

ρw = fluid density (input as DENS on the MP command, with the material number specified via

MATOC on the OCDATA command)

madd only resists submerged lateral acceleration. If the element is above the instantaneous free surface,

madd = 0.0 . For modal (ANTYPE,MODAL) and harmonic (ANTYPE,HARMIC) analyses, the surface location

does not account for ocean waves.

13.288.2.3. Load Vector

The element load vector consists of two parts:

• Distributed force per unit length to account for hydrostatic (buoyancy) effects ({F/L}b) as well as axial

nodal forces due to internal pressure and temperature effects {Fx}.
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• Distributed force per unit length to account for hydrodynamic effects (current and waves) ({F/L}d).

The hydrostatic and hydrodynamic effects work with the original diameter and length, i.e., initial strain
and large deflection effects are not considered.

13.288.2.4. Hydrostatic Effects

See Hydrostatic Loads (p. 393) in the Element Tools section of this document.

13.288.2.5. Hydrodynamic Effects

See Hydrodynamic Loads (p. 395) in the Element Tools section of this document.

13.288.3. Stress Evaluation

Several stress evaluation options exist. The section strains and generalized stresses are evaluated at
element integration points and then linearly extrapolated to the nodes of the element.

If the material is elastic, stresses and strains are available after extrapolation in cross-section at the
nodes of section mesh. If the material is plastic, stresses and strains are moved without extrapolation
to the section nodes (from section integration points).

13.289. PIPE289 - 3-D 3-Node Pipe

J

K

y

x

z

Y

X

Z

I
L

8

7

6

5

4

Integration PointsShape FunctionsMatrix or Vector

Along the length: 2
Equation 11.19 (p. 330), Equa-
tion 11.20 (p. 330), Equa-Stiffness and Stress

Stiffness Matrices; and Across the section: see
PIPE288 - 3-D 2-Node
Pipe (p. 657)

tion 11.21 (p. 330), Equa-
tion 11.22 (p. 331), Equa-
tion 11.23 (p. 331), and Equa-
tion 11.24 (p. 331)

Thermal and Newton-
Raphson Load Vectors
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Integration PointsShape FunctionsMatrix or Vector

Along the length: 3
Same as stiffness matrix

Consistent Mass Matrix
and Pressure Load Vec-
tor Across the section: 1

Along the length: 3Equation 11.19 (p. 330), Equa-
tion 11.20 (p. 330), and Equa-
tion 11.21 (p. 330)

Lumped Mass Matrix
Across the section: 1

DistributionLoad Type

KEYOPT(1) = 0 Linear thru wall and linear along length

Element Temperature KEYOPT(1) = 1 Bilinear across cross-section and linear along
length

Constant across cross-section, linear along lengthNodal Temperature

Constant, except as adjusted by the affect of internal and external
fluids.

Internal and External Pres-
sures

References: Simo and Vu-Quoc([237] (p. 934)), Ibrahimbegovic([238] (p. 934)).

The theory for this element is identical to that of PIPE288 - 3-D 2-Node Pipe (p. 657), except that this
element is a nonlinear, 3-node pipe.

13.290. ELBOW290 - 3-D 3-Node Elbow

I J
K

z

x

y
L

z

x

y

Integration PointsShape FunctionsMatrix or Vector

Along the length:  2
Around the 

Equation 11.19 (p. 330), Equa-
tion 11.20 (p. 330), Equation 11.21 (p. 330),Stiffness and Stress

Stiffness Matrices; and circumference: 8 or higher
Equation 11.22 (p. 331), Equa-
tion 11.23 (p. 331), and Equation 11.24 (p. 331)

Around the circumference: Fourier
Series

Thermal and Newton-
Raphson Load Vectors

Thru-the-thickness:
 1, 3, 5, 7, or 9 per layer

Along the length:  3
Around the 

Same as stiffness matrix
Mass Matrix and Pres-
sure Load Vector

circumference: 8 or higher
Thru-the-thickness:
 1, 3, 5, 7, or 9 per layer 
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DistributionLoad Type

KEYOPT(1) = 0 Linear thru wall and linear along length

KEYOPT(1) = 1 Bilinear across cross-section and linear along length
Element Temperature

Constant across cross-section, linear along lengthNodal Temperature

Constant
Internal and External Pres-
sures

References:

Bathe and Almeida ([369] (p. 941))

Yan, Jospin, and Nguyen ([370] (p. 941))

13.290.1. Other Applicable Sections

Structures (p. 5) describes the derivation of structural element matrices and load vectors as well as
stress evaluations.

13.290.2. Assumptions and Restrictions

Pipe cross-sectional motions (i.e., radial expansion, ovalization, and warping) are modeled with Fourier
series. The corresponding unknowns (Fourier magnitudes) are treated as internal degrees of freedom.
A higher number of Fourier modes may be required to achieve an adequate level of accuracy in cross-
sectional motions. Also, a higher number of integration points around the circumference may be needed
for capturing nonlinear material behaviors or ensuring sufficient numerical integration accuracy.

No slippage is assumed between the element layers. Shear deflections are included in the element;
however, normals to the center wall surface are assumed to remain straight after deformation, but not
necessarily normal to the center surface. Therefore, constant transverse shears through the pipe wall
are allowed.

13.290.3. Shear Correction

The element uses an equivalent energy method to compute shear correction factors. These factors are
predetermined based on the section lay-up at the start of solution
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Chapter 14: Analysis Tools

The following analysis tools are available:
14.1. Acceleration Effect
14.2. Inertia Relief
14.3. Damping Matrices
14.4. Rotating Structures
14.5. Element Reordering
14.6. Automatic Time Stepping
14.7. Solving for Unknowns and Reactions
14.8. Equation Solvers
14.9. Mode Superposition Method
14.10. Extraction of Modal Damping Parameter for Squeeze Film Problems
14.11. Reduced Order Modeling of Coupled Domains
14.12. Newton-Raphson Procedure
14.13. Constraint Equations
14.14. Eigenvalue and Eigenvector Extraction
14.15. Analysis of Cyclic Symmetric Structures
14.16. Mass Related Information
14.17. Energies
14.18. Reduced-Order Modeling for State-Space Matrices Export
14.19. Enforced Motion in Structural Analysis

14.1. Acceleration Effect

Accelerations are applicable only to elements with displacement degrees of freedom (DOFs).

The acceleration vector {ac} which causes applied loads consists of a vector with a term for every degree

of freedom in the model. In the description below, a typical node having a specific location and accel-
erations associated with the three translations and three rotations will be considered:

(14.1){ }
{ }

{ }
a

a

ac
t

r
=








where:

{ } { } { } { }a a a at t
d

t
I

t
r= + + = translational acceleration vector

{ } { } { }a a ar r
I

r
r= + = rotational acceleration vector

where:

{ }at
d

= accelerations in global Cartesian coordinates (input on ACEL command or CMACEL

command for component base acceleration)

{ }at
I

 = translational acceleration vector due to inertia relief (see Inertia Relief (p. 669))
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{ }ar
I

 = rotational acceleration vector due to inertia relief (see Inertia Relief (p. 669))

{ }at
r

 = translational acceleration vector due to rotations (defined below)

{ }ar
r

 = angular acceleration vector due to input rotational accelerations (defined below)

ANSYS defines three types of rotations:

Rotation 1: The whole structure rotates about each of the global Cartesian axes (input on
OMEGA and DOMEGA commands)
Rotation 2: The element component rotates about an axis defined by user (input on CMOMEGA

and CMDOMEGA commands).
Rotation 3: The global origin rotates about the axis by user if Rotation 1 appears or the rota-
tional axis rotates about the axis defined by user if Rotation 2 appears (input on CGOMGA,
DCGOMG, and CGLOC commands)

Up to two out of the three types of rotations may be applied on a structure at the same time.

The angular acceleration vector due to rotations is:

(14.2){ } { } { } { } { }ar
r = + + ×ɺ ɺω ωΩ Ω

The translational acceleration vector due to rotations is:

(14.3){ } { } ({ } { }) { } { } { } ({ } { }) ({ } ({ } {a r r r Rt
r = × × + × + ⋅ × × + × × +ω ω ω ωɺ 2 Ω Ω Ω rr R r})) { } ({ } { })+ × +ɺΩ

where:

x = vector cross product

In the case where the rotations are the combination of Rotation 1 and Rotation 3:

{ω} = angular velocity vector defined about the global Cartesian origin (input on OMEGA

command)
{Ω} = angular velocity vector of the overall structure about the point CG (input on CGOMGA

command)

{ }ɺω  = angular acceleration vector defined about the global Cartesian origin (input on DOMEGA

command)

{ }ɺΩ  = angular acceleration vector of the overall structure about the point CG (input on DCGOMG

command)
{r} = position vector (see Figure 14.1: Rotational Coordinate System (Rotations 1 and 3) (p. 667))
{R} = vector from CG to the global Cartesian origin (computed from input on CGLOC command,
with direction opposite as shown in Figure 14.1: Rotational Coordinate System (Rotations 1 and
3) (p. 667).

In the case where the rotations are Rotation 1 and Rotation 2:

{ω} = angular velocity vector defined about the rotational axis of the element component (input
on CMOMEGA command)
{Ω} = angular velocity vector defined about the global Cartesian origin (input on OMEGA

command)
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{ }ɺω  = angular acceleration vector defined about the rotational axis of the element component
(input on CMDOMEGA command)

{ }ɺΩ  = angular acceleration vector defined about the global Cartesian origin (input on DOMEGA

command)
{r} = position vector (see Figure 14.2: Rotational Coordinate System (Rotations 1 and 2) (p. 668))
{R} = vector from about the global Cartesian origin to the point on the rotational axis of the
component (see Figure 14.2: Rotational Coordinate System (Rotations 1 and 2) (p. 668)).

In the case where the rotations are Rotation 2 and Rotation 3:

{ω} = angular velocity vector defined about the rotational axis of the element component (input
on CMOMEGA command)
{Ω} = angular velocity vector of the overall structure about the point CG (input on CGOMGA

command)

{ }ɺω  = angular acceleration vector defined about the rotational axis of the element component
(input on CMDOMEGA command)

{ }ɺΩ  = angular acceleration vector of the overall structure about the point CG (input on DCGOMG

command)
{r} = position vector (see Figure 14.3: Rotational Coordinate System (Rotations 2 and 3) (p. 669))
{R} = vector from CG to the point on the rotational axis of the component (see Figure 14.3: Ro-
tational Coordinate System (Rotations 2 and 3) (p. 669))

Figure 14.1:  Rotational Coordinate System (Rotations 1 and 3)

Overall system

CG

{Ω},{Ω}
.

{ω},{ω}.

{R} X

Y

Z

{r}
Origin of global
Cartesian
coordinate
system

Model
Point being
studied
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Figure 14.2:  Rotational Coordinate System (Rotations 1 and 2)

Overall system

{Ω},{Ω}
.

{ω},{ω}.

{R}

X

Y

Z

{r}

element
component

Model
Point being
studied

Point on rotational 
axis of the component

Origin of global
Cartesian
coordinate
system
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Figure 14.3:  Rotational Coordinate System (Rotations 2 and 3)

Overall system

{Ω},{Ω}
.

{ω},{ω}.

{R}

{r}

element
component

Model
Point being
studied

Point on rotational 
axis of the component

CG

For MASS21 with KEYOPT(3) = 0 and MATRIX27 with KEYOPT(3) = 2, additional Euler's equation terms
are considered:

(14.4){ } { } [ ]{ }M IT T= ×ω ω

where:

{M} = additional moments generated by the angular velocity
[I] = matrix of input moments of inertia
{ωT} = total applied angular velocities: = {ω} + {Ω}

14.2. Inertia Relief

Inertia relief is applicable only to the structural parts of linear analyses.

Symmetry models are not valid for inertia relief analysis.

An equivalent free-body analysis is performed if a static analysis (ANTYPE,STATIC) and inertia relief
(IRLF,1) are used. This is a technique in which the applied forces and torques are balanced by inertial
forces induced by an acceleration field. Consider the application of an acceleration field (to be determ-
ined) that precisely cancels or balances the applied loads:
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(14.5)
{ } { } ( ) { }

{ } { } ({ } { }) ( )

F a d vol

F r a r d vol

t
a

t
I

vol

r
a

r
I

vol

+ =

+ × ×

∫

∫

ρ

ρ

0

== { }0

where:

{ }Ft
a

 = force components of the applied load vector

{ }at
I

 = translational acceleration vector due to inertia relief (to be determined)
ρ = density
vol = volume of model

{ }Fr
a

 = moment components of the applied load vector

{ }r X Y Z
T= =  position vector

{ }ar
I

 = rotational acceleration vector due to inertia relief (to be determined)
x = vector cross product

In the finite element implementation, the position vector {r} and the moment in the applied load vector

{ }Fr
a

 are taken with respect to the origin. Considering further specialization for finite elements, Equa-
tion 14.5 (p. 670) is rewritten in equivalent form as:

(14.6)
{ } [ ]{ } { }

{ } [ ]{ } { }

F M a

F M a

t
a

t t
I

r
a

t r
I

+ =

+ =

0

0

where:

[Mt] = mass tensor for the entire finite element model (developed below)

[Mr] = mass moments and mass products of the inertia tensor for the entire finite element

model (developed below)

Once [Mt] and [Mr] are developed, then { }at
I

 and { }ar
I

 in Equation 14.6 (p. 670) can be solved. The output

inertia relief summary includes { }at
I

 (output as TRANSLATIONAL ACCELERATIONS) and { }ar
I

 (output as
ROTATIONAL ACCELERATIONS).

The computation for [Mt] and [Mr] proceeds on an element-by-element basis:

(14.7)[ ] [ ] ( )M m d volt e
vol

= =

















∑ ∫

1 0 0

0 1 0

0 0 1

ρ

(14.8)[ ] [ ]M I

y z xy xz

xy x z yz

xz yz x y

dr e= =

+ − −

− + −

− − +



















∑

2 2

2 2

2 2

ρ (( )vol
vol
∫
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in which [me] and [Ie] relate to individual elements, and the summations are for all elements in the

model. The output `precision mass summary' includes components of [Mt] (labeled as TOTAL MASS)

and [Mr] (MOMENTS AND PRODUCTS OF INERTIA TENSOR ABOUT ORIGIN).

The evaluation for components of [me] are simply obtained from a row-by-row summation applied to

the elemental mass matrix over translational (x, y, z) degrees of freedom. It should be noted that [me]

is a diagonal matrix (mxy = 0, mxz = 0, etc.). The computation for [Ie] is somewhat more involved, but

can be summarized in the following form:

(14.9)[ ] [ ] [ ][ ]I b M be
T

e=

where:

[Me] = elemental mass matrix (which may be either lumped or consistent)

[b] = matrix which consists of nodal positions and unity components

The forms of [b] and, of course, [Me] are dependent on the type of element under consideration. The

description of element mass matrices [Me] is given in Derivation of Structural Matrices (p. 12). The de-

rivation for [b] comes about by comparing Equation 14.5 (p. 670) and Equation 14.6 (p. 670) on a per

element basis, and eliminating { }Fr
a

 to yield

(14.10)[ ]{ } { } { } { } ( )M a r a r d volr r
I

r
I

vol= × ×∫ ρ

where:

vol = element volume

After a little manipulation, the acceleration field in Equation 14.10 (p. 671) can be dropped, leaving the
definition of [Ie] in Equation 14.9 (p. 671).

It can be shown that if the mass matrix in Equation 14.9 (p. 671) is derived in a consistent manner, then
the components in [Ie] are quite precise. This is demonstrated as follows. Consider the inertia tensor in

standard form:

(14.11)[ ] ( )I

y z xy xz

xy x z yz

xz yz x y

d vole v=

+ − −

− + −

− − +



















2 2

2 2

2 2

ρool∫

which can be rewritten in product form:

(14.12)[ ] [ ] [ ] ( )I Q Q d vole
T

vol= ∫ ρ

The matrix [Q] is a skew-symmetric matrix.

(14.13)[ ]Q

z y

z x

y x

=

−

−

−

















0

0

0

Next, shape functions are introduced by way of their basic form,
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(14.14){ } [ ]r XYZ N x y z x y z
T T=   = … 1 1 1 2 2 2

where:

[N] = usual matrix containing individual shape functions

Omitting the tedious algebra, Equation 14.13 (p. 671) and Equation 14.14 (p. 672) are combined to obtain

(14.15)[ ] [ ][ ]Q N b=

where:

(14.16)[ ]b

z y z y

z x z x

y x y x

T =

− −

− −

− −

















0 0

0 0

0 0

2 1 2 2

1 1 2 2

1 1 2 2

…

…

…

Inserting Equation 14.16 (p. 672) into Equation 14.12 (p. 671) leads to

(14.17)[ ] [ ] [ ] [ ] ( )[ ]I b N N d vol be
T T

vol= ∫ ρ

Noting that the integral in Equation 14.17 (p. 672) is the consistent mass matrix for a solid element,

(14.18)[ ] [ ] [ ] ( )M N N d vole
T

vol= ∫ ρ

So it follows that Equation 14.9 (p. 671) is recovered from the combination of Equation 14.17 (p. 672) and
Equation 14.18 (p. 672).

As stated above, the exact form of [b] and [Me] used in Equation 14.9 (p. 671) varies depending on the

type of element under consideration. Equation 14.16 (p. 672) and Equation 14.18 (p. 672) apply to all
solid elements (in 2-D, z = 0). For discrete elements, such as beams and shells, certain adjustments are
made to [b] in order to account for moments of inertia corresponding to individual rotational degrees
of freedom. For 3-D beams, for example, [b] takes the form:

(14.19)[ ]b T
z y z y

z x z x

y x y x

=

− −

− −

− −

0 1 0 0 0 1 0 0

0 0 1 0 0 0 1 0

0 0 0 1 0

2 1 2 2

1 1 2 2

1 1 2 2

…

…

00 0 1…

















In any case, it is worth repeating that precise [Ie] and [Mr] matrices result when consistent mass matrices

are used in Equation 14.9 (p. 671).

If inertia relief is requested (IRLF,1), then the mx, my, and mz diagonal components in [Mt] as well as all

tensor components in [Mr] are calculated. Then the acceleration fields { }at
I

 and { }ar
I

 are computed by

the inversion of Equation 14.6 (p. 670). The body forces that correspond to these accelerations are added
to the user-imposed load vector, thereby making the net or resultant reaction forces null. The user may
request only a mass summary for [Mt] and [Mr] (IRLF,-1).

The calculations for [Mt], [Mr],
{ }at

I
 and { }ar

I
 are made at every substep of every load step where they

are requested, reflecting changes in material density and applied loads.

Several limitations apply:
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• Element mass and/or density must be defined in the model.

• In a model containing both 2-D and 3-D elements, only Mt(1,1) and Mt(2,2) in [Mt] and Mr(3,3) in [Mr] are

correct in the precise mass summary. All other terms in [Mt] and [Mr] should be ignored. The acceleration

balance is, however, correct.

• Axisymmetric and generalized plane strain elements are not allowed.

• If grounded gap elements are in the model, their status should not change from their original status.
Otherwise the exact kinematic constraints stated above might be violated.

• The “CENTER OF MASS” output does not include the effects of offsets or tapering on current-technology
beam, pipe or elbow elements (such as BEAM188, BEAM189, PIPE288, PIPE289, and ELBOW290). Breaking
up each tapered element into several elements will give a more accurate solution.

14.3. Damping Matrices

Damping may be introduced into a transient, harmonic, or damped modal analysis as well as a response
spectrum or PSD analysis. The type of damping allowed depends on the analysis as described in the
subsequent sections.

14.3.1. Transient (FULL) Analysis and Damped Modal Analysis

The damping matrix, [C], may be used in transient and damped modal analyses as well as substructure
generation:

• ANTYPE,TRANS with TRNOPT,FULL

• ANTYPE,MODAL with MODOPT,QRDAMP or MODOPT,DAMP

• ANTYPE,SUBSTR with SEOPT,,,3

In its most general form, the damping matrix is composed of the following components:

(14.20)[ ] [ ] [ ] [ ] [ ] [ ] [ ]C M K M K C Gi
m

i

N

i j
m

j k l
l

N

k

Nma ge
= + + ∑ + + + ∑∑

= ==
α β α β

1 11jj

Nmb

=
∑

1

where:

[C] = structural damping matrix
α = mass matrix multiplier (input on ALPHAD command)
[M] = structural mass matrix
β = stiffness matrix multiplier (input on BETAD command)
[K] = structural stiffness matrix
Nma = number of materials with MP,ALPD input

αi
m

= mass matrix multiplier for material i (input as ALPD on MP command)
[Mi] = portion of structural mass matrix based on material i

Nmb = number of materials with MP,BETD input

β j
m

 = stiffness matrix multiplier for material j (input as BETD on MP command)
[Kj] = portion of structural stiffness matrix based on material j

Ne = number of elements with specified damping

673
Release 15.0 - © SAS IP, Inc. All rights reserved. - Contains proprietary and confidential information

of ANSYS, Inc. and its subsidiaries and affiliates.

Damping Matrices



[Ck] = element damping matrix

Ng = number of elements with Coriolis or gyroscopic damping

[Gl] = element Coriolis or gyroscopic damping matrix; see Rotating Structures (p. 678)

Element damping matrices are available for:

SuperelementMATRIX50Linear ActuatorLINK11

2-D Structural Surface EffectSURF153Spring-DamperCOMBIN14

3-D Structural Surface EffectSURF154Stiffness, Damping, or Mass
Matrix

MATRIX27

General Axisymmetric Sur-
face

SURF159ControlCOMBIN37

Multipoint Constraint (Joint)
Element

MPC184Dynamic Fluid CouplingFLUID38

BearingCOMBI214CombinationCOMBIN40

Surface-to-Surface ContactCONTA174Surface-to-Surface ContactCONTA173

Note that [K], the structural stiffness matrix, may include plasticity and/or large-deflection effects (i.e.,
[K] may be the tangent matrix). In the case of a rotating structure, it may also include spin softening
or rotating damping effects. Stiffness matrices generated by contact elements are not included in the
damping matrix generation.

For the special case of thin-film fluid behavior, damping parameters may be computed for structures
and used in a subsequent structural analysis (see Extraction of Modal Damping Parameter for Squeeze
Film Problems (p. 703)).

For constant structural damping in a QRDAMP modal analysis (see QR Damped Method (p. 733) for details),
the damping matrix [C] is ignored, and the imaginary part of the stiffness matrix is written as:

(14.21)K g m Kimag j j
j

Nm




 = [ ] + 



∑

=
K 2

1

where:

g = constant structural damping coefficient (input with DMPSTR command)
Nm = number of materials with MP,DMPR input

mj = constant structural damping coefficient for material j (input with MP,DMPR)

[Kj] = portion of structural stiffness matrix based on material j

14.3.2. Harmonic (FULL) Analysis

The damping matrix ([C]) used in harmonic analyses (ANTYPE,HARM with Method = FULL, AUTO, or
VT on the HROPT command) is composed of the following components:

(14.22)

C MM g K m g
i

N

i
m

i
j

N

j
m

j j
Ema m

[ ] = [ ] +[ ] + + [ ] + ∑ ∑ + +





= =
α β α β( )

1 2 1

1 1Ω Ω Ω



 












 +

∑ ∑ ∑[ ] + [ ] + [ ]
= = =

K

C C G

j

k

N

k
m

N

l

N

m l
e v g

1 1 1

1

Ω

where:
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[C] = structural damping matrix
α = mass matrix multiplier (input on ALPHAD command)
[M] = structural mass matrix
β = stiffness matrix multiplier (input on BETAD command)
g = constant structural damping coefficient (input on the DMPSTR command)
Ω = excitation circular frequency
[K] = structural stiffness matrix
Nma = number of materials with MP,ALPD input

αi
m

 = stiffness matrix multiplier for material i (input as ALPD on MP command)
[Mi] = portion of structural mass matrix based on material i

Nm = number of materials with MP,BETD, DMPR, or SDAMP input

β j
m

 = stiffness matrix multiplier for material j (input as BETD on MP command)
mj = constant structural damping coefficient for material j (input as DMPR on the MP command)

gj
E = structural damping coefficient for material j (input as SDAMP on the TB command)

[Kj] = portion of structural stiffness matrix based on material j

Ne = number of elements with specified damping

[Ck] = element damping matrix

Nv = number of elements with viscoelastic damping

Cm = element viscoelastic damping matrix

Ng = number of elements with Coriolis or gyroscopic damping

[Gl] = element Coriolis or gyroscopic damping matrix

The input exciting frequency, Ω, is defined in the range between ΩB and ΩE via:

ΩB = 2πfB

ΩE = 2πfE

fB = beginning frequency (input as FREQB on HARFRQ command)

fE = end frequency (input as FREQE on HARFRQ command)

Substituting Equation 14.22 (p. 674) into the harmonic response equation of motion (Equa-
tion 15.60 (p. 781)) and rearranging terms yields:

(14.23)

K i K

i

g m g K C

M M K

j j
E

j m

i
m

i j

[ ] + [ ] ( ) [ ]+ +∑   + ∑( ) +
[ ] + ∑ [ ] + [ ] +

2

Ω α α β βmm
k ljK C G

M

u i u∑ 



 + [ ]∑ + [ ]∑




−

[ ]

{ } + { }(





















Ω2

1 2 )) = { } + { }F i F1 2

The complex stiffness matrix in the first row of the equation consists of the normal stiffness matrix

augmented by the structural damping terms given by g, mj, gj
E, and [Cm] which produce an imaginary

contribution. Structural damping is independent of the forcing frequency, Ω, and produces a damping

force proportional to displacement (or strain). Note that the terms g, gj, and gj
E are damping coefficients

and not damping ratios.

The second row consists of the usual viscous damping terms and is linearly dependent on the forcing
frequency, Ω, and produces forces proportional to velocity.

675
Release 15.0 - © SAS IP, Inc. All rights reserved. - Contains proprietary and confidential information

of ANSYS, Inc. and its subsidiaries and affiliates.

Damping Matrices



Viscoelastic damping (see Harmonic Viscoelasticity) also introduces a contribution to the complex stiffness
matrix via the loss moduli. Note that the stresses are also computed using the loss moduli, whereas in
the case of structural damping, which is a phenomenological model, the stresses are computed only
using the real material properties and g is not used in the stress calculations.

14.3.3. Mode-Superposition Analysis

For mode-superposition based analyses:

• ANTYPE,HARM with HROPT,MSUP

• ANTYPE,TRANS with TRNOPT,MSUP

• ANTYPE,SPECTRUM with Sptype = SPRS, MPRS, or PSD on the SPOPT command

the damping matrix is not explicitly computed, but rather the damping is defined directly in terms of

a damping ratio ξd. The damping ratio is the ratio between actual damping and critical damping.

The damping ratio 
ξi

d
 for mode i is the combination of:

(14.24)ξ ξ ξ
α
ω

β
ωi

d
i
m

i
i= + + +

2 2

where:

ξ = constant modal damping ratio (input on DMPRAT command)

ξi
m

 = modal damping ratio for mode shape i (see below)
ωi = circular natural frequency associated with mode shape i = 2πfi

fi = natural frequency associated with mode shape i

α = mass matrix multiplier (input on ALPHAD command)
β = stiffness matrix multiplier (input on BETAD command)

The modal damping ratio ξi
m

 can be defined for each mode directly using the MDAMP command
(undamped modal analyses only).

Alternatively, for the case where multiple materials are present whose damping ratios are different, an

effective mode-dependent damping ratio ξi
m

 can be defined in the modal analysis if material-dependent
damping is defined and the element results are calculated during the expansion (MXPAND,,,,YES). This
effective damping ratio is computed from the ratio of the strain energy in each material in each mode
using:

(14.25)ξ

ξ

i
m

j
m

j
s

j

N

j
s

j

N

E

E

m

m
=

∑

∑

=

=

1

1

where:

Nm = number of materials
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β j
m

 = damping ratio for material j (input as DMPR on MP command); see note below

E Kj
s

i
T

j i= =
1

2
{ } [ ]{ }φ φ strain energy contained in mode i for mmaterial j

{ϕi} = displacement vector for mode i

[Kj] = stiffness matrix of part of structure of material j

These mode-dependent (and material-dependent) ratios, ξi
m

, will be carried over into the subsequent
mode-superposition or spectrum analysis. Note that any manually-defined damping ratios (MDAMP)
will overwrite those computed in the modal analysis via Equation 14.25 (p. 676).

For harmonic analyses (ANTYPE,HARM with HROPT,MSUP), constant structural damping may also be
included. In this case, the harmonic equation of motion in modal coordinates (Equation 15.75 (p. 784))
is:

(14.26)− + +( ) +( ) =Ω Ω2 2 22i g y fi
d

i i ic icω ξ ω ωi

where:

yic = complex modal coordinate

ωi = natural circular frequency of mode i

ξi
d

 = fraction of critical damping for mode i as given in Equation 14.24 (p. 676)
g = constant structural damping coefficient (input on DMPSTR command)
fic = complex force in modal coordinates

14.3.3.1. Specialization for Mode-Superposition Analyses Following a QR Damp

Modal Analysis

Equation 14.24 (p. 676) presumes Rayleigh damping (see the derivation in Mode Superposition Meth-
od (p. 698)). With Rayleigh (or proportional) damping, the damping in the modal basis leads to the diag-
onal entries of Equation 14.24 (p. 676).

(14.27){ } [ ]{ }Φ Φi
T

i i
d

iCξ ξ ω= 2

For QR Damp modal analyses (MODOPT,QRDAMP), the damping may be from non-Rayleigh sources
such as element damping or Coriolis damping. The damping in the modal basis is no longer diagonal,
and the full matrix must be retained in the mode-superposition transient or harmonic analysis:

(14.28)[ ] [ ][C][ ] [ ][K][ ] [ ][ ][ ] [ ]C g m Km
T T

j

N

j
T

j
m

= + + ∑ +
=

Φ Φ
Ω

Φ Φ
Ω

Φ Φ Ξ
1 2

1

where:

[Cm] = damping matrix in the modal basis

[Φ] = matrix of the mode shapes (see QR Damped Method (p. 733))
[C] = damping matrix from Equation 14.20 (p. 673)
g = constant structural damping coefficient (input on DMPSTR command)
Nm = number of materials with MP,DMPR input
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mj = constant structural damping coefficient for material j (harmonic analyses only, input as

DMPR on MP command)
Ne = number of elements with specified damping

[Ξ] = diagonal matrix with the terms ξ + ξi
m

 on the diagonal

The second term (using gj) is applicable to harmonic analyses only and represents a structural damping

ratio (and not a modal damping ratio).

14.4. Rotating Structures

When a structure is rotating, inertial forces and moments are observed. To best express these quantities,
you can choose a stationary reference frame: global Cartesian (OXYZ) or a rotating reference frame
which is attached to the structure (O'X'Y'Z') (input on CORIOLIS command).

Figure 14.4:  Reference Frames

Z

X ′

ωx

ωz

ωy

ω

r

O

X

Y

P

r′

O′

Y′

Z′

R

The case of a stationary reference frame is developed in Gyroscopic Matrix in a Stationary Reference
Frame (p. 681) and leads to the so-called gyroscopic matrix.

The rotating reference frame is addressed below and leads to a Coriolis matrix for dynamic analysis and
a Coriolis force for quasi-static analysis. In both types of analyses, the effect of spin softening (Spin
Softening (p. 47)) modifies the apparent rigidity of the structure.

Synchronous and asynchronous forces are discussed in Harmonic Analysis with Rotating Forces on Ro-
tating Structures (p. 789).
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14.4.1. Coriolis Matrix and Coriolis Force in a Rotating Reference Frame

In Figure 14.4: Reference Frames (p. 678) above, a part or component is rotating at angular velocity {ω},
with components ωx, ωy, and ωz defined in the stationary reference frame. The position of a point P

with reference to (OXYZ) is {r}, while its position with reference to the rotating frame of reference

( ( )′ ′ ′ ′O X Y Z ) is { }′r , and:

(14.29){ } { } { }r R r= + ′

The velocities of point P as observed in the stationary and rotating frames are defined as:

(14.30){ }v
dr

dts
s

=








and

(14.31){v
dr

dtr
r

} =
′








The velocities of point P observed in the stationary frame can be expressed as:

(14.32){ } { } { } { } { }v
dR

dt

dr

dt
V v rs

s s
r=









+
′








= + + × ′ω

where:

{ }V
dR

    translational velocity of rotating-frame origin= =
ddt s









The acceleration of point P as observed in the stationary and rotating frames of reference:

(14.33){ }a
dv

dts
s

s
=








= translational acceleration observed in sttationary reference frame

and

(14.34){ }a
dv

dtr
r

r
=







= translational acceleration observed in rootating reference frame

By substituting Equation 14.32 (p. 679) into Equation 14.33 (p. 679) and using Equation 14.34 (p. 679), we
obtain:

(14.35){ } { } { } { } { } { } ({ } { }) { } { }a A a r r vs r r= + + × ′ + × × ′ + ×ɺω ω ω ω2

where:

{ }A    translational acceleration of rotating-frame origin= ==








 
dV

dt s

We assume that the origin of the rotating system ′O  is fixed, so that:

(14.36){ } { } { }V A= = 0

By substituting Equation 14.36 (p. 679) into Equation 14.35 (p. 679),

(14.37){ } { } { } { } { } ({ } { }) { } { }a a r r vs r r= + × ′ + × × ′ + ×ɺω ω ω ω2
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By applying virtual work from the d'Alembert force, the contribution of the first term {ar} to the virtual

work introduces the mass matrix of the element (Guo et al.([364] (p. 941))).

(14.38)[ ] [ ] [ ]M N N dve
T

v
= ∫ ρ

where:

[Me] = element mass matrix

N = shape function matrix
ρ = element density

The second term { } { }ɺω × ′r , is the rotational acceleration load term (see Acceleration Effect (p. 665)).

The third term ( ) *ω× ′r ) is the centrifugal load term (see Guo et al.([364] (p. 941)), Acceleration Ef-
fect (p. 665), and Stress Stiffening (p. 41)).

The last term contributes to the Coriolis force which generates the damping matrix of the element as
a skew symmetric matrix (Guo et al.([364] (p. 941))):

(14.39)[ ] ] [ ][ ]G N N dVe
T

v
= ∫2 [ ω ρ

where:

[Ge] = element Coriolis damping matrix

[ ]ω

ω ω

ω ω

ω ω

=

−

−

−
















=

0

0

0

z y

z x

y x

rotational matrix associatted with {ω}

The governing equation of motion in dynamic analysis can be written as,

(14.40)[ ]{ } ([ ] [ ]) { } ([ ] [ ]) { } { }M u G C u K K u Fcɺɺ ɺ+ + + − =

where:

[ ] [ ]M Me
i

n
= = ∑global mass matrix

[ ] [ ]G Ge
i

n
= = ∑global Coriolis matrix

[ ] [ ]C Ce
i

n
= = ∑global damping matrix

n = number of elements
[K] = global stiffness matrix
[Kc] = global stiffness due to centrifugal force Spin Softening (p. 47)

{F} = load vector

In a quasi-static analysis, Coriolis force term will be introduced as a load vector as:

(14.41){ } [ ]{ }F G uc = ɺ
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where:

{Fc} = Coriolis force

{ }ɺu  = nodal velocity vector (input using the IC command).

Coriolis forces and damping matrices are available for the elements listed under ROTATING REFERENCE
FRAME in the Notes section of the CORIOLIS command.

14.4.2. Gyroscopic Matrix in a Stationary Reference Frame

Suppose a structure is spinning around an axis ∆. If a rotation about an axis perpendicular to ∆ is applied
to the structure, then a reaction moment appears. It is called the gyroscopic moment. Its axis is perpen-
dicular to both the spinning axis ∆ and the applied rotation axis.

The gyroscopic effect is thus coupling rotational degrees of freedom which are perpendicular to the
spinning axis.

Let us consider the spinning axis is along X so:

• The spinning velocity (input using the OMEGA or CMOMEGA commands) isω θx x= ɺ .

• The displacements perpendicular to the spin axis are uy and uz.

• The corresponding rotations are θy and θz, and the angular velocities are 
ɺ ɺθ θy zand

.

The gyroscopic finite element matrix is calculated from the kinetic energy due to the inertia forces.

The kinetic energy for lumped mass and beam element (Nelson and McVaugh([362] (p. 941))) is detailed
in Kinetic Energy for the Gyroscopic Matrix Calculation of Lumped Mass and Legacy Beam Element (p. 681)
below.

The general expression of the kinetic energy used for the development of the gyroscopic matrices for
all other elements (Geradin and Kill [380] (p. 942)) is presented in General Expression of the Kinetic Energy
for the Gyroscopic Matrix Calculation (p. 682)

14.4.2.1. Kinetic Energy for the Gyroscopic Matrix Calculation of Lumped Mass and

Legacy Beam Element

Both mass and beam are supposed to be axisymmetric around the spinning axis. The spinning axis is
along one of the principal axis of inertia for lumped mass. For the beam, it is along the length.

Two reference frames are used (see Figure 14.4: Reference Frames (p. 678)) (OXYZ) which is stationary

and ( )′ ′ ′ ′O X Y Z  which is attached to the cross-section with ′X  axis normal to it.

( )′ ′ ′ ′O X Y Z  is defined using 3 successive rotations:

• θz around Z axis to give ( , , )′′ ′′ ′′x y z

• θy around 
′′y  axis to give ( , , )′ ′ ′x y z

681
Release 15.0 - © SAS IP, Inc. All rights reserved. - Contains proprietary and confidential information

of ANSYS, Inc. and its subsidiaries and affiliates.

Rotating Structures



• θx around ′x  axis to give ( , , )′ ′ ′X Y Z

Hence for small rotations θy and θz, the instantaneous angular velocity is:

(14.42){ } sin cos

cos sin

ω

θ θ ω

θ ω θ ω

θ ω θ ω

i

z y x

z x y x

z x y x

t t

t t

=

− +

+

−









ɺ

ɺ ɺ

ɺ ɺ











1. For a lumped mass, considering only second order terms, kinetic energy is obtained using the in-
stantaneous angular velocity vector in Equation 14.42 (p. 682).
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where:

Emass
ki = total kinetic energy of the mass element

m = mass
Id = diametral inertia

Ip = polar inertia

The first two terms contribute to the mass matrix of the element and the last term gives the
gyroscopic matrix.

2. The beam element is considered as an infinite number of lumped masses. The gyroscopic kinetic
energy of the element is obtained by integrating the last term of Equation 14.43 (p. 682) along the
length of the beam:

(14.44)E I dxbeam
Gki

x x z y

L
= − ∫2

0
ρ ω θ θɺ

where:

Ebeam
Gki = gyroscopic kinetic energy of the beam element

ρ = density
Ix = moment of inertia normal to x

L = length of the beam element

Gyroscopic matrix is deduced based on the element shape functions. (See PIPE288).

Gyroscopic matrices are available for the elements listed under STATIONARY REFERENCE FRAME in the
Notes section of the CORIOLIS command.

14.4.2.2. General Expression of the Kinetic Energy for the Gyroscopic Matrix Calculation

A point, in element i, with coordinates (x,y,z) in the stationary reference frame is considered. The kinetic
energy is

(14.45)E x y z dmGki
x i z yv= − ∫ +ω θ θ( )ɺ ɺ
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where:

EGki = gyroscopic kinetic energy of element i
Vi = volume of element i

dm = elementary mass

The gyroscopic matrix is then calculated using the element shape functions.

Gyroscopic matrices are available for the elements listed under STATIONARY REFERENCE FRAME in the
Notes section of the CORIOLIS command.

14.4.3. Rotating Damping Matrix in a Stationary Reference Frame

In a linear approach, the relation between displacements in the stationary reference frame (0XYZ) and
displacements in the rotating reference frame (0X’Y’Z’) can be written as:

(14.46){ } [ ]{ }′ =r R r

where:

r' = the displacement vector in the rotating reference frame
[R] = the transformation matrix
{r} = the displacement vector in the stationary reference frame

Differentiating Equation 14.46 (p. 683) with respect to time, one obtains the expression for the velocity
vector:

(14.47){ } [ ]{ } [ ][ ] { }′ = +ɺ ɺr R r R rTω

where:

{ }′ɺr  = the velocity vector in the rotating reference frame

{ }ɺr  = the velocity vector in the stationary reference frame
ω = the rotational matrix, as defined in Equation 14.39 (p. 680)

If structural damping is present in the rotating structure (proportional damping for example) or if there
is localized viscous damping (as in a damper), damping forces in the rotating reference frame may be
expressed as:

(14.48){ } [ ]{ }′ = ′F C rd ɺ

where:

{ }′Fd  = the damping forces in the rotating reference frame
[C] = the damping matrix

To obtain the damping forces in the stationary reference frame, first apply the transformation of Equa-
tion 14.46 (p. 683):

(14.49){ } [ ] { }F R Fd
T

d= ′

where:
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{Fd}= the damping forces in the stationary reference frame.

Then replace Equation 14.47 (p. 683) in Equation 14.48 (p. 683), the resulting expression in Equa-
tion 14.49 (p. 683) yields:

(14.50){ } [ ] [ ][ ]{ } [ ] [ ][ ][ ] { }F R C R r R C R rd
T T T= +ɺ ω

If the damping is isotropic (implementation assumption):

(14.51){ } [ ]{ } [ ]{ }F C r B rd = +ɺ

Where [B] is the rotating damping matrix:

(14.52)[B] = [C][É]T

It is a non-symmetric matrix which will modify the apparent stiffness of the structure.

The rotating damping matrix is available for elements that generate a gyroscopic matrix. See the Notes
section of the CORIOLIS command.

14.5. Element Reordering

The ANSYS program provides a capability for reordering the elements. Since the solver processes the
elements sequentially, the order of the elements slightly affects the efficiency of element assembly time.
Reordering the elements minimizes the number of DOFs that are active at the same time during element
assembly.

Each element has a location, or order, number which represents its sequence in the solution process.
Initially, this order number is equal to the identification number of the element. Reordering changes
the order number for each element. (The element identification numbers are not changed during re-
ordering and are used in preprocessing and postprocessing.) The new order is used only during the
solution phase and is transparent to the user, but can be displayed (using the /PNUM,LOC command).
Reordering can be accomplished in one of three ways:

14.5.1. Reordering Based on Topology with a Program-Defined Starting Surface

This sorting algorithm is used by default, requiring no explicit action by the user. The sorting may also
be accessed by initiating the reordering (WAVES command), but without a wave starting list (WSTART

command). The starting surface is defined by the program using a graph theory algorithm (Hoit and
Wilson([99] (p. 926)), Cuthill and McKee([100] (p. 926)), Georges and McIntyre([101] (p. 926))). The automatic
algorithm defines a set of accumulated nodal and element weights as suggested by Hoit and
Wilson([99] (p. 926)). These accumulated nodal and element weights are then used to develop the element
ordering scheme.

14.5.2. Reordering Based on Topology with a User- Defined Starting Surface

This sorting algorithm is initiated (using the WAVES command) and uses a starting surface (input on
the WSTART command), and then possibly is guided by other surfaces (also input on the WSTART

command). These surfaces, as required by the algorithm, consist of lists of nodes (wave lists) which are
used to start and stop the ordering process. The steps taken by the program are:

1. Define each coupled node set and constraint equation as an element.

2. Bring in wave list (defined on WSTART command).

Release 15.0 - © SAS IP, Inc. All rights reserved. - Contains proprietary and confidential information
of ANSYS, Inc. and its subsidiaries and affiliates.684

Analysis Tools



3. Define candidate elements (elements having nodes in present wave list, but not in any other wave list).

4. If no candidate elements were found, go to step 2 and start again for next wave list. If no more wave
lists, then stop.

5. Find the best candidate based on:

a. element that brings in the least number of new nodes (nodes not in present wave list) - Subset A of
candidate elements.

b. if Subset A has more than one element, then element from Subset A on the surface of the model -
Subset B of candidate elements.

c. if Subset B has more than one element, then element from Subset B with the lowest element number.

6. Remove processed nodes from wave list and include new nodes from best candidate.

7. If best candidate element is not a coupled node set or constraint equation, then save element.

8. Repeat steps 3 to 7 until all elements have been processed.

Restrictions on the use of reordering based on topology are:

1. Master DOFs and imposed displacement conditions are not considered.

2. Any discontinuous models must have at least one node from each part included in a list.

14.5.3. Reordering Based on Geometry

This sorting algorithm (accessed with the WSORT command) is performed by a sweep through the
element centroids along one of the three global or local axes, either in the positive or negative direction.

14.5.4. Automatic Reordering

If no reordering was explicitly requested (accessed with the NOORDER command), models are automat-
ically reordered before solution. Both methods outlined in Reordering Based on Topology with a Program-
Defined Starting Surface (p. 684) and Reordering Based on Geometry (p. 685) (in three positive directions)
are used, and the optimal ordering is implemented.

14.6. Automatic Time Stepping

The method of automatic time stepping (or automatic loading) is one in which the time step size and/or
the applied loads are automatically determined in response to the current state of the analysis under
consideration. This method (accessed with AUTOTS,ON) may be applied to structural, thermal, electric,
and magnetic analyses that are performed in the time domain (using the TIME command), and includes
static (or steady state) (ANTYPE,STATIC) and dynamic (or transient) (ANTYPE,TRANS) situations.

An important point to be made here is that automatic loading always works through the adjustment
of the time step size; and that the loads that are applied are automatically adjusted if ramped boundary
conditions are activated (using KBC,0). In other words the time step size is always subjected to possible
adjustment when automatic loading is engaged. Applied loads and boundary conditions, however, will
vary according to how they are applied and whether the boundary conditions are stepped or ramped.
That is why this method may also be thought of as automatic loading.
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There are two important features of the automatic time stepping algorithm. The first feature concerns
the ability to estimate the next time step size, based on current and past analysis conditions, and make
proper load adjustments. In other words, given conditions at the current time, tn, and the previous time

increment, ∆tn, the primary aim is to determine the next time increment, ∆tn+1. Since the determination

of ∆tn+1 is largely predictive, this part of the automatic time stepping algorithm is referred to as the

time step prediction component.

The second feature of automatic time stepping is referred to as the time step bisection component. Its
purpose is to decide whether or not to reduce the present time step size, ∆tn, and redo the substep

with a smaller step size. For example, working from the last converged solution at time point tn-1, the

present solution begins with a predicted time step, ∆tn. Equilibrium iterations are performed; and if

proper convergence is either not achieved or not anticipated, this time step is reduced to ∆tn/2 (i.e.,

it is bisected), and the analysis begins again from time tn-1. Multiple bisections can occur per substep

for various reasons (discussed later).

14.6.1. Time Step Prediction

At a given converged solution at time, tn, and with the previous time increment, ∆tn, the goal is to

predict the appropriate time step size to use as the next substep. This step size is derived from the
results of several unrelated computations and is most easily expressed as the minimization statement:

(14.53)∆ ∆ ∆ ∆ ∆ ∆ ∆ ∆t min t t t t t t tn eq g c p m+ =1 1 2( , , , , , , )

where:

∆teq = time increment which is limited by the number of equilibrium iterations needed for

convergence at the last converged time point. The more iterations required for convergence,
the smaller the predicted time step. This is a general measure of all active nonlinearities. Increas-
ing the maximum number of equilibrium iterations (using the NEQIT command) will tend to
promote larger time step sizes.
∆t1 = time increment which is limited by the response eigenvalue computation for 1st order

systems (e.g., thermal transients) (input on the TINTP command).
∆t2 = time increment which is limited by the response frequency computation for 2nd order

systems (e.g., structural dynamics). The aim is to maintain 20 points per cycle (described below).
Note when the middle step criterion is used, this criterion can be turned off.
∆tg = time increment that represents the time point at which a gap or a nonlinear (multi-status)

element will change abruptly from one condition to another (status change). KEYOPT(7) allows
further control for the CONTAC elements.
∆tc = time increment based on the allowable creep strain increment (described below).

∆tp = time increment based on the allowable plastic strain increment. The limit is set at 5%

per time step (described below).
∆tm = time increment which is limited by the middle step residual tolerance (described below)

for 2nd order systems (e.g., structural dynamics) (input on the MIDTOL command). When it is
enabled, the ∆t2 criterion can be turned off.

Several trial step sizes are calculated, and the minimum one is selected for the next time step. This
predicted value is further restricted to a range of values expressed by

(14.54)∆ ∆ ∆t min F t tn n max+ ≤1 ( , )

and
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(14.55)∆ ∆ ∆t max t F tn n min+ ≥1 ( / , )

where:

F = increase/decrease factor. F = 2, if static analysis; F = 3, if dynamic (see the ANTYPE and
TIMINT commands)
∆tmax = maximum time step size (DTMAX from the DELTIM command or the equivalent

quantity calculated from the NSUBST command)
∆tmin = minimum time step size (DTMIN from the DELTIM command or the equivalent quantity

calculated from the NSUBST command)

In other words, the current time step is increased or decreased by at most a factor of 2 (or 3 if dynamic),
and it may not be less than ∆tmin or greater than ∆tmax.

14.6.2. Time Step Bisection

When bisection occurs, the current substep solution (∆tn) is removed, and the time step size is reduced

by 50%. If applied loads are ramped (KBC,0), then the current load increment is also reduced by the
same amount. One or more bisections can take place for several reasons, namely:

1. The number of equilibrium iterations used for this substep exceeds the number allowed (NEQIT command).

2. It appears likely that all equilibrium iterations will be used.

3. A negative pivot message was encountered in the solution, suggesting instability.

4. The largest calculated displacement DOF exceeds the limit (DLIM on the NCNV command).

5. An illegal element distortion is detected (e.g., negative radius in an axisymmetric analysis).

6. For transient structural dynamics, when the middle step residual is greater than the given tolerance. This
check is done only when the middle step residual check is enabled by the MIDTOL command.

More than one bisection may be performed per substep. However, bisection of the time-step size is
limited by the minimum size (defined by DTMIN input on the DELTIM command or the equivalent
NSUBST input).

14.6.3. The Response Eigenvalue for 1st Order Transients

The response eigenvalue is used in the computation of ∆t1 and is defined as:

(14.56)λr

T T

T

u K u

u C u
=

{ } [ ]{ }

{ } [ ]{ }

∆ ∆

∆ ∆

where:

λr = response eigenvalue (item RESEIG for POST26 SOLU command and *GET command)

{∆u} = substep solution vector (tn-1 to tn)

[KT] = the Dirichlet matrix. In a heat transfer or an electrical conduction analysis this matrix is
referred to as the conductivity matrix; in magnetics this is called the magnetic “stiffness”. The
superscript T denotes the use of a tangent matrix in nonlinear situations
[C] = the damping matrix. In heat transfer this is called the specific heat matrix.
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The product of the response eigenvalue and the previous time step (∆tn) has been employed by

Hughes([145] (p. 929)) for the evaluation of 1st order explicit/implicit systems. In Hughes([145] (p. 929))
the quantity ∆tnλ is referred to as the “oscillation limit”, where λ is the maximum eigenvalue. For un-

conditionally stable systems, the primary restriction on time-step size is that the inequality ∆tnλ >> 1

should be avoided. Hence it is very conservative to propose that ∆tnλ = 1.

Since the time integration used employs the trapezoidal rule (Equation 15.40 (p. 776)), all analyses of 1st
order systems are unconditionally stable. The response eigenvalue supplied by means of Equa-
tion 14.56 (p. 687) represents the dominate eigenvalue and not the maximum; and the time-step restriction
above is restated as:

(14.57)∆t f fn rλ ≅ <( )1

This equation expresses the primary aim of automatic time stepping for 1st order transient analyses.
The quantity ∆tnλr appears as the oscillation limit output during automatic loading. The default is f =

1/2, and can be changed (using OSLM and TOL on the TINTP command). The quantity ∆t1 is approxim-

ated as:

(14.58)
∆
∆ ∆

t

t

f

tn r n

1 =
λ

14.6.4. The Response Frequency for Structural Dynamics

The response frequency is used in the computation of ∆t2 and is defined as (Bergan([105] (p. 926))):

(14.59)f
u K u

u M u
r

T T

T
2

22
=

{ } [ ]{ }

( ) { } [ ]{ }

∆ ∆

∆ ∆π

where:

fr = response frequency (item RESFRQ for POST26 SOLU command and *GET command)

{∆u} = substep solution vector (tn-1 to tn)

[KT] = tangent stiffness matrix
[M] = mass matrix

This equation is a nonlinear form of Rayleigh's quotient. The related response period is:

(14.60)T fr r=1/

Using Tr the time increment limited by the response frequency is:

(14.61)∆t Tr2 20= /

When the middle step criterion is used, this criterion can be turned off.

14.6.5. Creep Time Increment

The time step size may be increased or decreased by comparing the value of the creep ratio Cmax (Rate-

Dependent Plasticity (Including Creep and Viscoplasticity) (p. 105)) to the creep criterion Ccr. Ccr is equal

to .10 unless it is redefined (using the CRPLIM command). The time step estimate is computed as:

(14.62)∆ ∆t t
C

Cc n
cr

max
=
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∆tc is used in Equation 14.53 (p. 686) only if it differs from ∆tn by more than 10%.

14.6.6. Plasticity Time Increment

The time step size is increased or decreased by comparing the value of the effective plastic strain incre-

ment ∆ɶεn
pl

 (Equation 4.26 (p. 73)) to 0.05 (5%). The time step estimate is computed as:

(14.63)∆ ∆
∆

t tp n
n
pl

=
.05

ɶε

∆tp is used in Equation 14.53 (p. 686) only if it differs from ∆tn by more than 10%.

14.6.7. Midstep Residual for Structural Dynamic Analysis

The midstep residual is used in the computation of ∆tm. The midstep residual for the determination of

the time step is based on the following consideration. The solution of the structural dynamic analysis
is carried out at the discrete time points, and the solution at the intermediate time remains unknown.
However, if the time step is small enough, the solution at the intermediate time should be close enough
to an interpolation between the beginning and end of the time step. If so, the unbalanced residual
from the interpolation should be small. On the other hand, if the time step is large, the interpolation
will be very different from the true solution, which will lead to an unbalanced residual that is too large.
The time step is chosen to satisfy the criterion set by the user (e.g. MIDTOL command).

Refer to the discussion in Newton-Raphson Procedure (p. 711). The residual force at any time between
the time step n and n+1 can be written as:

(14.64){ } { } { }R F Fn
a

n
nr= −+ +ν ν

where:

ν = intermediate state between the time step n and n+1 (0 < ν < 1)
{R} = residual force vector

{ }Fn
a
+ν  = vector of the applied load at n + ν

{ }Fn
nr
+ν  = vector of the restoring load corresponding to the element internal load at n + ν,

which depends on the intermediate state of displacement at n + ν, and also the velocity and
acceleration at n + ν. This intermediate state is approximately calculated based on the Newmark
assumption.

A measure of the magnitude of {R} is established in a manner similar to the convergence check at the
end of the time step (see Convergence (p. 716)). After the solution has converged at the end of the time
step (n+1), the midstep residual force is compared to the reference value:

(14.65)ε =
{ }R

Rref

where:

||{R}|| = magnitude (vector norm) of residual force vector
Rref = reference force (see Convergence (p. 716))
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The convergence criterion for the midstep residual is defined by the value of τb (input as TOLERB on

MIDTOL command):

If τb > 0, the value is used as a tolerance. If τb = 0 is specified or τb is not specified, then a default

positive value is used as a tolerance. The midstep residual is assumed to have converged if its value is

within the desired tolerance (ε ≤  τb ). Depending on how well the convergence criterion is satisfied

the time step size for the next increment is increased or kept unchanged.

If the midstep residual hasn’t converged (ε > τb), the time step is repeated with a smaller increment:

(14.66)∆ ∆t tm
b

n
b=
τ

ε

where:

∆tm
b = new (bisected) time step size

∆tn = old time step size

τb = midstep residual tolerance(TOLERB on MIDTOL command)

If τb < 0, the value is used as a reference force (reference moment is computed from reference force

value) for midstep convergence check. A procedure similar to the one described above is followed with
modified definition of time step size:

(14.67)∆ ∆t t
Rm

b
n

b=
τ

{ }

14.7. Solving for Unknowns and Reactions

In general, the equations that are solved for static linear analyses are:

(14.68)[ ]{ } { }K u F=

or

(14.69)[ ]{ } { } { }K u F Fa r= +

where:

[K] = total stiffness or conductivity matrix = 
[ ]Ke

m

N

=
∑

1

{u} = nodal degree of freedom (DOF) vector
N = number of elements
[Ke] = element stiffness or conductivity matrix

{Fr} = nodal reaction load vector

{Fa}, the total applied load vector, is defined by:

(14.70){ } { } { }F F Fa nd e= +

where:
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{Fnd} = applied nodal load vector

{Fe} = total of all element load vector effects (pressure, acceleration, thermal, gravity)

Equation 14.68 (p. 690) thru Equation 14.70 (p. 690) are similar to Equation 15.1 (p. 762) thru Equa-
tion 15.4 (p. 763).

If sufficient boundary conditions are specified on {u} to guarantee a unique solution, Equa-
tion 14.68 (p. 690) can be solved to obtain the node DOF values at each node in the model.

Rewriting Equation 14.69 (p. 690) for linear analyses by separating out the matrix and vectors into those
DOFs with and without imposed values,

(14.71)
[ ] [ ]

[ ] [ ]

{ }

{ }

{ }

{ }

K K
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{ }

{ }

F

F

c
r

s
r

where:

s = subscript representing DOFs with imposed values (specified DOFs)
c = subscript representing DOFs without imposed values (computed DOFs)

Note that {us} is known, but not necessarily equal to {0}. Since the reactions at DOFs without imposed

values must be zero, Equation 14.71 (p. 691) can be written as:

(14.72)
[ ] [ ]

[ ] [ ]
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{ }

{ }

K K

K K

u

u

F

F

cc cs

cs
T

ss

c

s

c
a

s
a




















=











+












{ }

{ }

0

Fs
r

The top part of Equation 14.72 (p. 691) may be solved for {uc}:

(14.73){ } [ ] ( [ ]{ } { })u K K u Fc cc cs s c
a= − +−1

The actual numerical solution process is not as indicated here but is done more efficiently using one
of the various equation solvers discussed in Equation Solvers (p. 694).

14.7.1. Reaction Forces

The reaction vector { }Fs
r

, may be developed for linear models from the bottom part of Equa-
tion 14.72 (p. 691):

(14.74){ } [ ] { } [ ]{ } { }F K u K u Fs
r

cs
T

c ss s s
a= + −

where:

{ }Fs
r

 = reaction forces (output using either OUTPR,RSOL or PRRSOL command)

Alternatively, the nodal reaction load vector may be considered over all DOFs by combining Equa-
tion 14.69 (p. 690) and Equation 14.70 (p. 690) to get:

(14.75){ } [ ]{ } { } { }F K u F Fr nd e= − −

where only the loads at imposed DOF are output. Where applicable, the transient/dynamic effects are
added:
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(14.76){ } [ ]{ } [ ]{ } [ ]{ } { } { }F M u C u K u F Fr nd e= + + − −ɺɺ ɺ

where:

[M] = total mass matrix
[C] = total damping or conductivity matrix

{ }ɺu , { }ɺɺu  = defined below

The element static nodal loads are:

(14.77){ } [ ]{ } { }F K u Fe
K

e
e= − +

where:

{ }Fe
k

 = element nodal loads (output using OUTPR,NLOAD, or PRESOL commands)
e = subscript for element matrices and load vectors

The element damping and inertial loads are:

(14.78){ } [ ]{ }F C ue
c

e= − ɺ

(14.79){ } [ ]{ }F M ue
m

e= − ɺɺ

where:

{ }Fe
D

 = element damping nodal load (output using OUTPR,NLOAD, or PRESOL commands)

{ }Fe
I

 = element inertial nodal load (output using OUTPR,NLOAD, or PRESOL commands)

Thus,

(14.80){ } [{ } { } { }] { }F F F F Fr
e
K

e
c

e
m nd

e

N
= − + + −

=
∑

1

The derivatives of the nodal DOF with respect to time are:

{ }ɺu  = first derivative of the nodal DOF with respect to time, e.g., velocity

{ }ɺɺu  = second derivative of the nodal DOF with respect to time, e.g., acceleration

Transient Analysis (p. 763) and Harmonic Analysis (p. 780) discuss the transient and harmonic damping
and inertia loads.

If an imposed DOF value is part of a constraint equation, the nodal reaction load vector is further
modified using the appropriate terms of the right hand side of Equation 14.188 (p. 725); that is, the
forces on the non-unique DOFs are summed into the unique DOF (the one with the imposed DOF value)
to give the total reaction force acting on that DOF.

14.7.2. Disequilibrium

The following circumstances could cause a disequilibrium, usually a moment disequilibrium:
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Explanation of Possible DifficultyProgram Option

If the 4 nodes do not lie in a flat plane moment equi-
librium may not be preserved, as no internal correc-

non-planar, 4-node
membrane shell ele-
ments tions are done. However, the program requires such

elements to be input very close to flat.SHELL41
SHELL181 with KEY-
OPT(1) = 1

The user can write any form of relationship between
the displacements, and these may include fictitious

nodal coupling con-
straint equations (CP,
CE commands) forces or moments. Thus, the reaction forces printout

can be used to detect input errors.

The user has the option to input almost any type of
erroneous input, so that such input should be checked

MATRIX27
User generated super-
element matrix carefully. For example, all terms representing UX de-

grees of freedom of one UX row of the matrix should
sum to zero to preserve equilibrium.

Noncoincident nodes can cause a moment disequilib-
rium. (This is usually not a problem if one of the nodes
is attached to a non-rotating ground).

COMBIN37
FLUID38
COMBIN39
COMBIN40

Elements with one node having a different nodal co-
ordinate system from the other are inconsistent.

COMBIN14 (with KEY-
OPT(2) > 0)
MATRIX27
COMBIN37
FLUID38
COMBIN39
COMBIN40

The following circumstances could cause an apparent disequilibrium:

• All nodal coordinate systems are not parallel to the global Cartesian coordinate system. However, if all
nodal forces are rotated to the global Cartesian coordinate system, equilibrium should be seen to be sat-
isfied.

• The solution is not converged. This applies to the potential discrepancy between applied and internal
element forces in a nonlinear analysis.

• The mesh is too coarse. This may manifest itself for elements where there is an element force printout at
the nodes, such as SHELL61 (axisymmetric-harmonic structural shell).

• The “TOTAL” of the moments (MX, MY, MZ) given with the reaction forces does not necessarily represent
equilibrium. It only represents the sum of all applicable moments. Moment equilibrium would also need
the effects of forces taken about an arbitrary point.

• Axisymmetric models are used with forces or pressures with a radial component. These loads will often
be partially equilibrated by hoop stresses, which do not show up in the reaction forces.

• Shell elements have an elastic foundation described. The load carried by the elastic foundation is not seen
in the reaction forces.
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• In substructure expansion pass with the resolve method used, the reaction forces at the master degree
of freedom are different from that given by the backsubstitution method (see Substructuring Analys-
is (p. 793)).

14.8. Equation Solvers

The system of simultaneous linear equations generated by the finite element procedure is solved either
using a direct elimination process or an iterative method. A direct elimination process is primarily a
Gaussian elimination approach which involves solving for the unknown vector of variables {u} in Equa-
tion 14.81 (p. 694):

(14.81)[ ]{ } { }K u F=

where:

[K] = global stiffness/conductivity matrix
{u} = global vector of nodal unknown
{F} = global applied load vector

The direct elimination process involves decomposition (factorization) of the matrix [K] into lower and
upper triangular matrices, [K] = [L][U]. Then forward and back substitutions using [L] and [U] are made
to compute the solution vector {u}.

A typical iterative method involves an initial guess, {u}1, of the solution vector {u} and then a successive

steps of iteration leading to a sequence of vectors {u}2, {u}3, . . . such that, in the limit, {u}n = {u} as n

tends to infinity. The calculation of {u}n + 1 involves [K], {F}, and the {u} vectors from one or two of the

previous iterations. Typically the solution converges to within a specified tolerance after a finite number
of iterations.

In the following sections, all of the solvers are described under two major subsections: Direct Solvers
and Iterative Solvers (all accessed with EQSLV).

14.8.1. Direct Solvers

The direct solver that is available is the Sparse Direct Solver (accessed with EQSLV,SPARSE). The Sparse
Direct Solver makes use of the fact that the finite element matrices are normally sparsely populated.
This sparsity allows the system of simultaneous equations to be solved efficiently by minimizing the
operation counts.

14.8.2. Sparse Direct Solver

As described in the introductory section, the linear matrix equation, (Equation 14.81 (p. 694)) is solved
by triangular decomposition of matrix [K] to yield the following equation:

(14.82)[ ][ ]{ } { }L U u F=

where:

[L] = lower triangular matrix
[U] = upper triangular matrix

By substituting:

(14.83){ } [ ]{ }w U u=
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we can obtain {u} by first solving the triangular matrix system for {w} by using the forward pass operation
given by:

(14.84)[ ]{ } { }L w F=

and then computing {u} using the back substitution operation on a triangular matrix given by:

(14.85)[ ]{ } { }U u w=

When [K] is symmetric, the above procedure could use the substitution:

(14.86)[ ] [ ][ ]K L L T=

However, it is modified as:

(14.87)[ ] [ ][ ][ ]K L D L T= ′ ′

where:

[D] = a diagonal matrix

The diagonal terms of [D] may be negative in the case of some nonlinear finite element analysis. This
allows the generation of [L'] without the consideration of a square root of negative number. Therefore,
Equation 14.82 (p. 694) through Equation 14.85 (p. 695) become:

(14.88)[ ][ ][ ] { } { }L D L u FT′ ′ =

(14.89){ } [ ][ ] { }w D L uT= ′

(14.90)[ ]{ } { }L w F′ =

and

(14.91)[ ][ ] { } { }D L u FT′ =

Since [K] is normally sparsely populated with coefficients dominantly located around the main diagonal,
the Sparse Direct Solver is designed to handle only the nonzero entries in [K]. In general, during the
Cholesky decomposition of [K] shown in Equation 14.82 (p. 694) or Equation 14.88 (p. 695), nonzero
coefficients appear in [L] or [L'] at coefficient locations where [K] matrix had zero entries. The Sparse
Direct Solver algorithm minimizes this fill-in by judiciously reordering the equation numbers in [K].

The performance of a direct solution method is greatly optimized through the equations reordering
procedure which involves relabeling of the variables in the vector {u}. This simply amounts to permuting
the rows and columns of [K] and the rows of {F} with the objective of minimizing fill-in. So, when the
decomposition step in Equation 14.82 (p. 694) or Equation 14.88 (p. 695) is performed on the reordered
[K] matrix, the fill-in that occurs in [L] or [L'] matrix is kept to a minimum. This enormously contributes
to optimizing the performance of the Sparse Direct Solver.

To achieve minimum fill-in, different matrix coefficient reordering algorithms are available in the literature
(George and Liu([302] (p. 938))). The Sparse Direct Solver uses two different reordering schemes. They
are the Minimum Degree ordering and the METIS ordering. The choice of which reordering method to
use is automated in the solver algorithm in order to yield the least fill-in.
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14.8.3. Iterative Solver

The ANSYS program offers a large number of iterative solvers as alternatives to the direct solvers (sparse
solver). These alternatives in many cases can result in less I/O or disk usage, less total elapsed time, and
more scalable parallel performance. However, in general, iterative solvers are not as robust as the direct
solvers. For numerical challenges such as a nearly-singular matrix (matrix with small pivots) or a matrix
that includes Lagrangian multipliers, the direct solver is an effective solution tool, while an iterative
solver is less effective or may even fail.

The first three iterative solvers are based on the conjugate gradient (CG) method. The first of these
three CG solvers is the Jacobi Conjugate Gradient (JCG) solver (Mahinthakumar and Hoole ([144] (p. 929)))
(accessed with EQSLV,JCG) which is suitable for well-conditioned problems. Well-conditioned problems
often arise from heat transfer, acoustics, magnetics and solid 2-D / 3-D structural analyses. The JCG
solver is available for real and complex symmetric and unsymmetric matrices. The second solver is the
Preconditioned Conjugate Gradient (PCG) solver (accessed with EQSLV,PCG) which is efficient and reliable
for all types of analyses including the ill-conditioned beam/shell structural analysis. The PCG solver is
made available through a license from Computational Applications and System Integration, Inc. of
Champaign, Illinois (USA). The PCG solver is only valid for real symmetric stiffness matrices. The third
solver is the Incomplete Cholesky Conjugate Gradient (ICCG) solver (internally developed, unpublished
work) (accessed with EQSLV,ICCG). The ICCG solver is more robust than the JCG solver for handling ill-
conditioned matrices. The ICCG solver is available for real and complex, symmetric and unsymmetric
matrices.

The typical system of equations to be solved iteratively is given as :

(14.92)[ ]{ } { }K u F=

where:

[K] = global coefficient matrix
{u} = unknown vector
{F} = global load vector

In the CG method, the solution is found as a series of vectors {pi}:

(14.93){ } { } { } { }u p p pm m= + +…+α α α1 1 2 2

where m is no larger than the matrix size n. The scheme is guaranteed to converge in n or fewer iterations
on an infinite precision machine. However, since the scheme is implemented on a machine with finite
precision, it sometimes requires more than n iterations to converge. The solvers allow up to a maximum
of 2n iterations. If it still does not converge after the 2n iterations, the solution will be abandoned with
an error message. The unconverged situation is often due to an inadequate number of boundary con-
straints being used (rigid body motion). The rate of convergence of the CG algorithm is proportional
to the square root of the conditioning number of [K] where the condition number of [K] is equal to the
ratio of the maximum eigenvalue of [K] to the minimum eigenvalue of [K] . A preconditioning procedure
is used to reduce the condition number of linear Equation 14.92 (p. 696). In the JCG algorithm, the diag-
onal terms of [K] are used as the preconditioner [Q], while in the ICCG and PCG algorithms, a more
sophisticated preconditioner [Q] is used. The CG algorithm with preconditioning is shown collectively
as Equation 14.94 (p. 697).
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Endif

Endif

End loop

Convergence is achieved when:

(14.95)
{ } { }

{ } { }

R R

F F
i

T
i

T
≤ ε2

where:

ε = user supplied tolerance (TOLER on the EQSLV command; output as SPECIFIED TOLERANCE)
{Ri} = {F} - [K] {ui}

{ui} = solution vector at iteration i

also, for the JCG and ICCG solvers:

(14.96){ } { }R Ri
T

i = output as CALCULATED NORM

(14.97){ } { }F FT ε2 = output as TARGET NORM

It is assumed that the initial starting vector {u0} is a zero vector.
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14.9. Mode Superposition Method

Mode superposition method is a method of using the natural frequencies and mode shapes from the
modal analysis (ANTYPE,MODAL) to characterize the dynamic response of a structure to transient
(ANTYPE,TRANS with TRNOPT,MSUP, Transient Analysis (p. 763)), or steady harmonic (ANTYPE,HARM
with HROPT,MSUP, Harmonic Analysis (p. 780)) excitations.

The following topics are available:
14.9.1. General Equations
14.9.2. Equations for QR Damped Eigensolver Based Analysis
14.9.3. Equations for Unsymmetric Eigensolver Based Analysis
14.9.4. Modal Damping
14.9.5. Residual Vector Method

14.9.1. General Equations

The equations of motion may be expressed as in Equation 15.5 (p. 764):

(14.98)[ ]{ } [ ]{ } [ ]{ } { }M u C u K u Fɺɺ ɺ+ + =

{F} is the time-varying load vector, given by

(14.99){ } { } { }F F s Fnd s= +

where:

{Fnd} = time varying nodal forces
s = load vector scale factor (input on LVSCALE command)

{Fs} = load vector from the modal analysis (see below)

The load vector {Fs} is computed when doing a modal analysis and its generation is the same as for a
substructure load vector, described in Substructuring Analysis (p. 793).

The following development is similar to that given by Bathe([2] (p. 921)):

Define a set of modal coordinates yi such that

(14.100){ } { }u yi i
i

n
=
=
∑ φ

1

where:

{Φi} = the ith mode shape

n = the number of modes to be used (input as MAXMODE on TRNOPT or HROPT commands)

Note that Equation 14.100 (p. 698) hinders the use of nonzero displacement input, since defining yi in

terms of {u} is not straight forward. The inverse relationship does exist (Equation 14.100 (p. 698)) for the
case where all the displacements are known, but not when only some are known. Substituting Equa-
tion 14.100 (p. 698) into Equation 14.98 (p. 698),

(14.101)[ ] { } [ ] { } [ ] { } { }M y C y K y Fi i
i

n

i i
i

n

i i
i

n
φ φ φɺɺ ɺ

= = =
∑ ∑ ∑+ + =

1 1 1
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Premultiply by a typical mode shape {Φi}
T :

(14.102)

{ } [ ] { } { } [ ] { }

{ } [ ] { }

φ φ φ φ

φ φ

j
T

i i
i

n

j
T

i i
i

n

j
T

i i
i

M y C y

K y

ɺɺ ɺ

= =
∑ ∑+

+

1 1

==
∑ =

1

n

j
T F{ } { }φ

The orthogonal condition of the natural modes states that

(14.103){ } [ ]{ }φ φj
T

iM i j= ≠0

(14.104){ } [ ]{ }φ φj
T

iK i j= ≠0

In the mode superposition method using the Lanczos and other extraction methods, only Rayleigh or
constant damping is allowed so that:

(14.105){ } [ ]{ }φ φj
T

iC i j= ≠0

Applying these conditions to Equation 14.102 (p. 699), only the i = j terms remain:

(14.106){ } [ ]{ } { } [ ]{ } { } [ ]{ } { } { }φ φ φ φ φ φ φj
T

j j j
T

j j j
T

j j j
TM y C y K y Fɺɺ ɺ+ + =

The coefficients of 
ɺɺy j ,
ɺy j , and yj, are derived as follows:

1. Coefficient of
ɺɺy j :

By the normality condition (Equation 15.51 (p. 779)),

(14.107){ } [ ]{ }φ φj
T

jM =1

2. Coefficient of
ɺy j :

The damping term is based on treating the modal coordinate as a single DOF system (shown in
Equation 14.98 (p. 698)) for which:

(14.108){ } [ ]{ }φ φ φj
T

j j jC C= 2

and

(14.109){ } [ ]{ }φ φ φj
T

j j jM M= =2 1

Figure 14.5:  Single Degree of Freedom Oscillator

Mj

K j
C j
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Equation 14.109 (p. 699) can give a definition of φj:

(14.110)φ j
jM

=
1

From (Tse([68] (p. 924))),

(14.111)C K Mj j j j= 2ξ

where:

ξj = fraction of critical damping for mode j

and,

(14.112)ωj j jK M= ( )

where:

ωj = natural circular frequency of mode j

Combining Equation 14.110 (p. 700) thru Equation 14.107 (p. 699) with Equation 14.108 (p. 699),

(14.113)
{ } [ ]{ }φ φ ξ

ξ ω

j
T

j j j j
j

j j

C K M
M

=














=

2
1

2

2

3. Coefficient of yj:

From Equation 15.48 (p. 779),

(14.114)[ ]{ } [ ]{ }K Mj j jφ ω φ= 2

Premultiply by {φj}
T,

(14.115){ } [ ]{ } { } [ ]{ }φ φ ω φ φj
T

j j j
T

jK M= 2

Substituting Equation 14.107 (p. 699) for the mass term,

(14.116){ } [ ]{ }φ φ ωj
T

j jK = 2

For convenient notation, let

(14.117)f Fj j
T= { } { }φ

represent the right-hand side of Equation 14.106 (p. 699). Substituting Equation 14.107 (p. 699),
Equation 14.113 (p. 700), Equation 14.116 (p. 700) and Equation 14.117 (p. 700) into Equa-
tion 14.106 (p. 699), the equation of motion of the modal coordinates is obtained:

(14.118)ɺɺ ɺy y y fj j j j j j j+ + =2 2ω ξ ω
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Since j represents any mode, Equation 14.118 (p. 700) represents n uncoupled equations in the n
unknowns yj. The advantage of the uncoupled system (ANTYPE,TRAN with TRNOPT,MSUP) is that

all the computationally expensive matrix algebra has been done in the eigensolver, and long transients
may be analyzed inexpensively in modal coordinates with Equation 14.100 (p. 698).

The yj are converted back into geometric displacements {u} (the system response to the loading)

by using Equation 14.100 (p. 698). That is, the individual modal responses yj are superimposed to

obtain the actual response, and hence the name “mode superposition”.

14.9.2. Equations for QR Damped Eigensolver Based Analysis

For the QR damped mode extraction method, the general equations apply except the differential
equations of motion in modal coordinate are deduced from Equation 14.208 (p. 733) with the right hand
side force vector of Equation 14.102 (p. 699). They are written as:

(14.119)[ ]{ } [ ] [ ][ ]{ } ([ ] [ ] [ ][ ]){ } [ ] { }I y C y K y FT T
unsym

Tɺɺ ɺ+ + + =Φ Φ Λ Φ Φ Φ2

where:

[Φ] = real eigenvector matrix normalized with respect to mass coming from the LANCZOS run
of QRDAMP (see QR Damped Method (p. 733) for more details).

[ ]Λ2
 = diagonal matrix containing the eigenvalues ωi squared.

[Kunsym] = unsymmetric part of the stiffness matrix.

It can be seen that if [C] is arbitrary and/or [K] is unsymmetric, the modal matrices are full so that the
modal equations are coupled.

14.9.3. Equations for Unsymmetric Eigensolver Based Analysis

When using the unsymmetric eigensolver, the matrices are unsymmetric. Both left and right normalized
eigenmodes are used to decouple the modal equations as follows.

Equation 14.106 (p. 699) becomes:

(14.120){ } { } y { } { } { } { } y { }j
T

jφ φ φ φ φ φ φj
L T

j j
L

j j j
L T

j j
L TM C y K F[ ] + [ ] + [ ] =ɺɺ ɺ {{ }

where:

{ϕj
L} = the jth left mode shape

{ϕj} = the jth right mode shape (also called the jth mode shape). For more information, see Unsymmetric

Method (p. 729).

This equations leads to the modal coordinate equation (Equation 14.118 (p. 700)) when Rayleigh damping
is considered.

14.9.4. Modal Damping

The modal damping, ξj, is the combination of several ANSYS damping inputs, as described in Equa-

tion 14.24 (p. 676).
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14.9.5. Residual Vector Method

In modal superposition analysis, the dynamic response will be approximate when the applied loading
excites the higher frequency modes of a structure. To improve the accuracy of dynamic response, the
residual vector method employs additional modal transformation vectors (designated as residual vectors)
in addition to the eigenvectors in the modal transformation (Equation 14.100 (p. 698)).

The residual vector method (RESVEC command) uses extra residual vectors computed in the modal
analysis (ANTYPE,MODAL) to characterize the high frequency response of a structure to dynamic loading.
It applies to the following subsequent mode superposition analyses:

• Transient (ANTYPE,TRANS with TRNOPT,MSUP)

• Harmonic (ANTYPE,HARM with HROPT,MSUP)

• PSD (ANTYPE,SPEC with SPOPT,PSD)

• Multiple and single point response spectrum (ANTYPE,SPEC with SPOPT,SPRS or MPRS).

Because of the improved convergence properties of this method, fewer eigenmodes are required from
the eigensolution.

The dynamic response of the structure can be divided into two terms:

(14.121)x x xL H= +

where:

xL = lower mode contributions (Equation 14.100 (p. 698))

xH = higher mode contributions, which can be expressed as the combination of residual vectors.

First, the flexibility matrix can be expressed as:

(14.122)[ ]
{ } { } { } { } { } { }

G i i
T

ii

n
i i

T

ii

m
i i

T

ii m

n
= ∑ = ∑ +

= = = +

Φ Φ Φ Φ Φ Φ

ω ω ω21 21 21
∑∑

where:

[G] = generalized inverse matrix of stiffness matrix K (see Geradin and Rixen [368] (p. 941))
{Φ}i = elastic normal modes

n = total degree of freedom of the system

i

m

=

1, retained elastic normal modes from modal analysis
(eigeenmodes extracted in modal analysis)

truncated elast m n+1, iic normal modes of the structure









The residual flexibility matrix is given by:

(14.123)[ ]
{ } { }

[ ]
{ } { }ɶG Gi i

T

ii m

n
i i

T

ii

m
= ∑ = − ∑

= + =

Φ Φ Φ Φ

ω ω21 21

Define residual vectors as:

(14.124)[ ] [ ][ ]R G F= ɶ
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where:

[F] = matrix of force vectors

Orthogonalize the residual vectors with respect to the retained elastic normal modes gives orthogonalized

residual vectors {ΦR}j, that is, pseudo-modes with associated frequencies that are orthogonal to the

mass and stiffness matrices (see Dickens et al. [423] (p. 944)).

Then the basis vectors for modal subspace are formed by:

(14.125)[ ] { } ; { }, ,Φ Φ Φ= 



= =i m

R
j k1 1

which will be used in modal superposition transient and harmonic analysis.

14.10. Extraction of Modal Damping Parameter for Squeeze Film Problems

A constant damping ratio is often applied for harmonic analysis. In practice this approach only leads
to satisfying results if all frequency steps can be represented by the same damping ratio or the operating
range encloses just one eigenmode. Difficulties arise if the damping ratio depends strongly on the ex-
citation frequency as happens in case of viscous damping in gaseous environment.

A typical damping ratio verse frequency function is shown below. For this example, the damping ratio
is almost constant below the cut-off frequency. Harmonic oscillations at frequencies below cutoff are
strongly damped. Above cut-off the damping ratio decreases. Close to the structural eigenfrequency
the damping ratio dropped down to about 0.25 and a clear resonance peak can be observed.

Figure 14.6:  Damping and Amplitude Ratio vs. Frequency

Damping and stiffness coefficients in modal coordinates are defined based on their nodal coordinate
values as:

(14.126)[ ] [ ] [ *][ ]C CT= Φ Φ

and

(14.127)[ ] [ ] [ *][ ]K KT= Φ Φ

where:

[C] = damping coefficient in modal coordinates

[ ] [{ }{ } { }]Φ = φ φ φ1 2 … n
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{ϕi} = eigenvector i (in modal coordinates)

[C*] = finite element damping matrix in modal coordinates
[K*] = finite element stiffness matrix in nodal coordinates

Unfortunately, both matrices [C*] and [K*] are not directly available for the fluid part of the coupled
domain problem (e.g., squeeze film elements FLUID136). Moreover eigenvectors are derived from the
structural part of the coupled domain problem and consequently neither the modal damping matrix
nor the modal stiffness matrix of the fluidic system are necessarily orthogonal. Essential off-diagonal
elements occur in case of asymmetric film arrangements or asymmetric plate motion as shown below.

Figure 14.7:  Fluid Pressure From Modal Excitation Distribution

The goal is to express the viscous damping in modal coordinates as follows:

(14.128)[ ]{ } [ ]{ } { }C q K q Fɺ + =

where:

{F} = modal force vector
{q} = vector of modal displacement amplitudes

{ }ɺq = vector of modal velocity amplitudes

[C] = unknown modal damping matrix
[K] = unknown modal squeeze stiffness matrix

The following algorithm is necessary to compute all coefficients of the modal damping and stiffness
matrix:

1. Start with the first mode and excite the fluid elements by wall velocities which correspond to a unit
modal velocity. In fact the nodal velocities become equal to the eigenvector of the appropriate
mode.

2. Compute the real and imaginary part of the pressure distribution in a harmonic analyses.

3. Compute modal forces with regard to all other modes. The ith modal force states how much the

pressure distribution of the first mode really acts on the ith mode.

4. The computed modal forces can be used to extract all damping and squeeze stiffness coefficients
of the first column in the [C] and [K] matrices.
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5. Repeat step 1 with the next eigenvector and compute the next column of [C] and [K].

The theoretical background is given by the following equations. Each coefficient Cji and Kji is defined

by:

(14.129)C q K q F qji i ji i j
T

iɺ ɺ+ = φ ( )

and

(14.130)F q N p q dAi
T

i( ) ( )= ∫ ɺ

where:

F(qi) = complex nodal damping force vector caused by a unit modal velocity of the source

mode i.

P qi( )ɺ = complex pressure due to unit modal velocity qi

Note that the modal forces are complex numbers with a real and imaginary part. The real part, Re,
represents the damping force and the imaginary part, Im, the squeeze force, which is cause by the fluid
compression. The damping and squeeze coefficients are output by DMPEXT and are given by:

(14.131)C
N p q dA

qji
j
T T

i

i
=

{ }∫φ Re ( )ɺ

ɺ

and

(14.132)K
N p q dA

qji
j
T T

i

i
=

{ }∫φ Im ( )ɺ

Assuming the structure is excited by a unit modal velocity we obtain:

(14.133)C N p dAji j
T T

i= { }∫φ φRe ( )

and

(14.134)K N p dAji j
T T

i= { }∫Ω φ φIm ( )

where:

Ω = excitation frequency (input on DMPEXT command)

Modal damping ratios ξ or the squeeze stiffness to structural stiffness ratio KRatio are defined only for

the main diagonal elements and are also output with the DMPEXT command. These numbers are
computed by:

(14.135)ξ
ωi

ii

i i

C

m
= =

2
modal damping ratio

and

(14.136)K
K

Ratio
ii

i

= =
ω2

squeeze stiffness to structural stiffness rattio
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where:

mi = modal mass and the eigenfrequency ωi

The damping ratio is necessary to compute α and β (input as ALPHAD and BETAD commands) para-
meters for Rayleigh damping models or to specify constant or modal damping (input by DMPRAT or
MDAMP commands).

The squeeze to stiffness ratio specifies how much the structural stiffness is affected by the squeeze film.
It can not directly be applied to structural elements but is helpful for user defined reduced order
models.

14.11. Reduced Order Modeling of Coupled Domains

A direct finite element solution of coupled-physics problems is computationally very expensive. The
goal of the reduced-order modeling is to generate a fast and accurate description of the coupled-
physics systems to characterize their static or dynamic responses. The method presented here is based
on a modal representation of coupled domains and can be viewed as an extension of the Mode Super-
position Method (p. 698) to nonlinear structural and coupled-physics systems (Gabbay, et al.([230] (p. 933)),
Mehner, et al.([250] (p. 935)), Mehner, et al.([335] (p. 939)), and Mehner, et al.([336] (p. 939))).

In the mode superposition method, the deformation state u of the structural domain is described by a
factored sum of mode shapes:

(14.137)u x y z t u q t x y zeq i i
i

m
( , , , ) ( ) ( , , )= +

=
∑ φ

1

where:

qi = modal amplitude of mode i

ϕi = mode shape

ueq = deformation in equilibrium state in the initial prestress position

m = number of considered modes

By substituting Equation 14.137 (p. 706) into the governing equations of motion, we obtain m constitutive
equations that describe nonlinear structural systems in modal coordinates qi:

(14.138)m q m q
W

q
f S fi i i i i i

SENE

i
i
N

k
l i

S

l
ɺɺ ɺ+ +

∂
∂

= +∑ ∑2 ξ ω

where:

mi = modal mass

ξi = modal damping factor

ωi = angular frequency

WSENE = strain energy

f i
N

 = modal node force

f i
E

 = modal element force
Sl = element load scale factor (input on RMLVSCALE command)
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In a general case, Equation 14.138 (p. 706) are coupled since the strain energy WSENE depends on the

generalized coordinates qi. For linear structural systems, Equation 14.138 (p. 706) reduces to Equa-

tion 14.118 (p. 700).

Reduced Order Modeling (ROM) substantially reduces running time since the dynamic behavior of most
structures can be accurately represented by a few eigenmodes. The ROM method presented here is a
three step procedure starting with a Generation Pass, followed by a Use Pass ROM144 - Reduced Order
Electrostatic-Structural (p. 527), which can either be performed within ANSYS or externally in system
simulator environment, and finally an optional Expansion Pass to extract the full DOF set solution ac-
cording to Equation 14.137 (p. 706).

The entire algorithm can be outlined as follows:

• Determine the linear elastic modes from the modal analysis (ANTYPE,MODAL) of the structural
problem.

• Select the most important modes based on their contribution to the test load displacement
(RMMSELECT command).

• Displace the structure to various linear combinations of eigenmodes and compute energy functions
for single physics domains at each deflection state (RMSMPLE command).

• Fit strain energy function to polynomial functions (RMRGENERATE command).

• Derive the ROM finite element equations from the polynomial representations of the energy functions.

14.11.1. Selection of Modal Basis Functions

Modes used for ROM can either be determined from the results of the test load application or based
on their modal stiffness at the initial position.

Case 1: Test Load is Available (TMOD option on RMMSELECT command)

The test load drives the structure to a typical deformation state, which is representative for most load
situations in the Use Pass. The mode contribution factors ai are determined from

(14.139)
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where:

ϕ
i = mode shapes at the neutral plane nodes obtained from the results of the modal analysis

(RMNEVEC command)

ui = displacements at the neutral plane nodes obtained from the results of the test load (TLOAD
option on RMNDISP command).

Mode contribution factors ai are necessary to determine what modes are used and their amplitude

range. Note that only those modes are considered in Equation 14.139 (p. 707), which actually act in the
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operating direction (specified on the RMANL command). Criterion is that the maximum of the modal
displacement in operating direction is at least 50% of the maximum displacement amplitude. The
solution vector ai indicates how much each mode contributes to the deflection state. A specified number

of modes (Nmode of the RMMSELECT command) are considered unless the mode contribution factors
are less than 0.1%.

Equation 14.139 (p. 707) solved by the least squares method and the results are scaled in such a way
that the sum of all m mode contribution factors ai is equal to one. Modes with highest ai are suggested

as basis functions.

Usually the first two modes are declared as dominant. The second mode is not dominant if either its
eigenfrequency is higher than five times the frequency of the first mode, or its mode contribution factor
is smaller than 10%.

The operating range of each mode is proportional to their mode contribution factors taking into account
the total deflection range (Dmax and Dmin input on the RMMSELECT command). Modal amplitudes
smaller than 2.5% of Dmax are increased automatically in order to prevent numerical round-off errors.

Case 2: Test Load is not Available (NMOD option on RMMSELECT command)

The first Nmode eigenmodes in the operating direction are chosen as basis functions. Likewise, a con-
sidered mode must have a modal displacement maximum in operating direction of 50% with respect
to the modal amplitude.

The minimum and maximum operating range of each mode is determined by:

(14.140)q
D

i
Max Min

i
j

j

m
=











−

=

−

∑/

ω
ω

2
2

1

1

where:

DMax/Min = total deflection range of the structure (input on RMMSELECT command)

14.11.2. Element Loads

Up to 5 element loads such as acting gravity, external acceleration or a pressure difference may be
specified in the Generation Pass and then scaled and superimposed in the Use Pass. In the same way

as mode contribution factors ai are determined for the test load, the mode contribution factors 
e i

j
 for

each element load case are determined by a least squares fit:

(14.141)
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where:
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u i
j
 = displacements at the neutral plane nodes obtained from the results of the element load

j (ELOAD option on RMNDISP command).

Here index k represents the number of modes, which have been selected for the ROM. The coefficients

e i
j

 are used to calculate modal element forces (see Element Matrices and Load Vectors (p. 527)).

14.11.3. Mode Combinations for Finite Element Data Acquisition and Energy

Computation

In a general case, the energy functions depend on all basis functions. In the case of m modes and k

data points in each mode direction one would need km sample points.

A large number of examples have shown that lower eigenmodes affect all modes strongly whereby in-
teractions among higher eigenmodes are negligible. An explanation for this statement is that lower
modes are characterized by large amplitudes, which substantially change the operating point of the
system. On the other hand, the amplitudes of higher modes are reasonably small, and they do not in-
fluence the operating point.

Taking advantage of those properties is a core step in reducing the computational effort. After the
mode selection procedure, the lowest modes are classified into dominant and relevant. For the dominant
modes, the number of data points in the mode direction defaults to 11 and 5 respectively for the first
and second dominant modes respectively. The default number of steps for relevant modes is 3. Larger
(than the default above) number of steps can be specified on the RMMRANGE command.

A very important advantage of the ROM approach is that all finite element data can be extracted from
a series of single domain runs. First, the structure is displaced to the linear combinations of eigenmodes
by imposing displacement constrains to the neutral plane nodes. Then a static analysis is performed at
each data point to determine the strain energy.

Both the sample point generation and the energy computation are controlled by the command RMS-

MPLE.

14.11.4. Function Fit Methods for Strain Energy

The objective of function fit is to represent the acquired FE data in a closed form so that the ROM FE
element matrices (ROM144 - Reduced Order Electrostatic-Structural (p. 527)) are easily derived from the
analytical representations of energy functions.

The ROM tool uses polynomials to fit the energy functions. Polynomials are very convenient since they
can capture smooth functions with high accuracy, can be described by a few parameters and allow a
simple computation of their local derivatives. Moreover, strain energy functions are inherent polynomials.
In the case of linear systems, the strain energy can be exactly described by a polynomial of order two
since the stiffness is constant. Stress-stiffened problems are captured by polynomials of order four.

The energy function fit procedure (RMRGENERATE command) calculates nc coefficients that fit a poly-

nomial to the n values of strain energy:

(14.142)[ ] { } { }A K WPOLY SENE=

where:
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[A] = n x nc matrix of polynomial terms

{KPOLY} = vector of desired coefficients

Note that the number of FE data (WSENE) points n for a mode must be larger than the polynomial order

P for the corresponding mode (input on RMPORDER command). Equation 14.142 (p. 709) is solved by
means of a least squares method since the number of FE data points n is usually much larger than the
number polynomial coefficients nc.

The ROM tool uses four polynomial types (input on RMROPTIONS command):

Lagrange
Pascal
Reduced Lagrange
Reduced Pascal

Lagrange and Pascal coefficient terms that form matrix [A] in Equation 14.142 (p. 709) are shown in
Figure 14.8: Set for Lagrange and Pascal Polynomials (p. 710).

Figure 14.8:  Set for Lagrange and Pascal Polynomials

Polynomials for Order 3 for Three Modes (1-x, 2-y, 3-z)

Reduced Lagrange and Reduced Pascal polynomial types allow a further reduction of KPOLY by consid-

ering only coefficients located on the surface of the brick and pyramid respectively .

14.11.5. Coupled Electrostatic-Structural Systems

The ROM method is applicable to electrostatic-structural systems.

The constitutive equations for a coupled electrostatic-structural system in modal coordinates are:

(14.143)m q m q
W

q
f S f

W

qi i i i i i
SENE

i
i
N

k
l i

E

l

el

i

ɺɺ ɺ+ +
∂
∂

= ∑ + ∑ −
∂
∂

2 ξ ω

for the modal amplitudes and

(14.144)I Q
W

Vi i
el

i
= =

∂

∂
ɺ

where:
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Ii = current in conductor i

Qi = charge on the ith conductor

Vi = ith conductor voltage

The electrostatic co-energy is given by:

(14.145)W
C

V Vel
ij
r

i j
r

= −∑
2

2( )

where:

Cij = lumped capacitance between conductors i and j (input on RMCAP command)

r = index of considered capacitance

14.11.6. Computation of Capacitance Data and Function Fit

The capacitances Cij, and the electrostatic co-energy respectively, are functions of the modal coordinates

qi. As the strain energy WSENE for the structural domain, the lumped capacitances are calculated for

each k data points in each mode direction, and then fitted to polynomials. Following each structural
analysis to determine the strain energy WSENE, (n-1) linear simulations are performed in the deformed

electrostatic domain, where n is the number of conductors, to calculate the lumped capacitances. The
capacitance data fit is similar to the strain energy fit described above (Function Fit Methods for Strain
Energy (p. 709)). It is sometimes necessary to fit the inverted capacitance function (using the Invert
option on the RMROPTIONS command).

14.12. Newton-Raphson Procedure

The following Newton-Raphson procedure topics are available:
14.12.1. Overview
14.12.2. Convergence
14.12.3. Predictor
14.12.4. Adaptive Descent
14.12.5. Line Search
14.12.6. Arc-Length Method

14.12.1. Overview

The finite element discretization process yields a set of simultaneous equations:

(14.146)[ ]{ } { }K u Fa=

where:

[K] = coefficient matrix
{u} = vector of unknown DOF (degree of freedom) values

{Fa} = vector of applied loads

If the coefficient matrix [K] is itself a function of the unknown DOF values (or their derivatives) then
Equation 14.146 (p. 711) is a nonlinear equation. The Newton-Raphson method is an iterative process of
solving the nonlinear equations and can be written as (Bathe([2] (p. 921))):

(14.147)[ ]{ } { } { }K u F Fi
T

i
a

i
nr∆ = −
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(14.148){ } { } { }u u ui i i+ = +1 ∆

where:

[ ]Ki
T

 = Jacobian matrix (tangent matrix)
i = subscript representing the current equilibrium iteration

{ }Fi
nr

 = vector of restoring loads corresponding to the element internal loads

Both [ ]Ki
T

 and 
{ }Fi

nr
 are evaluated based on the values given by {ui}. The right-hand side of Equa-

tion 14.147 (p. 711) is the residual or out-of-balance load vector; i.e., the amount the system is out of
equilibrium. A single solution iteration is depicted graphically in Figure 14.9: Newton-Raphson Solution

- One Iteration (p. 713) for a one DOF model. In a structural analysis, [ ]Ki
T

 is the tangent stiffness matrix,

{ui} is the displacement vector and 
{ }Fi

nr
 is the restoring force vector calculated from the element

stresses. In a thermal analysis, [ ]Ki
T

 is the conductivity matrix, {ui} is the temperature vector and 
{ }Fi

nr

is the resisting load vector calculated from the element heat flows. In an electromagnetic analysis, [ ]Ki
T

is the Dirichlet matrix, {ui} is the magnetic potential vector, and 
{ }Fi

nr
 is the resisting load vector calcu-

lated from element magnetic fluxes. In a transient analysis, [ ]Ki
T

 is the effective coefficient matrix and

{ }Fi
nr

 is the effective applied load vector which includes the inertia and damping effects.

As seen in the following figures, more than one Newton-Raphson iteration is needed to obtain a con-
verged solution. The general algorithm proceeds as follows:

1. Assume {u0}. {u0} is usually the converged solution from the previous time step. On the first time step,

{u0} = {0}.

2. Compute the updated tangent matrix [ ]Ki
T

 and the restoring load 
{ }Fi

nr
 from configuration {ui}.

3. Calculate {∆ui} from Equation 14.147 (p. 711).

4. Add {∆ui} to {ui} in order to obtain the next approximation {ui + 1} (Equation 14.148 (p. 712)).

5. Repeat steps 2 to 4 until convergence is obtained.
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Figure 14.9:  Newton-Raphson Solution - One Iteration

F

u

Fa

Fi
nr

K i

ui ui+1

u∆

Figure 14.10: Newton-Raphson Solution - Next Iteration (p. 714) shows the solution of the next iteration
(i + 1) of the example from Figure 14.9: Newton-Raphson Solution - One Iteration (p. 713). The subsequent
iterations would proceed in a similar manner.

The solution obtained at the end of the iteration process would correspond to load level {Fa}. The final

converged solution would be in equilibrium, such that the restoring load vector 
{ }Fi

nr
 (computed from

the current stress state, heat flows, etc.) would equal the applied load vector {Fa} (or at least to within
some tolerance). None of the intermediate solutions would be in equilibrium.
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Figure 14.10:  Newton-Raphson Solution - Next Iteration
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If the analysis included path-dependent nonlinearities (such as plasticity), then the solution process re-
quires that some intermediate steps be in equilibrium in order to correctly follow the load path. This
is accomplished effectively by specifying a step-by-step incremental analysis; i.e., the final load vector

{Fa} is reached by applying the load in increments and performing the Newton-Raphson iterations at
each step:

(14.149)[ ]{ } { } { }, ,K u F Fn i
T

i n
a

n i
nr∆ = −

where:

[Kn,i] = tangent matrix for time step n, iteration i

{ }Fn
a

 = total applied force vector at time step n

{ },Fn i
nr

 = restoring force vector for time step n, iteration i

This process is the incremental Newton-Raphson procedure and is shown in Figure 14.11: Incremental
Newton-Raphson Procedure (p. 715). The Newton-Raphson procedure guarantees convergence if and
only if the solution at any iteration {ui} is “near” the exact solution. Therefore, even without a path-de-

pendent nonlinearity, the incremental approach (i.e., applying the loads in increments) is sometimes
required in order to obtain a solution corresponding to the final load level.
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Figure 14.11:  Incremental Newton-Raphson Procedure
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When the stiffness matrix is updated every iteration (as indicated in Equation 14.147 (p. 711) and Equa-
tion 14.149 (p. 714)) the process is termed a full Newton-Raphson solution procedure ( NROPT,FULL or
NROPT,UNSYM). Alternatively, the stiffness matrix could be updated less frequently using the modified
Newton-Raphson procedure (NROPT,MODI). Specifically, for static or transient analyses, it would be
updated only during the first or second iteration of each substep, respectively. Use of the initial-stiffness
procedure (NROPT,INIT) prevents any updating of the stiffness matrix, as shown in Figure 14.12: Initial-
Stiffness Newton-Raphson (p. 716). If a multistatus element is in the model, however, it would be updated
at iteration in which it changes status, irrespective of the Newton-Raphson option. The modified and
initial-stiffness Newton-Raphson procedures converge more slowly than the full Newton-Raphson pro-
cedure, but they require fewer matrix reformulations and inversions. A few elements form an approximate
tangent matrix so that the convergence characteristics are somewhat different.

715
Release 15.0 - © SAS IP, Inc. All rights reserved. - Contains proprietary and confidential information

of ANSYS, Inc. and its subsidiaries and affiliates.

Newton-Raphson Procedure



Figure 14.12:  Initial-Stiffness Newton-Raphson
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14.12.2. Convergence

The iteration process described in the previous section continues until convergence is achieved. The
maximum number of allowed equilibrium iterations (input on NEQIT command) are performed in order
to obtain convergence.

Convergence is assumed when

(14.150){ }R RR ref< ε (out-of-balance convergence)

and/or

(14.151){ }∆u ui u ref< ε (DOF increment convergence)

where {R} is the residual vector:

(14.152){ } { } { }R F Fa nr= −

which is the right-hand side of the Newton-Raphson Equation 14.147 (p. 711). {∆ui} is the DOF increment

vector, εR and εu are tolerances (CNVTOL,,,TOLER) and Rref and uref are reference values (CNVTOL,,VALUE).

||⋅ || is a vector norm; that is, a scalar measure of the magnitude of the vector (defined below).

Convergence, therefore, is obtained when size of the residual (disequilibrium) is less than a tolerance
times a reference value and/or when the size of the DOF increment is less than a tolerance times a
reference value. The default is to use out-of-balance convergence checking only. The default tolerance
are .001 (for both εu and εR).

There are three available norms (CNVTOL,,,,NORM) to choose from:
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1. Infinite norm 
{ }R max Ri∞

=

2. L1 norm 
{ }R Ri1

=∑

3. L2 norm 
{ } ( )R Ri2

2
1

2= ∑

For DOF increment convergence, substitute ∆u for R in the above equations. The infinite norm is simply
the maximum value in the vector (maximum residual or maximum DOF increment), the L1 norm is the
sum of the absolute value of the terms, and the L2 norm is the square root of the sum of the squares
(SRSS) value of the terms, also called the Euclidean norm. The default is to use the L2 norm.

The default out-of-balance reference value Rref is ||{Fa}||. For DOFs with imposed displacement constraints,

the default Rref value is {Fnr} at those DOFs.

In the following cases, the default Rref value is the specified or default minimum reference value set via

the CNVTOL,,,,,MINREF command:

• For structural DOFs if Rref falls below 1.0E-2 (typically occurring in rigid-body motion analyses, such as

those involving stress-free rotation)

• For thermal DOFs if Rref falls below 1.0E-6

• For EMAG DOFs if Rref falls below 1.0E-12

• For all other DOFs if Rref is equal to 0.0

The default reference value uref is ||{u}||.

14.12.3. Predictor

The solution used for the start of each time step n {un,0} is usually equal to the current DOF solution

{un -1}. The tangent matrix [Kn,0] and restoring load {Fn,0} are based on this configuration. The predictor

option (PRED command) extrapolates the DOF solution using the previous history in order to take a
better guess at the next solution.

In static analyses, the prediction is based on the displacement increments accumulated over the previous
time step, factored by the time-step size:

(14.153){ } { } { },u u un n n0 1= +− β ∆

where:

{∆un} = displacement increment accumulated over the previous time step

n = current time step

(14.154){ } { }∆ ∆u un i
i

NEQIT
=

=
∑

1

and β is defined as:
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(14.155)β =
−

∆
∆

t

t
n

n 1

where:

∆tn = current time-step size

∆tn-1 = previous time-step size

β is not allowed to be greater than 5.

In transient analyses, the prediction is based on the current velocities and accelerations using the
Newmark formulas for structural DOFs:

(14.156){ } { } { } ( ){ },u u u t u tn n n n n n0 1 1 1
21

2
= + + −− − −ɺ ɺɺ∆ ∆α

where:

{ }, { }, { }u u un n n− − −1 1 1ɺ ɺɺ
 = current displacements, velocities and accelerations

∆tn = current time-step size

α = Newmark parameter (input on TINTP command)

For thermal, magnetic and other first order systems, the prediction is based on the trapezoidal formula:

(14.157){ } { } ( ){ },u u u tn n n n0 1 11= + −− −θ ɺ ∆

where:

{un - 1} = current temperatures (or magnetic potentials)

{ }ɺun−1  = current rates of these quantities
θ = trapezoidal time integration parameter (input on TINTP command)

See Transient Analysis (p. 763) for more details on the transient procedures.

The subsequent equilibrium iterations provide DOF increments {∆u} with respect to the predicted DOF
value {un,0}, hence this is a predictor-corrector algorithm.

14.12.4. Adaptive Descent

Adaptive descent (Adptky on the NROPT command) is a technique which switches to a “stiffer” matrix
if convergence difficulties are encountered, and switches back to the full tangent as the solution con-
vergences, resulting in the desired rapid convergence rate (Eggert([152] (p. 929))).

The matrix used in the Newton-Raphson equation (Equation 14.147 (p. 711)) is defined as the sum of
two matrices:

(14.158)[ ] [ ] ( )[ ]K K Ki
T S T= + −ξ ξ1

where:

[KS] = secant (or most stable) matrix

[KT] = tangent matrix
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ξ = descent parameter

The program adaptively adjusts the descent parameter (ξ) during the equilibrium iterations as follows:

1. Start each substep using the tangent matrix (ξ = 0).

2. Monitor the change in the residual ||{R}||2 over the equilibrium iterations:

If it increases (indicating possible divergence):

• remove the current solution if ξ < 1, reset ξ to 1 and redo the iteration using the secant matrix

• if already at ξ = 1, continue iterating

If it decreases (indicating converging solution):

• If ξ = 1 (secant matrix) and the residual has decreased for three iterations in a row (or 2 if ξ was in-
creased to 1 during the equilibrium iteration process by (a.) above), then reduce ξ by a factor of 1/4
(set it to 0.25) and continue iterating.

• If the ξ < 1, decrease it again by a factor of 1/4 and continue iterating. Once ξ is below 0.0156, set it
to 0.0 (use the tangent matrix).

3. If a negative pivot message is encountered (indicating an ill-conditioned matrix):

• If ξ < 1, remove the current solution, reset ξ = 1 and redo the iteration using the secant matrix.

• If ξ = 1, bisect the time step if automatic time stepping is active, otherwise terminate the execution.

The nonlinearities which make use of adaptive descent (that is, they form a secant matrix if ξ > 0) include:
plasticity, contact, stress stiffness with large strain, nonlinear magnetics using the scalar potential for-
mulation, the concrete element SOLID65 with KEYOPT(7) = 1, and the membrane shell element SHELL41
with KEYOPT(1) = 2. Adaptive descent is used by default in these cases unless the line search or arc-
length options are on. It is only available with full Newton-Raphson, where the matrix is updated every
iteration. Full Newton-Raphson is also the default for plasticity, contact and large strain nonlinearities.

14.12.5. Line Search

The line search option (accessed with LNSRCH command) attempts to improve a Newton-Raphson
solution {∆ui} by scaling the solution vector by a scalar value termed the line search parameter.

Consider Equation 14.148 (p. 712) again:

(14.159){ } { } { }u u ui i i+ = +1 ∆

In some solution situations, the use of the full {∆ui} leads to solution instabilities. Hence, if the line

search option is used, Equation 14.159 (p. 719) is modified to be:

(14.160){ } { } { }u u s ui i i+ = +1 ∆

where:

s = line search parameter, 0.05 < s < 1.0

s is automatically determined by minimizing the energy of the system, which reduces to finding the
zero of the nonlinear equation:
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(14.161)g u F F s us i
T a nr

i= −{ } ({ } { ( { })})∆ ∆

where:

gs = gradient of the potential energy with respect to s

An iterative solution scheme based on regula falsi is used to solve Equation 14.161 (p. 720) (Schweizerhof
and Wriggers([153] (p. 929))). Iterations are continued until either:

1. gs is less than 0.5 go, where go is the value of Equation 14.161 (p. 720) at s = 0.0 (that is, using { }Fn
nr
−1  for

{Fnr (s{∆u})}).

2. gs is not changing significantly between iterations.

3. Six iterations have been performed.

If go > 0.0, no iterations are performed and s is set to 1.0. s is not allowed below 0.05.

The scaled solution {∆ui} is used to update the current DOF values {ui+1} in Equation 14.148 (p. 712) and

the next equilibrium iteration is performed.

14.12.6. Arc-Length Method

The arc-length method (accessed with ARCLEN,ON) is suitable for nonlinear static equilibrium solutions
of unstable problems.

Application of the arc-length method involves the tracing of a complex path in the load-displacement
response into the buckling/post buckling regimes. The arc-length method uses Crisfield’s method as
describe in ([174] (p. 930)) to prevent any fluctuation of the step size during equilibrium iterations. It is
assumed that all load magnitudes can be controlled by a single scalar parameter (that is, the total load
factor).

An unsmooth or discontinuous load-displacement response, which is sometimes seen in contact analyses
and elastic-perfectly plastic analyses, cannot be traced effectively by the arc-length solution method.

Mathematically, the arc-length method can be viewed as the trace of a single equilibrium curve in a
space spanned by the nodal displacement variables and the total load factor. Therefore, all options of
the Newton-Raphson method are still the basic method for the arc-length solution. As the displacement
vectors and the scalar load factor are treated as unknowns, the arc-length method itself is an automatic
load step method; therefore, AUTOTS,ON is not needed.

For problems with sharp turns in the load-displacement curve or with path-dependent materials, it is
necessary to limit the initial arc-length radius (NSUBST) and the arc-length radius augmentation (via
the MAXARC argument of the ARCLEN command). During the solution, the arc-length method will vary
the arc-length radius at each arc-length substep according to the degree of nonlinearity that is involved.
The range of variation of the arc-length radius is limited by the maximum and minimum multipliers
(MAXARC and MINARC on the ARCLEN command).

In the arc-length procedure, Equation 14.147 (p. 711) is recast and associated with the total load factor
λ:

(14.162)[ ]{ } { } { }K u F Fi
T

i
a

i
nr∆ = −λ
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Figure 14.13: Arc-Length Approach with Full Newton-Raphson Method (p. 721) is a graphical representation
of the arc-length method. Writing the proportional loading factor λ in an incremental form at substep
n and iteration i yields:

(14.163)[ ]{ } { } ( ){ } { } { }K u F F F Ri
T

i
a

n i
a

i
nr

i∆ ∆− = + − = −λ λ λ

Figure 14.13:  Arc-Length Approach with Full Newton-Raphson Method

u
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u∆ n

n
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Following Equation 14.163 (p. 721), the incremental displacement {∆ui} can be written in two parts:

(14.164){ } { } { }∆ ∆ ∆ ∆u u ui i
I

i
II= +λ

where:

(14.165){ } [ ] { }∆u K Fi
I

i
T a= −1

(14.166){ } [ ] { }∆u K Ri
II

i
T

i= − −1

In each arc-length iteration, it is necessary to use Equation 14.165 (p. 721) and Equation 14.166 (p. 721)

to solve for { }∆ui
I

 and { }∆ui
II

.

We can define one vector between the previous equilibrium point and a point determined in iteration
i by:

(14.167)t ui n i= ∆ +{ } βλ

where:

{∆un} = the displacement increment accumulated over the current time step
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β = the scaling vector for unit displacements

The norm of this vector is:

(14.168)t u ui n
t

n i= { } { } +∆ ∆ β λ2 2

At iteration i+1, the vector becomes:

(14.169)t u ui n i i+ = ∆ + ∆ + +1 { } { } ( )β λ λ∆

Crisfield’s method assumes that the norm of the vector is constant along the equilibrium iterations,
that is:

(14.170)t ti i= +1

Substituting Equation 14.167 (p. 721) and Equation 14.169 (p. 722) and using Equation 14.164 (p. 721), the
following quadratic equation results:

(14.171)a b c( ) ( )∆ ∆λ λ2 0+ + =

where:

a u u

b u u u u

c

i
I t

i
I

i n
t

i
I

i
II t

i
I

= +

= + +( )
=

β

β λ

2

22

2

{ } { }

{ } { } { } { }

∆ ∆

∆ ∆ ∆ ∆

{{ } { } { } { }∆ ∆ ∆ ∆u u u un
t

i
II

i
II t

i
II+

This system has two real roots, ∆λ(1) and ∆λ(2), which both satisfy the constant arc-length radius.

For each of these roots, we can define the angle between vector tn-1 in the previously converged substep,

and vector ti+1 in the current substep. This angle may be obtained from:

(14.172)cos
.

.
θ( ) = ( ) ( )+ −

−

t t

t t
i

T
n

n n

1 1

1

To move the equilibrium path forward, we choose the route for which the cosine of the associated
angle is the closest to 1.

Finally, the solution vectors are updated according to (see Figure 14.13: Arc-Length Approach with Full
Newton-Raphson Method (p. 721)):

(14.173)u u u ui n n i+{ } = { } + { } + { }1 ∆ ∆

and

(14.174)λ λ λ λi n i+ = + +1 ∆

Values of λn and ∆λ are available in POST26 corresponding to labels ALLF and ALDLF, respectively, on

the SOLU command. The normalized arc-length radius label ARCL (also on SOLU) corresponds to value
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t

t
n

0 , where 
t0  is the initial arc-length radius defined through Equation 14.168 (p. 722) and Equa-

tion 14.175 (p. 723) (an arc-length radius at the first iteration of the first substep).

Defining K0 as the initial tangent matrix, Fa as the full external load, and λ0 as the initial load factor

(specified using the NSUBST command), the initial arc-length radius t0 is determined by:

(14.175)t u u
T

0 0 0
2

0
2= { } { } + β λ

where:

u K F

u u

T a

T

0 0

1

0

0 0

0

= 



 { }

=
{ } { }

−
λ

β
λ

The factors MAXARC and MINARC (input on the ARCLEN command) are used to define the limits of the
arc-length radius by the following formulas:

tMAX = MAXARC * t0

tMIN = MINARC * t0

14.13. Constraint Equations

14.13.1. Derivation of Matrix and Load Vector Operations

Given the set of L linear simultaneous equations in unknowns uj subject to the linear constraint equation

(input on CE command)

(14.176)K u F k Lkj j
j

L

k
=
∑ = ≤ ≤

1
1( )

where:

Kkj = stiffness term relating the force at degrees of freedom k to the displacement at degrees

of freedom j
uj = nodal displacement of degrees of freedom j

Fk = nodal force of degrees of freedom k

k = equation (row) number
j = column number
L = number of equations

(14.177)C u Cj j
j

L

o
=
∑ =

1

normalize Equation 14.177 (p. 723) with respect to the prime degrees of freedom ui by dividing by Ci to

get:
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(14.178)C u Cj j
j

L

o
∗

=

∗∑ =
1

where:

C C Cj j i
∗ =

C C Co o i
∗ =

which is written to a file for backsubstitution. Equation 14.178 (p. 724) is expanded (recall Ci
∗

 = 1) as:

(14.179)u C u C j ii j j
j

L

o+ = ≠∗

=

∗∑
1

( )

Equation 14.176 (p. 723) may be similarly expanded as:

(14.180)K u K u F j iki i kj j
j

L

k+ = ≠
=
∑

1
( )

Multiply Equation 14.179 (p. 724) by Kki and subtract from Equation 14.180 (p. 724) to get:

(14.181)( ) ( )K C K u F C K j ikj j ki j
j

L

k o ki− = − ≠∗

=

∗∑
1

Specializing Equation 14.181 (p. 724) for k = i allows it to be written as:

(14.182)( ) ( )K C K u F C K j iij j ii j
j

L

i o ii− = − ≠∗

=

∗∑
1

This may be considered to be a revised form of the constraint equation. Introducing a Lagrange multi-
plier λk, Equation 14.181 (p. 724) and Equation 14.182 (p. 724) may be combined as:

(14.183)

( )

( )

K C K u F C K

K C K u F C

kj j ki j
j

L

k o ki

k ij j ii j
j

L

i o

− − +

+ − − +

∗

=

∗

∗

=

∗

∑

∑

1

1
λ KK j iii












= ≠0( )

By the standard Lagrange multiplier procedure (see Denn([8] (p. 921))):

(14.184)λk
i

k

u

u
=
∂
∂

Solving Equation 14.179 (p. 724) for ui,

(14.185)u C C u j ii o j j
j

L
= − ≠∗ ∗

=
∑

1
( )

so that

(14.186)λk kC= − ∗
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Substituting Equation 14.186 (p. 724) into Equation 14.183 (p. 724) and rearranging terms,

(14.187)
( )K C K C K C C K u

F C K C F C C

kj j ki k ij k j ii j
j

L

k o ki k i k o

− − +

= − − +

∗ ∗ ∗ ∗

=

∗ ∗ ∗

∑
1

∗∗ ≠K j iii ( )

or

(14.188)K u F k Lkj j
j

L

k
∗

=

−
∗∑ = ≤ ≤ −

1

1
1 1( )

where:

K K C K C K C C Kkj kj j ki k ij k j ii
∗ ∗ ∗ ∗ ∗= − − +

F F C K C F C C Kk k o ki k i k o ii
∗ ∗ ∗ ∗ ∗= − − +

14.13.2. Constraints: Automatic Selection of Slave DOFs

The constraint equation described by Equation 14.177 (p. 723) can also be written in the following
matrix form:

(14.189)[ ]{ } { }C U C= 0

where [C] can be further composed into the slave and master DOFs so that the direct elimination
method can be used. (In the direct elimination method, Equation 14.187 (p. 725) is used to solve equation
systems Equation 14.176 (p. 723) and Equation 14.177 (p. 723) together.)

Equation 14.189 (p. 725) can be re-written as:

(14.190)C U + C U Cs s m m { } [ ]{ } = { }0  

where {Us} is a displacement of the slave DOFs, and {Um} is the master DOF.

If external CE or CP commands are issued, the user must choose which DOFs are slave and which are
master (see the CE/CP command descriptions). In many applications, the ANSYS program automatically
uses the CE command and invokes the method of automatic selection.

When solving the equation with the direct elimination method, the {Us} variables can be removed from

the system by applying the following transformation:

(14.191)U C C C Us s m m{ } = 

 { } − [ ]{ } 
−1

0*

Because the choice of {Us} is not unique, the program selects {Us} slave DOFs that ensure that Equa-

tion 14.177 (p. 723) has the best possible matrix conditioning (to avoid an ill-conditioned matrix) and
fewer fill-ins when the sparse direct solver is used.

If a value for {Us} cannot be selected that makes Equation 14.176 (p. 723) and Equation 14.177 (p. 723)

solvable together, the equation system is overconstrained. Typically, overconstraint is caused by contra-
dictory constraint equations or an insufficient number of slave DOFs.
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The ANSYS program has two automatic methods (which can be selected via the OVCHECK command)
to compute the slave DOFs and detect overconstrained DOFs:

The Topological Method (OVCHECK,TOPO)

This method is used by default. This simple method requires little computational time to check for
overconstraints and determine unique slave DOFs. This method starts by traversing the topology (sparsity)
pattern of the [C] matrix (Equation 14.189 (p. 725)) row-by-row. During this process, the first possible
DOFs visited are considered slave DOFs. If the slave DOF has been used (or appeared) before, then it
selects the next possible DOF visited as a slave DOF. Although this method traverses the entire matrix,
it is computationally inexpensive because no numerical computations are involved.

This method does not guarantee that overconstraint or unique slave DOFs can be determined for
the entire equation system. If this method fails to detect slave DOFs, warning or error messages
display in the program output files.

This method only traverses the constraint equation system and does not visit matrix coefficients
associated with the P variable (i.e., Lagrangian multipliers). As a result, the topological method
cannot detect overconstraints associated with u-P formulation elements.

The Algebraic Method (OVCHECK,ALGEBRAIC)

This is a mathematical method that requires more computational time than the topological method.

The slave DOFs are chosen using factorization with full pivoting applied to the [C] matrix. If one
pivot is too small (for example, lower than 1.e-08 proportionally), the associated constraint equation
is considered redundant and removed from the set of constraint equations that must be satisfied.

If redundant constraint equations are detected, the program prints information regarding their re-
moval.

In cases where a model uses the CE/CP command and u-P formulation elements, overconstraint could
also come from the P DOFs, in addition to CE/CP overconstraint. Detection of overconstraint in this
case is similar to the process described above; however, only the algebraic method supports this detec-
tion. The algebraic method packs CE/CP and matrix coefficients from the Lagrange multiplier equations
into one assembled [C] matrix (Equation 14.189 (p. 725)), then it executes the algebraic method process
described above into the [C] matrix.

If CE/CP values are invalid or redundant, they are removed from equation (Equation 14.176 (p. 723))
automatically, and the invalid or redundant CE/CP will not be used in the entire analysis process, which
includes the Newton-Raphson nonlinear convergence loop.

If some P constraint equations are invalid or redundant, the application stops and the user is notified
which elements (e.g., MPC184, CONTA174, etc.) are causing overconstraint (i.e., the redundant equations).

14.14. Eigenvalue and Eigenvector Extraction

The following extraction methods and related topics are available:
14.14.1. Supernode Method
14.14.2. Block Lanczos
14.14.3. PCG Lanczos
14.14.4. Unsymmetric Method
14.14.5. Subspace Method
14.14.6. Damped Method
14.14.7. QR Damped Method
14.14.8. Shifting
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14.14.9. Repeated Eigenvalues
14.14.10. Complex Eigensolutions

The eigenvalue and eigenvector problem needs to be solved for mode-frequency and buckling analyses.
It has the form of:

(14.192)[ ]{ } [ ]{ }K Mi i iφ λ φ=

where:

[K] = structural stiffness matrix
{φi} = eigenvector

λi = eigenvalue

[M] = structural mass matrix

For prestressed modal analyses, the [K] matrix includes the stress stiffness matrix [S]. For eigenvalue
buckling analyses, the [M] matrix is replaced with the stress stiffness matrix [S]. The discussions given
in the rest of this section assume a modal analysis (ANTYPE,MODAL) except as noted, but also generally
applies to eigenvalue buckling analyses.

The eigenvalue and eigenvector extraction procedures available include the Block Lanczos, PCG Lanczos,
Supernode, Subspace, unsymmetric, damped, and QR damped methods (MODOPT and BUCOPT com-
mands) outlined in Table 14.1: Procedures Used for Eigenvalue and Eigenvector Extraction (p. 727). Each
method is discussed subsequently. Shifting, applicable to most methods, is discussed in a later section
(see Shifting (p. 734)).

Table 14.1:  Procedures Used for Eigenvalue and Eigenvector Extraction

Extraction Tech-

nique

ReductionApplic-

able

Matrices++

UsagesInputProcedure

Internally uses node
grouping, reduced,

NoneK, MSymmetric (but not
applicable to buck-
ling)

MODOPT,
SNODE

Supernode

and Lanczos meth-
ods

Lanczos which intern-
ally uses QL al-
gorithm

NoneK, MSymmetricMODOPT,
LANB

Block Lanczos

Lanczos which intern-
ally uses QL al-
gorithm

NoneK, MSymmetric (but not
applicable for buck-
ling)

MODOPT,
LANPCG

PCG Lanczos

Internally uses Sub-
space method with
auto-shift

NoneK, MSymmetricMODOPT,
SUBSP

Subspace

Lanczos which intern-
ally uses QR al-
gorithm

NoneK*, M*Unsymmetric
matrices

MODOPT,
UNSYM

Unsymmetric

Lanczos which intern-
ally uses QR al-
gorithm

NoneK*, C*, M*Symmetric or unsym-
metric damped sys-
tems

MODOPT,
DAMP

Damped
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Extraction Tech-

nique

ReductionApplic-

able

Matrices++

UsagesInputProcedure

QR algorithm for re-
duced modal damp-
ing matrix

ModalK*, C*, MSymmetric or unsym-
metric damped sys-
tems

MODOPT,
QRDAMP

QR Damped

++ K = stiffness matrix, C = damping matrix, M = mass or stress stiffening matrix, * = can be unsymmetric

The Block Lanczos and PCG Lanczos methods both use Lanczos iterations to extract the requested ei-
genvalues. However, the Block Lanczos method uses the sparse direct solver, while the PCG Lanczos
method uses the PCG iterative solver internally to solve the necessary system of equations at each
Lanczos iteration.

14.14.1. Supernode Method

The Supernode (SNODE) solver is used to solve large, symmetric eigenvalue problems for many modes
(up to 10,000 and beyond) in one solution. A supernode is a group of nodes from a group of elements.
The supernodes for the model are generated automatically by the solver. This method first calculates
eigenmodes for each supernode in the range of 0.0 to FREQE*RangeFact (where RangeFact is specified
by the SNOPTION command and defaults to 2.0), and then uses the supernode eigenmodes to calculate
the global eigenmodes of the model in the range of FREQB to FREQE (where FREQB and FREQE are
specified by the MODOPT command). Typically, this method offers faster solution times than Block
Lanczos or PCG Lanczos if the number of modes requested is more than 200.

The Supernode solver uses an approximate method compared to the Block Lanczos and PCG Lanczos
solutions. The accuracy of the Supernode solution can be controlled by the SNOPTION command. By
default, the eigenmode accuracy is based on the frequency range used, as shown in the following table.

Accuracy of Supernode

solution

Frequency Range

0.01 percent error0 - 100 Hz

0.05 percent error100 - 200 Hz

0.20 percent error200 - 400 Hz

1.00 percent error400 - 1000 Hz

3.0 - 5.0 percent error1000 Hz and higher

Typically, the reason for seeking many modes is to perform a subsequent mode superposition or PSD
analysis to solve for the response in a higher frequency range. The error introduced by the Supernode
solver (shown in the table above) is small enough for most engineering purposes. You can use the
SNOPTION command to increase the accuracy of the solution, but at the cost of increased computing
time. Increasing the value of RangeFact (on the SNOPTION command) results in a more accurate
solution.

In each step of the Supernode eigenvalue calculation, a Sturm check is performed. The occurrence of
missing modes in the Supernode calculation is rare.

The lumped mass matrix option (LUMPM,ON) is not allowed when using the Supernode mode extraction
method. The consistent mass matrix option will be used regardless of the LUMPM setting.
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14.14.2. Block Lanczos

The Block Lanczos eigenvalue extraction method (accessed with MODOPT,LANB or BUCOPT,LANB) is
available for large symmetric eigenvalue problems.

The block shifted Lanczos algorithm is a variation of the classical Lanczos algorithm, where the Lanczos
recursions are performed using a block of vectors, as opposed to a single vector. Additional theoretical
details on the classical Lanczos method can be found in Rajakumar and Rogers([196] (p. 931)).

A block shifted Lanczos algorithm, as found in Grimes et al.([195] (p. 931)) is the theoretical basis of the
eigensolver. The Block Lanczos method employs an automated shift strategy, combined with a Sturm
sequence check, to extract the number of eigenvalues requested. The Sturm sequence check ensures
that the requested number of eigenfrequencies beyond the user supplied shift frequency (FREQB on
the MODOPT command) is found without missing any modes. At the end of the Block Lanczos calculation,
the solver performs a Sturm sequence check automatically. This check computes the number of negative
pivots encountered in the range that the minimum and maximum eigenvalues encompass. This number
will match the number of converged eigenvalues unless some eigenvalues have been missed. Block
Lanczos will report the number of missing eigenvalues, if any.

Use of the Block Lanczos method for solving larger models (1,000,000 DOF, for example) with many
constraint equations (CE) can require a significant amount of computer memory. The alternative method
of PCG Lanczos, which internally uses the PCG solver, could result in savings of memory and computing
time.

14.14.3. PCG Lanczos

The theoretical basis of this eigensolver is found in Grimes et al.([195] (p. 931)), which is the same basis
for the Block Lanczos eigenvalue extraction method. However, the implementaion differs somewhat
from the Block Lanczos eigensolver, in that the PCG Lanczos eigensolver:

• does not employ an automated shift strategy during the eigenvalue analysis.

• does not perform a Sturm sequence check by default.

• is only available for modal analyses and is not applicable to buckling analyses.

14.14.4. Unsymmetric Method

The unsymmetric eigensolver (accessed with MODOPT,UNSYM) is applicable whenever the system
matrices are unsymmetric. For example, an acoustic fluid-structure interaction problem using FLUID30
elements results in unsymmetric matrices. Also, certain problems involving the input matrix element
MATRIX27 and/or COMBI214 element, such as in brake squeal problems, can give rise to unsymmetric
system matrices. A generalized eigenvalue problem given by the following equation:

(14.193)[ ]{ } [ ]{ }K Mi i iφ λ φ=

can be setup and solved using the mode-frequency analysis (ANTYPE,MODAL). The matrices [K] and
[M] are the system stiffness and mass matrices, respectively. Either or both [K] and [M] can be unsym-
metric. {ϕi} is called the eigenvector. It represents the right eigenvector. The left eigenvector, which is

extracted for mode superposition harmonic analysis (MODOPT with ModType = BOTH), satisfies the
following equation:

(14.194)[ ] { } [ ]K MT
i
L

i
T

i
Lφ λ φ= { }
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where:

φi
L{ }

 = ith left eigenmode

The method employed to solve the unsymmetric eigenvalue problem is a subspace approach based
on a method designated as Frequency Derivative Method. The FD method uses an orthogonal set of
Krylov sequence of vectors:

(14.195)[ ] [{ }{ }{ } { }]Q q q q qm= 1 2 3 …

To obtain the expression for the sequence of vectors, the generalized eigenvalue Equation 14.193 (p. 729)
is differentiated with respect to λi to get:

(14.196)− =[ ]{ } { }M iφ 0

Substituting Equation 14.196 (p. 730) into Equation 14.193 (p. 729) and rearranging after applying a shift
s, the starting expression for generating the sequence of vectors is given by:

(14.197)[ ] [ ] { } { }K s M q q−[ ] =1 0

(14.198){ } [ ]{ }q M q0 0= − ɶ

where:

{ }ɶq0 = vector of random numbers

s = an initial shift

The general expression used for generating the sequence of vectors is given by:

(14.199)[ ] [ ] { } { }K s M q qj j−[ ] =+1 ɶ

This matrix equation is solved by a sparse matrix solver (EQSLV, SPARSE). However, an explicit specific-
ation of the equation solver (EQSLV command) is not needed.

The subspace made of these derivatives allows the program to find the closest eigensolutions from this
shift point. The shift value s is initially determined using the FREQB value on the MODOPT command.

For a large number of eigenvalues, the UNSYM extraction algorithm is able to move automatically to a
new shift if the first solve only finds a subset of eigensolutions. This process will be repeated until all
the required eigenvalues are found, unless the algorithm fails several times to find any accurate eigen-
values.

A subspace transformation of Equation 14.193 (p. 729) is performed using the sequence of orthogonal
vectors which leads to the reduced eigenproblem:

(14.200)[ *]{ } [ *]{ }K y M yi i i= µ

where:

[K*] = [QT] [K] [Q]

[M*] = [QT] [M] [Q]

The eigenvalues of the reduced eigenproblem (Equation 14.200 (p. 730)) are extracted using a direct ei-
genvalue solution procedure. The eigenvalues µi are the approximate eigenvalues of the original eigen-
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problem and they converge to λi with increasing subspace size m. The converged eigenvectors are

then computed using the subspace transformation equation:

(14.201){ } [ ]{ }φi iQ y=

For the unsymmetric modal analysis, the real part (ωi) of the complex frequency is used to compute

the element kinetic energy.

This method does not perform a Sturm Sequence check for possible missing modes. At the lower end
of the spectrum close to the shift (input as FREQB on MODOPT command), the frequencies usually
converge without missing modes.

14.14.5. Subspace Method

The subspace eigensolver (accessed with BUCOPT,SUBSP and MODOPT,SUBSP) is applicable for buckling
and modal analyses in which the system matrices are symmetric. This eigensolver uses basically the
same algorithm as the unsymmetric eigensolver (accessed with MODOPT,UNSYM) to solve the generalized
eigenvalue problem given by the following equation.

For buckling analysis:

(14.202)[ ] [ ] { } { }K Si i+( ) =λ Ψ 0

where:

[K] = structural stiffness matrix
[S] = stress stiffness matrix
λi = ith eigenvalue (used to multiply the loads that generated [S])

Ψi = ith eigenvector of displacements

For modal analysis:

(14.203)[ ]{ } [ ]{ }K Mi i iφ λ φ=

where:

[K] = structural stiffness matrix
[M] = mass matrix
λi = ith eigenvalue

ϕi = ith eigenvector of displacements

The advantage of the SUBSP method over the Block Lanczos method is that both the [K] and [S] / [M]
matrices can be indefinite at the same time.

Buckling Analysis

Using the options of the BUCOPT command, the program can find the eigenvalues in one of two ways:

• In a specified load multiplier range of interest (RangeKey = RANGE), or

• Around an initial shift (RangeKey = CENTER).

Note that when using the CENTER option, the automatic (internal) shifting strategy of the algorithm is
disabled. The eigenvalues found around the initial shift (CENTER value) are available; the solver may
not find eigenvalues far away from the CENTER value.
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Modal Analysis

Some options of the subspace algorithm can be set using the SUBOPT command. These include memory
management and Sturm sequence check. By default, the Sturm check is turned off.

14.14.6. Damped Method

The damped eigensolver (accessed with MODOPT,DAMP) is applicable only when the system damping
matrix needs to be included in Equation 14.192 (p. 727), where the eigenproblem becomes a quadratic
eigenvalue problem given by:

(14.204)[ ]{ } [ ]{ } [ ]{ }K C Mi i i i iφ λ φ λ φ+ = − 2

where:

λi  = 
− λi  (defined below)

[C] = damping matrix

Matrices may be symmetric or unsymmetric.

The method employed to solve the damped eigenvalue problem is the same as for the UNSYM option.
We first transform the initial quadratic equation (Equation 14.204 (p. 732)) in a linear form applying the
variable substitutions:

K
K

=










M
C M

=
− −









To form the equivalent UNSYM eigenvalue problem.

(14.205)� �
i i i

φ λ φ=

Solutions of Equation 14.204 (p. 732) and Equation 14.205 (p. 732) are equivalent, except that only the

first-half part of the eigenvevctors �
φ

 is considered.

The UNSYM method uses Equation 14.205 (p. 732). The default blocksize value to solve a Quadratic Damp
Eigenproblem is set to four. This value can be controlled using the blocksize parameter of the MODOPT

command.

This method does not perform a Sturm Sequence check for possible missing modes. At the lower end
of the spectrum, close to the shift (input as FREQB on the MODOPT command), the frequencies usually
converge without missing modes. Furthermore, this method does not employ an automated shift
strategy during the eigenvalue analysis.

For the damped modal analysis, the imaginary part ωi of the complex frequency is used to compute

the element kinetic energy.
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14.14.7. QR Damped Method

The QR damped method (accessed with MODOPT,QRDAMP) is a procedure for determining the complex
eigenvalues and corresponding eigenvectors of damped linear systems. This eigensolver allows for
nonsymmetric [K] and [C] matrices. The eigensolver is computationally efficient compared to the damped
eigensolver (MODOPT,DAMP). This method employs the modal orthogonal coordinate transformation
of system matrices to reduce the eigenproblem into the modal subspace. The QR algorithm is then
used to calculate eigenvalues of the resulting quadratic eigenvalue problem in the modal subspace.

The equations that follow apply to Rayleigh and element-based damping in a QR Damped modal ana-
lysis. For the equations with constant structural damping (input with DMPSTR or MP,DMPR), refer to
QR Damped Method with Constant Structural Damping (p. 734).

The equations of elastic structural systems without external excitation can be written in the following
form:

(14.206)[ ]{ } [ ]{ } [ ]{ } { }M u C u K uɺɺ ɺ+ + = 0

(See Equation 15.5 (p. 764) for definitions).

It has been recognized that performing computations in the modal subspace is more efficient than in
the full eigen space. The stiffness matrix [K] can be symmetrized by rearranging the unsymmetric con-
tributions; that is, the original stiffness matrix [K] can be divided into symmetric and unsymmetric parts.
By dropping the damping matrix [C] and the unsymmetric contributions of [K], the symmetric Block
Lanczos eigenvalue problem is first solved to find real eigenvalues and the corresponding eigenvectors.
In the present implementation, the unsymmetric element stiffness matrix is zeroed out for Block Lanczos
eigenvalue extraction. Following is the coordinate transformation (see Equation 14.100 (p. 698)) used to
transform the full eigen problem into modal subspace:

(14.207){ } [ ]{ }u y= Φ

where:

[Φ] = eigenvector matrix normalized with respect to the mass matrix [M]
{y} = vector of modal coordinates

By using Equation 14.207 (p. 733) in Equation 14.206 (p. 733), we can write the differential equations of
motion in the modal subspace as follows:

(14.208)[ ]{ } [ ] [ ][ ]{ } ([ ] [ ] [ ][ ]){ } { }I y C y K yT T
unsymɺɺ ɺ+ + + =Φ Φ Λ Φ Φ2 0

where:

[Λ2] = a diagonal matrix containing the first n eigen frequencies ωi

For classically damped systems, the modal damping matrix [Φ]T[C][Φ] is a diagonal matrix with the di-
agonal terms being 2ξiωi, where ξi is the damping ratio of the i-th mode. For non-classically damped

systems, the modal damping matrix is either symmetric or unsymmetric. Unsymmetric stiffness contri-
butions of the original stiffness are projected onto the modal subspace to compute the reduced unsym-

metric modal stiffness matrix [Φ]T [Kunsym] [Φ].

Introducing the 2n-dimensional state variable vector approach, Equation 14.208 (p. 733) can be written
in reduced form as follows:
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(14.209)[ ]{ } [ ]{ }I z D zɺ =

where:

(14.210){ }
{ }

{ }
z

y

y
=






ɺ

(14.211)[ ]
[ ] [ ]

[ ] [ ] [ ][ ] [ ] [ ][ ]
D

O I

K CT
unsym

T=
− − −











Λ Φ Φ Φ Φ2

The 2n eigenvalues of Equation 14.209 (p. 734) are calculated using the QR algorithm (Press et
al.([254] (p. 935))). The inverse iteration method (Wilkinson and Reinsch([357] (p. 941))) is used to calculate
the complex modal subspace eigenvectors. The full complex eigenvectors, {ψ}, of original system is re-
covered using the following equation:

(14.212){ } [ ]{ }ψ = Φ z

Out of 2n solutions, only n are output for post-processing. When the complex eigenvalues are complex
conjugate pairs, only the positive imaginary solution (positive frequency) is retained. In the case of high
damping, all overdamped modes are also retained.

14.14.7.1. QR Damped Method with Constant Structural Damping

When a constant structural damping ratio is defined in a QR damped modal analysis and the complex
mode shapes are requested (Cpxmod = YES on the MODOPT command), the state-space matrix [D]
from Equation 14.211 (p. 734) becomes complex. This can be written as:

(14.213)D
I

K
j

K
t

usym
t

im
[ ] =

[ ] [ ]
−[ ] − [ ]  

 [ ] [ ]














+

[ ] [ ]
−[ ]

0

0

0 0

Λ Φ Φ Φ aag



 [ ] [ ]













Φ 0

where:

K g K m Kimag
j

N

j j
m





 = [ ] + ∑ 





=
2

1

g = constant structural damping coefficient (input with the DMPSTR command)
Nm = number of materials with MP,DMPR input

mj = constant structural damping coefficient for material j (input with MP,DMPR)

[Kj] = portion of structural stiffness matrix based on material j

14.14.8. Shifting

Various shifting strategies are used by most of the extraction methods in an effort to improve the ac-
curacy, robustness, and efficiency of the algorithms. The logic on how those shift values are chosen is
discussed in this section.

In some cases it is desirable to shift the values of eigenvalues either up or down. These fall in two cat-
egories:

1. Shifting down, so that the solution of problems with rigid body modes does not require working with
a singular matrix.
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2. Shifting up, so that the bottom range of eigenvalues will not be computed, because they had effectively
been converted to negative eigenvalues. This will, in general, result in better accuracy for the higher
modes. The shift introduced is:

(14.214)λ λ λ= +o i

where:

λ = desired eigenvalue
λ0 = eigenvalue shift

λi = eigenvalue that is extracted

λ0, the eigenvalue shift is computed as:

(14.215)λo

bs

=

if buckling analysis

(s is input as  on  cb  SHIFT BUCOP� oommand)

if modal analysis

(s is input as  onm  

or

sm( )2 2π
FREQ�    command)MODOP�














When using the Block Lanczos or PCG Lanczos method, if no user input is given for SHIFT (BUCOPT

command) or FREQB (MODOPT command), the following logic is used:

(14.216)
=

∑
V

W
X

Y

Z
[[

[[

where Mii and Kii are the diagonals of the [M] and [K] matrices, respectfully. The summation is taken

over all terms where Kii ≠ 0 and where 
\

]

^^

^^
 < 10e4. The number of such terms is n.

When using the PCG Lanczos method, if a Lev_Diff value of 1, 2, 3, or 4 is chosen (either automatically
or by the user, see PCGOPT), then -λ0 from Equation 14.216 (p. 735) is used when rigid body modes are

detected in order to avoid working with indefinite matrices with the PCG iterative solver. When using
Lev_Diff = 5, λ0 is used as with the Block Lanczos method.

Equation 14.214 (p. 735) is combined with Equation 14.192 (p. 727) to give:

(14.217)[ ]{ } ( )[ ]{ }K Mi o i iφ λ λ φ= +

Rearranging,

(14.218)([ ] [ ]){ } [ ]{ }K M Mo i i i− =λ φ λ φ

or

(14.219)[ ] { } [ ]{ }K Mi i i
′ =φ λ φ

where:

[K]' = [K] - λ0 [M]
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It may be seen that if [K] is singular, as in the case of rigid body motion, [K]' will not be singular if [M]
is not totally zero (which is normally true) and if λ0 is input as a non-zero number.

Once λi is computed, λ is computed from Equation 14.214 (p. 735) and reported.

14.14.9. Repeated Eigenvalues

Repeated roots or eigenvalues are possible to compute. This occurs, for example, for a thin, axisymmetric
pole. Two independent sets of orthogonal motions are possible.

In these cases, the eigenvectors are not unique, as there are an infinite number of correct solutions.
However, in the special case of two or more identical but disconnected structures run as one analysis,
eigenvectors may include components from more than one structure. To reduce confusion in such
cases, it is recommended to run a separate analysis for each structure.

14.14.10. Complex Eigensolutions

For problems involving spinning structures with gyroscopic effects, and/or damped structural eigenfre-
quencies, the eigensolutions obtained with the Damped Method (p. 732) and QR Damped Method (p. 733)

are complex. The eigenvalues λi  are given by:

(14.220)λ σ ωi i ij= ±

where:

λi  = complex eigenvalue
σi = real part of the eigenvalue (stability value)

ωi = imaginary part of the eigenvalue (damped frequency)

j = 
−1

The dynamic response of the system is given by:

(14.221){ } { }u ei i
ti= φ λ

where:

t = time

The ith eigenvalue is stable if σi is negative and unstable if σi is positive.

Modal damping ratio

The modal damping ratio is given by:

(14.222)α
σ
λ

σ

σ ω
i

i

i

i

i i

= − = −
+2 2

where:

αi = modal damping ratio of the ith eigenvalue
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It is the ratio of the actual damping to the critical damping.

Logarithmic decrement

The logarithmic decrement represents the logarithm of the ratio of two consecutive peaks in the dy-
namic response (Equation 14.221 (p. 736)). It can be expressed as:

(14.223)δ π
σ

ωi
i

i i

i

i
In

u t

u t T
=

+









 =

( )

( )
2

where:

δi = logarithmic decrement of the ith eigenvalue

Ti = damped period of the ith eigenvalue defined by:

(14.224)Ti
i

=
2π
ω

14.15. Analysis of Cyclic Symmetric Structures

14.15.1. Modal Analysis

Given a cyclic symmetric (periodic) structure such as a fan wheel, a modal analysis can be performed
for the entire structure by modelling only one sector of it. A proper basic sector represents a pattern
that, if repeated n times in cylindrical coordinate space, would yield the complete structure.

Figure 14.14: Typical Cyclic Symmetric Structure

Basic Sector

X
Y Z

In a flat circular membrane, mode shapes are identified by harmonic indices. For more information, see
Cyclic Symmetry Analysis of the Advanced Analysis Guide.

Constraint relationships (equations) can be defined to relate the lower (θ = 0) and higher (θ = α, where
α = sector angle) angle edges of the basic sector to allow calculation of natural frequencies related to
a given number of harmonic indices. The basic sector is duplicated in the modal analysis to satisfy the
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required constraint relationships and to obtain nodal displacements. This technique was adapted from
Dickens([148] (p. 929)).

Figure 14.15:  Basic Sector Definition

High Component Nodes

Z
Y

X

CSYS = 1

Low Component Nodes

Sector angle α

Constraint equations relating the lower and higher angle edges of the two sectors are written:

(14.225)
u

u

k k

k k

u

u
A

B

A

B

′

′












=

−


















cos sin

sin cos

α α

α α

where:

uA, uB = calculated displacements on lower angle side of basic and duplicated sectors (A and

B, respectively)

u uA B
′ ′,  = displacements on higher angle side of basic and duplicated sectors (A and B, respect-

ively) determined from constraint relationships

k = harmonic index 0,1,2

N/2 if N is even

N-1

2
if N is odd

=


... 




α = 2π/N = sector angle
N = number of sectors in 360°

Three basic steps in the procedure are briefly:

1. The CYCLIC command in /PREP7 automatically detects the cyclic symmetry model information, such as
edge components, the number of sectors, the sector angles, and the corresponding cyclic coordinate
system.

2. The CYCOPT command in /SOLU generates a duplicated sector and applies cyclic symmetry constraints
(Equation 14.225 (p. 738)) between the basic and the duplicated sectors.

3. The /CYCEXPAND command in /POST1 expands a cyclically symmetry response by combining the basic
and the duplicated sectors results (Equation 14.226 (p. 739)) to the entire structure.
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14.15.2. Complete Mode Shape Derivation

The mode shape in each sector is obtained from the eigenvector solution. The displacement components
(x, y, or z) at any node in sector j for harmonic index k, in the full structure is given by:

(14.226)u u n k u n kA B= − − −cos( ) sin( )1 1α α

where:

n = sector number, varies from 1 to N
uA = basic sector displacement

uB = duplicate sector displacement

If the mode shapes are normalized to the mass matrix in the mode analysis (Nrmkey option in the
MODOPT command), the normalized displacement components in the full structure is given by

(14.227)u

u

N
k k N

u

N

normalized =

= =









if  or 0 2

2

/

/

The complete procedure addressing static, modal, and prestressed modal analyses of cyclic symmetric
structures is contained in Cyclic Symmetry Analysis of the Advanced Analysis Guide.

14.15.3. Mode-Superposition Harmonic Analysis

A bladed disk (axial or centrifugal) is cyclically symmetric about its fundamental sector, as shown in
Figure 14.16: Full Model with the Cyclic-Symmetric Sector Highlighted (p. 739). These bladed disks are
typically excited by rotationally symmetric excitations which produce forced vibrations.

Figure 14.16:  Full Model with the Cyclic-Symmetric Sector Highlighted
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The equation of motion for harmonically-varying forced response is:

(14.228)K M u Fs s s s




− 



( ){ } = { }Ω2

where:

[Ks] = stiffness matrix of the bladed disk

[Ms] = mass matrix of the bladed disk

{Fs} = load vector

{us} = displacement vector
Ω = forcing frequency

The superscript s implies the matrices refer to the entire 360° system. Damping is ignored in this
equation and is discussed in Damping (p. 745).

14.15.3.1. Transform to Modal Coordinates

Equation 14.228 (p. 740) can be transferred into modal space by:

(14.229)u as s s{ } =  
{ }Φ

where:

[Φs] = the set eigenvectors of the full system

{as} = the vector of modal coordinates

Substituting this into Equation 14.228 (p. 740) and pre-multiplying by [Φs]T yields the forced response
equation in terms of modal coordinates:

(14.230)Λ Ω Φs s s T sI a F




− [ ]( ){ } =  

 { }2

where:

[Λs] = the diagonal matrix for the system natural frequencies squared
[I] = the identity matrix

The number of eigenvectors (modes) used in Equation 14.230 (p. 740) is much less than the total number
of degrees of freedom, so that Equation 14.230 (p. 740) is significantly smaller system than Equa-
tion 14.228 (p. 740).

14.15.3.2. Cyclic Coordinates

A cyclically-symmetric structure has the following transformation from cyclic coordinates to physical
coordinates:

(14.231)x I xh{ } = [ ]⊗ [ ]( ){ }F ɶ

where:

ɶxh{ }  = cyclic (or harmonic) coordinates for harmonic index h

[F] = real-valued Fourier matrix
⊗ denotes the Kronecker product

The system eigenvectors can also be expressed in terms of their harmonics:
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(14.232)Φ Φs
diag h

I B




= [ ]⊗ [ ]( )  ( )F ɶ ɶ

where:

ɶΦ h  = the real-valued cyclic modes corresponding to harmonic h

ɶBdiag()  = a pseudo-block diagonal matrix. A block is 1×1 for h = 0 and N/2 if N is even, and

2×2 otherwise. N is the number of sectors (CYCLIC).
Substituting Equation 14.232 (p. 741) into Equation 14.230 (p. 740) gives the frequency response equation
in cyclic coordinates:

(14.233)Λ Ωs s sI a f




− [ ]( ){ } = { }2

where the modal load {fs} is:

(14.234)f B I Fs
diag h

T T s{ } =  






 [ ] ⊗ [ ]( ){ }ɶ ɶΦ �

14.15.3.3. Properties of Paired Eigenmodes

The Fourier transformation expression:

(14.235)�[ ]⊗ [ ]( )  ( )I Bdiag h
ɶ ɶΦ

appears in Equation 14.232 (p. 741) and Equation 14.234 (p. 741) (transposed), where 
ɶΦ h  are the har-

monic modes.
ɶ ɶBdiag hΦ ( )  has the structure:

(14.236)ɶ ɶ

ɶ

ɶ ɶ

ɶ ɶ

ℝ ℝ

Bdiag h

A B

A B
Φ

Φ

Φ Φ

Φ Φ ( ) =

 

   

   

0

1 1

1I I 11

2

⋱

ɶΦ 



























N/

The harmonics h (0 < h < N/2) appear as 2×2 sub-blocks, each column being one of the repeated modes
and the rows corresponding to the real and imaginary (basic and duplicate sector) solutions. The first
mode in a pair is denoted with subscript A and the second mode in the pair is denoted with subscript
B.

The real and imaginary terms of each double mode are related and obey the following:

(14.237)ɶ ɶ
ℝΦ ΦA A BgI

  =  

where gA = 1 if the mode shapes 
ɶΦAI   and 

ɶ
ℝΦB   have the same sign, otherwise gA = -1. Likewise:

(14.238)ɶ ɶ
ℝΦ ΦB B Ag

I
  =  
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where gB = -gA. This property leads to the .MODE file needing to only contain the real (base) sector

degrees of freedom for each mode shape. Likewise, the stresses and strains for the expanded modes
on the .RST file only contain the results for the base elements (and not the duplicate elements).

14.15.3.4. Forcing

The forcing function is assumed to be time harmonic as well as spatially harmonic in the circumferential
direction. The force on any sector n can then be related to the force on the basic sector by only a phase
shift:

(14.239)F F en
i n{ } = { } −( )φ 1

where:

{F} = complex load vector on the basic sector

φ
π

=
2 C

N  = phase of excitation (inter-blade phase angle, IBPA) on sector n

C = engine order (EO) excitation (CYCFREQ)
N = number of sectors

Equation 14.239 (p. 742) defines the distribution of force over the blades using the blade numbering
convention shown in Figure 14.17: Forcing Sign and Numbering Convention (p. 743). With this convention,

blade 2 leads blade 1 by the inter-blade phase angle 
φ

π
=

2 C

N ; it is subjected to the force first and

blade 1 is subjected to the same force after a rotation of ϕ radians. The forcing wave travels in the dir-
ection shown in Figure 14.17: Forcing Sign and Numbering Convention (p. 743), which is a backward
traveling wave with respect to the rotation ΩR (OMEGA or CMOMEGA).
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Figure 14.17:  Forcing Sign and Numbering Convention

The right hand side of Equation 14.233 (p. 741) is Equation 14.234 (p. 741):

(14.240)f B I Fs
diag h

T T s{ } =  






 [ ] ⊗ [ ]( ){ }ɶ ɶΦ F

Equation 14.240 (p. 743) can be written as the sum of each sector, if only blade loads are considered:

(14.241)f B I Fs
diag h

T
n

T
n{ } =  







 [ ] ⊗ [ ]( ){ }∑ ɶ ɶΦ �

where:

[Fn] = the nth row of the Fourier matrix [F]
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While the engine order can take any integer value, a given engine order C will only excite a certain

harmonic index. This aliased engine order C
^

 is determined from the input engine order (the number

of preceding stators) as outlined in the following table:

Table 14.2:  Aliased Engine Order (Excited Harmonic Index)

Aliased Engine Order C
�Engine Order C

N OddN Even

CC ≤ (N - 1) / 2C ≤ N / 2

N - C2(N + 1) ≤ C ≤ NN / 2 < C ≤ N - 1

C - NN ≤ C ≤ (3N - 1) / 2N ≤ C ≤ 3N / 2

2N - C(3N +1) / 2 ≤ C ≤ 2N3N / 2 ≤ C ≤ 2N

………

This leads to the well-known zigzag diagram in Figure 14.18: Zigzag Diagram for an Even Number of
Sectors (p. 744). The positive slopes are forward traveling waves and the negative slopes are backward
traveling.

Figure 14.18:  Zigzag Diagram for an Even Number of Sectors

Due to the orthogonality of the engine order phasing with the sine and cosine terms of the Fourier

matrix [F], only the harmonic indices h = C
�

 of [Fn] are non-zero.

The sign of C
�

 is determined as follows:

1. If the aliased engine order is on a negative slope of Figure 14.18: Zigzag Diagram for an Even Number
of Sectors (p. 744), it is assigned a negative value.
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2. If the rotation is opposite that illustrated in Figure 14.17: Forcing Sign and Numbering Convention (p. 743),
in other words a negative ΩR in the cyclic coordinate system, the value from the first step is negated.

3. If the engine order was input as a negative value, the value after the second step is negated again.

This process ensures that the force is correctly applied to the blades via Equation 14.240 (p. 743), while
respecting the blade numbering, rotation direction, and the relationship between engine order and
nodal diameter.

Returning to the harmonic equation of motion, Equation 14.233 (p. 741), the force is assumed to be
harmonic and of the form:

(14.242)f es i t{ } Ω

The excitation frequency Ω, and the corresponding frequency sweep range Ω ± ∆Ω (HARFRQ) is typically
related to the rotor speed by:

(14.243)Ω Ω= C R

The maximum response will occur when this excitation frequency crosses a natural frequency of that
nodal diameter, for instance when CΩR = ωh.

14.15.3.5. Damping

Damping may be included in two forms:

• Global structural damping g (DMPSTR)

• Global Rayleigh damping α and β (ALPHAD and BETAD)

The damping matrix in cyclic modal coordinates is:

(14.244)ɶC g Is= +








 



+ [ ]β α

2

Ω
Λ

where [Λs] is the diagonal matrix of system frequencies. The frequency response equation of motion,
including damping, is:

(14.245)1 2 2−( ) 


+ 




+ [ ]( ) − [ ]






{ } = { }i g i I I a fs s s sΛ Ω Λ Ωβ α

14.15.3.6. Expansion to Output Quantities

Once the vector of modal coordinates {as} is obtained for a given excitation frequency Ω (Equa-
tion 14.245 (p. 745)), we can expand back to the physical solution quantities for the entire bladed disk.
The displacements of sector n are determined by:

(14.246)u I B an n diag h
s{ } = [ ]⊗ [ ]( )  ( ){ }F ɶ ɶΦ

Stresses and strains can be similarly evaluated by using the stress and strain mode shapes for 
ɶΦ h .
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14.15.4. Cyclic Symmetry Transformations

The cyclic symmetric solution sequences consist of three basic steps. The first step transforms applied
loads to cyclic symmetric components using finite Fourier theory and enforces cyclic symmetry constraint
equations (see Equation 14.225 (p. 738)) for each harmonic index (nodal diameter) (k = 0, 1, . . ., N/2).

Any applied load on the full 360° model is treated through a Fourier transformation process and applied
on to the cyclic sector. For each value of harmonic index, k, the procedure solves the corresponding
linear equation. The responses in each of the harmonic indices are calculated as separate load steps at
the solution stage. The responses are expanded via the Fourier expansion (Equation 14.226 (p. 739)).
They are then combined to get the complete response of the full structure in postprocessing.

The Fourier transformation from physical components, X, to the different harmonic index components,

X , is given by the following:

Harmonic Index, k = 0 (symmetric mode):

(14.247)X
N

Xk n
n

N

=
=

= ∑0
1

1

Harmonic Index, 0 < k < N/2 (degenerate mode)

Basic sector:

(14.248)( ) cos( )X
N

X n kk A n
n

N
= −

=
∑

2
1

1
α

Duplicate sector:

(14.249)( ) sin( )X
N

X n kk B n
n

N
= −

=
∑

2
1

1
α

For N even only, Harmonic Index, k = N/2 (antisymmetric mode):

(14.250)X
N

Xk N
n

n

N

n=
−

=
= −∑/

( )( )2
1

1

1
1

where:

X = any physical component, such as displacements, forces, pressure loads, temperatures, and
inertial loads

X  = cyclic symmetric component

The transformation to physical components, X, from the cyclic symmetry, X , components is recovered
by the following equation:

(14.251)X X X n k X n k Xn k
k

K

kA kB
n

k N= + − + − + −=
=

−
=∑0

1

1
21 1 1[ cos( ) sin( ) ] ( ) /α α

The last term 
( ) /− −

=1 1
2

n
k NX

 exists only for N even.
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14.16. Mass Related Information

The mass related information (mass, center of mass, and mass moments of inertia) is printed out in a
mass summary for all analyses that include mass.

Depending on the model, mass related information is calculated using one of two different methods.
If the model is three-dimensional, a precise computation is performed, as detailed in Precise Calculation
of Mass Related Information (p. 747). For all other cases, a lumped calculation is performed, as described
in Lumped Calculation of Mass Related Information (p. 749) along with its limitations.

The mass summary by element type is always based on the basic calculation.

14.16.1. Precise Calculation of Mass Related Information

The total rigid body mass properties with respect to the origin is given by:

(14.252)M D M Drig i
t

i i
i

N
  = [ ] [ ][ ]∑

=1

where:

[Mrig] is the total rigid body mass properties of the model.

N is the number of elements.

[Di] is a matrix containing the six rigid body motion vectors of the ith element. See Equa-

tion 15.145 (p. 801) for more information about these vectors.

[Mi] is the mass matrix of the ith element.

The total rigid body mass matrix can be partitioned as follows:

(14.253)M
M M

M Mrig
t tr

rt r





 =

   
  [ ]












where:

[Mt] is the translational mass matrix.

[Mtr] and [Mrt] are the coupled translational/rotational mass matrices.

[Mr] is the rotational mass matrix and contains the mass moments of inertia.

The translational mass principal characteristics are obtained from the eigensolution of matrix [Mt]. The

eigenvalues are the principal masses and the eigenvectors are the mass principal directions:

(14.254)

M

M

M

M
X

Y

Z

t
t

0 0

0 0

0 0
















= [ ]  [ ]Φ Φ

where:

MX, MY, and MZ are the principal masses.

[Φ] is the matrix of the translational mass eigenvectors representing the mass principal directions.

If the principal masses are not equal, the center of mass location with respect to the principal axes is
not unique. These locations are computed as:
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(14.255)cdm
M

M

M

M

M

MX
tr

X

tr

X

tr

X
=

( ) − ( ) ( )









11 1 3 1 2,
,

,
,

,
^ ^ ^

(14.256)cdm
M

M

M

M

M

MY
tr

Y

tr

Y

tr

Y
=

( ) ( ) − ( )









2 3 2 2 2 1,
,

,
,

,
� � �

(14.257)cdm
M

M

M

M

M

MZ
tr

Z

tr

Z

tr

Z
=

− ( ) ( ) ( )









3 2 3 1 3 3,
,

,
,

,
� � �

where:

cdmX, cdmY, and cdmZ are the center of mass locations with respect to the mass principal axes.

M Mtr
t

tr  = [ ]  [ ]Φ Φ
�

If the principal masses are equal, the center of mass location is unique:

(14.258)cdm
M

M

M

M

M

M
tr tr tr=
( ) − ( ) ( )









2 3 1 3 1 2,
,

,
,

,
� � �

where:

M = MX = MY = MZ is the mass of the model.

The mass moments of inertia with respect to the mass principal axes are calculated as:

(14.259)[ ]

, ( ) ( ) , ( ) ( )

I

M M cdm M cdm M M cdm cdmr Y Y Z Z r Z Z Z

=

( ) − − − ( ) −11 3 2 1 2 1 22 2 −− ( ) −
( ) − − −

M M cdm cdm

M M cdm M cdm M

r Y Y Y

r Z Z X X r

1 3 1 3

2 2 1 32 2

, ( ) ( )

, ( ) ( ) 22 3 2 3

3 3 22 2

, ( ) ( )

, ( )

( ) −
( ) − −

M cdm cdm

symmetric M M cdm M cdm

X X X

r X X Y Y (( )1



















�

�

�

�

� �

�

where:

M Mr
t

r[ ] = [ ] [ ][ ]Φ Φ
�

The inertia principal characteristics are obtained from the eigensolution of matrix 
I[ ]� . The eigenvalues

are the principal moments of inertia and the eigenvectors are the moment of inertia principal directions.

This precise mass calculation is not used for:

• 1-D and 2-D models

• Axiharmonic models. Note that the precise mass summary is used for generalized axiharmonic models.

• Models where UX, UY, and UZ degrees of freedom are not present at all element nodes

• Cyclic symmetry models

• Models with acoustic fluid elements (FLUID29, FLUID30, FLUID220, or FLUID221)

Release 15.0 - © SAS IP, Inc. All rights reserved. - Contains proprietary and confidential information
of ANSYS, Inc. and its subsidiaries and affiliates.748

Analysis Tools



These cases use the lumped approximation outlined in Lumped Calculation of Mass Related Informa-
tion (p. 749).

14.16.2. Lumped Calculation of Mass Related Information

The computation of the mass moments and products of inertia, as well as the model center of mass, is
described in this section. This approach assumes that the mass is lumped at the center of each element.
The model center of mass is computed as:

(14.260)X
A

Mc
x=

(14.261)Y
A

Mc
y=

(14.262)Z
A

Mc
z=

where typical terms are:

Xc = X coordinate of model center of mass (output as XC)

A m Xx i i
i

N
=

=
∑

1

m i = =mass of element i

function of real constants, if applicaable

or

Viρ









ρ = element density, based on average element temperature
Vi = volume of element i

X N Xi o
T

i= =X coordinate of the centroid of element i { } { }

{No} = vector of element shape functions, evaluated at the origin of the element coordinate

system
{Xi} = global X coordinates of the nodes of element i

M mi
i

N
= =

=
∑

1
mass of model (output as TOTAL MASS)

The moments and products of inertia with respect to the origin are:

(14.263)I m Y Zxx i i i
i

N
= +

=
∑ (( ) ( ) )2 2

1

(14.264)I m X Zyy i i i
i

N
= +

=
∑ (( ) ( ) )2 2

1

(14.265)I m X Yzz i i i
i

N
= +
=
∑ (( ) ( ) )2 2

1

(14.266)I m X Yxy i i i
i

N
= −

=
∑ (( )( ))

1
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(14.267)I m Y Zyz i i i
i

N
= −

=
∑ (( )( ))

1

(14.268)I m X Zxz i i i
i

N
= −

=
∑ (( )( ))

1

where typical terms are:

Ixx = mass moment of inertia about the X axis through the model center of mass (output as

IXX)
Ixy = mass product of inertia with respect to the X and Y axes through the model center of

mass (output as IXY)

Equation 14.263 (p. 749) and Equation 14.265 (p. 749) are adjusted for axisymmetric elements.

The moments and products of inertia with respect to the model center of mass (the components of
the inertia tensor) are:

(14.269)I I M Y Zxx xx c c
′ = − +(( ) ( ) )2 2

(14.270)I I M X Zyy yy c c
′ = − +(( ) ( ) )2 2

(14.271)I I M X Yzz zz c c
′ = − +(( ) ( ) )2 2

(14.272)I I MX Yxy xy c c
′ = +

(14.273)I I MY Zyz yz c c
′ = +

(14.274)I I MX Zxz xz c c
′ = +

where typical terms are:

Ixx
′

 = mass moment of inertia about the X axis through the model center of mass (output as
IXX)

Ixy
′

 = mass product of inertia with respect to the X and Y axes through the model center of
mass (output as IXY)

14.16.2.1. Accuracy of the Lumped Calculation

The above mass calculations are not intended to be precise for all situations, but rather have been
programmed for speed. It may be seen from the above development that only the mass (mi) and the

center of mass (Xi, Yi, and Zi) of each element are included. Effects that are not considered are:

1. The mass being different in different directions.

2. The presence of rotational inertia terms.

3. The mixture of axisymmetric elements with non-axisymmetric elements (can cause negative moments
of inertia).

4. Tapered thicknesses.

Release 15.0 - © SAS IP, Inc. All rights reserved. - Contains proprietary and confidential information
of ANSYS, Inc. and its subsidiaries and affiliates.750

Analysis Tools



5. Offsets used with beams and shells.

6. Trapezoidal-shaped elements.

7. The generalized plane strain option of PLANE182 - 2-D 4-Node Structural Solid (p. 588) and PLANE183 -
2-D 8-Node Structural Solid (p. 589). (When these are present, the center of mass and moment calculations
are completely bypassed.)

Thus, if these effects are important, a separate analysis can be performed using inertia relief to find
more precise center of mass and moments of inertia (using IRLF,-1). Inertia relief logic uses the element
mass matrices directly; however, its center of mass calculations also do not include the effects of offsets.

It should be emphasized that the computations for displacements, stresses, reactions, etc. are correct
with none of the above approximations.

14.16.2.2. Effect of KSUM, LSUM, ASUM, and VSUM Commands

The center of mass and mass moment of inertia calculations for keypoints, lines, areas, and volumes
(accessed by KSUM, LSUM, ASUM, VSUM, and *GET commands) use equations similar to Equa-
tion 14.260 (p. 749) through Equation 14.274 (p. 750) with the following changes:

1. Only selected solid model entities are included.

2. Lines, areas, and volumes are approximated by numerically integrating to account for rotary inertias.

3. Keypoints are assumed to be unit masses without rotary inertia.

4. Lines are assumed to have unit mass per unit length.

5. Each area uses the thickness as:

(14.275)t

first real constant in the table assigned to the

area (by
=

  the  or  command)

1.0 if there is no such assign

AATT AMESH

mment or real constant table











where:

t = thickness

6. Each area or volume is assumed to have density as:

(14.276)ρ =

input density (DENS for the material assigned to the areaa

or volume (by the  or  command)

1.0 i

����/V��� �����/V����

ff there is no such assignment or material property











where:

ρ = density

Composite material elements presume the element material number (defined with the MAT command).
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14.17. Energies

Energies are available in the solution printout (by setting Item = VENG on the OUTPR command) or in
postprocessing (by choosing items SENE, TENE, KENE, and AENE on the ETABLE command or using the
PRENERGY command). For each element,

(14.277)

E
vol E E

e
po

T el
i

i

NINT

e
pl

s
=

+ +
=
∑

1

2 1
{ } { }σ ε

if element allows only

ddisplacement and rotational

degree of freedom (DOF),

either  is nonlinear or uses

integration points, and is not

a p-eleement

all other cases

 

1

2
{ } ([ ] [ ]){ }u K S ue

T
e e e+



















=
ppotential energy (includes strain energy) 

(accessed with SSENE or TENE on  command)
 

ETABLE

(14.278)

E u M ue
ki

e
T

e e=

=

1

2
{ } [ ]{ }ɺ ɺ

kinematic energy (accessed with KENEE on  

(computed only for transient and mo

 command) 

ddal analyses)

(14.279)

E Qe
art t

j

NCS

=

=

=
∫

1

21

{ } [ ]{ }γ γ

artificial energy associated withh hourglass control 

 command

(accessed with AENE on 

������ )) (SOLID45, SOLID182, SOLID185, SHELL181 only)

where:

NINT = number of integration points
{σ} = stress vector

{εel} = elastic strain vector
voli = volume of integration point i

Ee
pl

 = plastic strain energy
Es = stress stiffening energy

=
1

2
{ } [ ]{ }u S ue

T
e e if [S ] is available and ,OFF usede

0.

N�G�OM

00 all other cases








[Ke] = element stiffness/conductivity matrix

[Se] = element stress stiffness matrix

{u} = element DOF vector

{ }ɺu  = time derivative of element DOF vector
[Me] = element mass matrix

NCS = total number of converged substeps
{γ} = hourglass strain energy defined in Flanagan and Belytschko([242] (p. 934)) due to one point
integrations.
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[Q] = hourglass control stiffness defined in Flanagan and Belytschko([242] (p. 934)).

As may be seen from the bottom part of Equation 14.277 (p. 752) as well as Equation 14.278 (p. 752), all
types of DOFs are combined, e.g., SOLID5 using both UX, UY, UZ, TEMP, VOLT, and MAG DOF. An excep-
tion to this is the piezoelectric elements, described in Piezoelectrics (p. 313), which do report energies
by separate types of DOFs in the NMISC record of element results. See Eigenvalue and Eigenvector Ex-
traction (p. 726) when complex frequencies are used. Also, if the bottom part of Equation 14.277 (p. 752)
is used, any nonlinearities are ignored. Elements with other incomplete aspects with respect to energy
are reported in Table 14.3: Exceptions for Element Energies (p. 753).

Artificial energy has no physical meaning. It is used to control the hourglass mode introduced by reduced
integration. The rule-of-thumb to check if the element is stable or not due to the use of reduced integ-

ration is if 

AENE

SENE  < 5% is true. When this inequality is true, the element using reduced integration is
considered stable (i.e., functions the same way as fully integrated element).

Element type limitations for energy computation are given in Table 14.3: Exceptions for Element Ener-
gies (p. 753).

Table 14.3:  Exceptions for Element Energies

ExceptionElement

No potential energyFLUID29

No potential energyFLUID30

No potential energyLINK31

No potential energyLINK34

No potential energyCOMBIN39

Foundation stiffness effects not includedSHELL41

Thermal effects not includedSHELL61

1. Warping implies for example that temperatures T1 + T3 ≠ T2 + T4, i.e., some thermal strain is locked in.

14.18. Reduced-Order Modeling for State-Space Matrices Export

The n second order modal equations (Equation 14.118 (p. 700)) are transformed into 2n first order
equations, where n is input as NMODE on the SPMWRITE command, using the following coordinate
transformation:

(14.280){ }z
y

y
=






ɺ

The equation becomes:

(14.281){ } [ ]{ } [ ]{ }ɺz A z B F= +

[A] is a (2n x 2n) state-space matrix defined by:
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(14.282)
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...
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[ ]
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...
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0

0 0 2
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ζ ω
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Where ωj is the frequency of mode j, ξj is the effective modal damping of mode j (see Modal Damp-

ing (p. 701)), and {F} is the vector of input forces:

(14.283){ }

( )

...

( )

F

F t

F tninput

=

















1

Where ninput is the number of scalar input forces derived from Inputs on the SPMWRITE command.

[B] is a (2n x ninput) state-space matrix defined by:

(14.284)[ ]B =










0

3Γ

With

(14.285)[ ] [ ] [ ]Γ Φ Τ
3 = Fu

Where [Φ] is the matrix of eigenvectors and [Fu] is a unit force matrix with size (ndof x ninput). It has

1 at the degrees of freedom where input forces are active and 0 elsewhere.

Now that the states {z} have been expressed as a function of the input loads, the equation for the degrees
of freedom observed (outputs w) is written as:

(14.286)

w

w

w

C z D Fɺ

ɺɺ
















= +[ ]{ } [ ]{ }

[C] is a (3*noutput x 2*n) state-space matrix, where noutput is derived from Outputs on the SPMWRITE

command, and is defined by:

(14.287)[ ]C =

















Γ

Γ Γ

Γ

Γ Γ

4

4 1

4

4 2

0

0
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with

(14.288)[ ] [ ][ ]Γ Φ4 = Uu

[Uu] is a unit displacement matrix with size (noutput x ndof ). It has 1 on degrees of freedom where

output is requested and 0 elsewhere.

[D] is a (3*noutput x ninput) state-space matrix defined by:

(14.289)[ ]D =

















0

0

4 3Γ Γ

ɺw  and ɺɺw  are included only if VelAccKey = ON on the SPMWRITE command, otherwise the last two
rows of [C] are not written and [D] is zero so it is not written.

14.19. Enforced Motion in Structural Analysis

In structural analysis, enforced motion is a common excitation. Examples of this behavior include the
response of a building to an earthquake, the vibration of a device carried by a vehicle, etc.

The equations of motion in terms of absolute displacements can be expressed by:

(14.290)M u C u K u Fa[ ]{ } + [ ]{ } + [ ]{ } = { }ɺɺ ɺ

where:

M[ ]  = structural mass matrix

C[ ]  = structural damping matrix

K[ ]  = structural stiffness matrix

ɺɺu{ }  = nodal acceleration vector

ɺu{ }  = nodal velocity vector

u{ }  = nodal displacement vector

Fa{ }  = applied load vector

Partition the degrees of freedom into two sets:

(14.291)u
u

u
{ } = { }

{ }












1

2

where:
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u1{ }  = displacements remaining free

u2{ }  = displacements with enforced motion

Assuming that the only excitation source is the enforced motion, the load vector applied on degree of
freedom {u1} is zero. Equation 14.290 (p. 755) can be expanded to:

(14.292)
M M

M M

u

u

C C11 12

21 22

1

2

11 12[ ] [ ]
[ ] [ ]









{ }
{ }











+
[ ] [ɺɺ

ɺɺ

]]
[ ] [ ]









{ }
{ }
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[ ] [ ]
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K K21 22

1
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21 22
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{ }
{ }











=

{ }
{ }












u

u F
1

2 2

0

Where {F2} = the reaction force between the structure and its supports.

14.19.1. Full Method for Transient and Harmonic Analyses

In transient and harmonic analyses using the full method, the upper part of Equation 14.292 (p. 756) is
rearranged and solved as:

(14.293)M u C u K u M u C u K11 1 11 1 11 1 12 2 12 2[ ]{ } + [ ]{ } + [ ]{ } = −[ ]{ } − [ ]{ } −ɺɺ ɺ ɺɺ ɺ 112 2[ ]{ }u

where

ɺɺu2{ }  is the enforced acceleration. In a full transient analysis, it is input with the D command

and Lab = ACCX, ACCY, ACCZ, DMGX, DMGY, or DMGZ (not supported in harmonic).

ɺu2{ }  is the enforced velocity. In a full transient analysis, it is input with the D command and

Lab = VELX, VELY, VELZ, OMGX, OMGY, or OMGZ (not supported in harmonic).

u2{ }  is the enforced displacement. In full transient and harmonic analyses, it is input with the

D command and Lab = UX, UY, UZ, ROTX, ROTY, or ROTZ.

The solution of Equation 14.293 (p. 756) is the absolute displacement vector u1{ } .

14.19.2. Enforced Motion Method for Transient and Harmonic Analyses

The nodal displacement due to enforced motion can be separated into the quasi-static response and
the dynamic response, also called relative motion (see Paultre [421] (p. 944)):

(14.294)u
u

u

u

u

yqs

{ } = { }
{ }











=

{ }
{ }












+

{ }
{ }








1

2

1

2
0 

where:

{y} is the dynamic response, representing the relative motion of the structure with respect to the base
motion.

uqs
1{ }  is the quasi-static response.

By introducing Equation 14.294 (p. 756) into Equation 14.292 (p. 756), and neglecting time-derivative
terms, the following equation is obtained:
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(14.295)
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K K

u

u F

qs
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1
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0[ ] [ ]
[ ] [ ]












{ }
{ }












=

{ }
{ }












From the upper part of Equation 14.295 (p. 757),
uqs

1{ }  is derived as:

(14.296)u K K uqs
1 11

1
12 2{ } = −[ ] [ ]{ }−

The absolute displacement can be written as:

(14.297)u u y K K u yqs
1 1 11

1
12 2{ } = { } + { } = −[ ] [ ]{ } + { }−

Substituting Equation 14.296 (p. 757) and Equation 14.297 (p. 757) into Equation 14.293 (p. 756) gives:

(14.298)M y C y K y M K K M u11 11 11 11 11
1

12 12[ ]{ } + [ ]{ } + [ ]{ } = [ ][ ] [ ] − [ ]( )−
ɺɺ ɺ ɺɺ22 11 11

1
12 12 2{ } + [ ][ ] [ ] − [ ]( ){ }−

C K K C uɺ

Neglecting the enforced velocity term on the right hand side, the equation reduces to:

(14.299)M y C y K y M K K M u11 11 11 11 11
1

12 12[ ]{ } + [ ]{ } + [ ]{ } = [ ][ ] [ ] − [ ]( )−
ɺɺ ɺ ɺɺ22{ }

This equation is exact in the case of stiffness-based proportional damping (BETAD) and results will
match those obtained with a full method using Equation 14.293 (p. 756). It is approximate for all other
cases of damping.

14.19.2.1. Structure Subjected to Differential Support Motion

When a structure is subjected to excitations from different supports and/or along different axes, Equa-
tion 14.299 (p. 757) can be solved using the mode superposition method. In that case, the degrees of

freedom u2{ }  are first fixed for the modal analysis. The natural frequencies and mode shapes of the

conservative system without damping, derived from Equation 14.299 (p. 757) are used to obtain the
uncoupled equations, as explained in Mode Superposition Method (p. 698) in this guide.

If different supports are excited, the vector of displacements u2{ }  from enforced motion and the asso-

ciated accelerations ɺɺu2{ }  are composed of subsets with degrees of freedom corresponding to the dif-

ferent supports. Each subset, also called base, is identified using the Value argument on the D command
during the modal analysis, and for all the degrees of freedom of a subset, the common value of enforced

displacement u
s

2{ }  or enforced acceleration 
ɺɺu

s
2{ }  is input using the DVAL command in the mode

superposition transient and harmonic analyses.

In a harmonic analysis, depending on whether displacements or accelerations are input with the DVAL

command, the following relationship is used internally:

ɺɺu u
s s

2
2

2{ } = − { }Ω

where Ω is the current forced circular frequency.
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This equation defines the acceleration of supports in Equation 14.299 (p. 757) when displacements are
specified and defines displacements of supports in Equation 14.296 (p. 757) when accelerations are
specified.

In a transient analysis, the Newmark time integration method described in Transient Analysis (p. 763) is
internally used to calculate the enforced displacements when enforced accelerations are specified.
Conversely, the same method is used to calculate the enforced accelerations when enforced displace-
ments are specified.

When KeyCal is ON in the DVAL command, the final displacement vector u1{ }  is calculated with

Equation 14.294 (p. 756) and displacements are absolute.

When KeyCal is OFF in the DVAL command, the final displacement vector is {y} and displacements
are relative.

If excitations act in different directions and/or intensity, stresses from the quasi-static solution are not
zero. Therefore, stresses obtained with KeyCal set to ON are different from those obtained with
KeyCal set to OFF.

For more information, see Enforced Motion Method for Mode-Superposition Transient and Harmonic
Analyses in the Structural Analysis Guide.

14.19.2.2. Structure Subjected to Global Support Acceleration

When a structure is subjected to global motion of a rigid support (see Geradin and Rixen [368] (p. 941)),
reaction force vector {F2} is zero and the quasi-static response defined in Equation 14.296 (p. 757) can

be rewritten as:

(14.300)u K K u r uqs
1 11

1
12 2 1 2{ } = −[ ] [ ]{ } = [ ]{ }−

where:

[r1] represents the rigid-body modes of the part of the structure remaining free

u2{ }  = the support motion, the acceleration of which is:

(14.301)ɺɺu I2{ } = {}γ

where:

γ = the global acceleration of the support, input on the ACEL command.

In this case, the coupled mass between the free and constrained degrees of freedom ([M12]) is ignored

in Equation 14.299 (p. 757) to obtain:

(14.302)M y C y K y M r I11 11 11 11 1[ ]{ } + [ ]{ } + [ ]{ } = −[ ][ ]{}ɺɺ ɺ γ

To solve Equation 14.302 (p. 758), degrees of freedom u2{ }  must be fixed and the full method transient

and harmonic analyses are used. The solution is the relative displacement vector {y}.

As stresses of the quasi-static solution are zero, the stresses obtained with a full method working with
absolute displacements (D) or relative displacements (ACEL) are identical.
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14.19.3. Large Mass Method

The large mass method is an approximate technique that treats the response to acceleration excitation
as a response to external forces.

Assuming that the masses associated with subsystem are augmented so that [M22 ] becomes

[ ]argM Ml e
22 22+ , then Equation 14.292 (p. 756) becomes:

(14.303)

M M

M M M

u

ul e

11 12

21 22 22

1

2

[ ] [ ]
[ ] +


















{ }
{ }







arg

ɺɺ

ɺɺ




+
[ ] [ ]
[ ] [ ]









{ }
{ }











+

[ ]C C

C C

u

u

K K11 12

21 22

1

2

11ɺ

ɺ

112

21 22

1

2 2

0[ ]
[ ] [ ]









{ }
{ }











=

{ }
{ }










K K

u

u F

Solve the equations of u2{ } :

(14.304)ɺɺ ɺu M M F K u K u C ul e
2 22 22

1

2 22 2 21 1 22 2{ } = +



 { } − [ ]{ } − [ ]{ } − [ ]
−arg {{ } − [ ]{ } − [ ]{ }{ }C u M u21 1 21 1ɺ ɺɺ

Define 
M M Ml e  = +





−

22 22

1arg

 and substitute Equation 14.304 (p. 759) into the upper part of Equa-

tion 14.303 (p. 759) to get:

(14.305)M M M M u C M M C u11 12 21 1 11 12 21 1[ ] − [ ]   [ ]( ){ } + [ ] − [ ]   [ ]( ){ }ɺɺ ɺ ++ [ ] − [ ]   [ ]( ){ } = { }K M M K u F11 12 21 1

where:

(14.306)F K u C u M M F K u C u{ } = −[ ]{ } − [ ]{ } − [ ]   { } − [ ]{ } − [ ]12 2 12 2 12 2 22 2 22ɺ ɺ22{ }( )

If 
Ml e

22
arg



  is large enough, M   tends to zero, and the following approximation is verified:

(14.307)F M M u M ul e l e
2 22 22 2 22 2[ ] = +



{ } ≈ 



{ }arg argɺɺ ɺɺ

Equation 14.305 (p. 759) will be in the same form as Equation 14.293 (p. 756), and Equation 14.303 (p. 759)
is equivalent to Equation 14.292 (p. 756).

A ratio of the large mass to the mass of the entire structure in the range of 104 to 108 keeps the mod-
eling error small (see Léger et al. [422] (p. 944))

Large lumped masses can be implemented by using element type MASS21.

The solution of Equation 14.305 (p. 759) is the absolute displacement vector u1{ } .
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Chapter 15: Analysis Procedures

This chapter presents the theoretical basis of the various analysis procedures. The derivation of the in-
dividual element matrices and load vectors is discussed in Derivation of Structural Matrices (p. 12),
Derivation of Electromagnetic Matrices (p. 193), Derivation of Heat Flow Matrices (p. 235), and Derivation
of Acoustic Matrices (p. 256).

In the matrix displacement method of analysis based upon finite element idealization, the structure
being analyzed must be approximated as an assembly of discrete regions (called elements) connected
at a finite number of points (called nodes). If the “force-displacement” relationship for each of these
discrete structural elements is known (the element “stiffness” matrix) then the “force-displacement rela-
tionship” for the entire “structure” can be assembled using standard matrix methods. These methods
are well documented (see, for example, Zienkiewicz([39] (p. 922))) and are also discussed in Analysis
Tools (p. 665). Thermal, fluid flow, and electromagnetic analyses are done on an analogous basis by re-
placing the above words in quotes with the appropriate terms. However, the terms displacement, force,
and stiffness are used frequently throughout this chapter, even though it is understood that the concepts
apply to all valid effects also.

All analysis types for iterative or transient problems automatically reuse the element matrices or the
overall structural matrix whenever it is applicable. See Reuse of Matrices (p. 392) for more details.

Analysis procedure information is available for the following analysis types:
15.1. Static Analysis
15.2.Transient Analysis
15.3. Mode-Frequency Analysis
15.4. Harmonic Analysis
15.5. Buckling Analysis
15.6. Substructuring Analysis
15.7. Spectrum Analysis
15.8. Linear Perturbation Analysis

15.1. Static Analysis

The following static analysis topics are available:
15.1.1. Assumptions and Restrictions
15.1.2. Description of Structural Systems
15.1.3. Description of Thermal, Magnetic and Other First Order Systems

15.1.1. Assumptions and Restrictions

The static analysis (ANTYPE,STATIC) solution method is valid for all degrees of freedom (DOFs). Inertial
and damping effects are ignored, except for static acceleration fields.

15.1.2. Description of Structural Systems

The overall equilibrium equations for linear structural static analysis are:
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(15.1)[ ]{ } { }K u F=

or

(15.2)[ ]{ } { } { }K u F Fa r= +

where:

[ ] [ ]K Ke
m

N
= =

=
∑total stiffness matrix

1

{u} = nodal displacement vector
N = number of elements
[Ke] = element stiffness matrix (described in Element Library (p. 411)) (may include the element

stress stiffness matrix (described in Stress Stiffening (p. 41)))

{Fr} = reaction load vector

{Fa}, the total applied load vector, is defined by:

(15.3){ } { } { } ({ } { })F F F F Fa nd ac
e
th

m

N

e
pr= + + +

=
∑

1

where:

{Fnd} = applied nodal load vector

{Fac} = - [M] {ac} = acceleration load vector

[ ] [ ]M Me
m

N

= =
=
∑total mass matrix

1

[Me] = element mass matrix (described in Derivation of Structural Matrices (p. 12))

{ac} = total acceleration vector (defined in Acceleration Effect (p. 665))

{ }Fe
th

 = element thermal load vector (described in Derivation of Structural Matrices (p. 12))

{ }Fe
pr

 = element pressure load vector (described in Derivation of Structural Matrices (p. 12))

To illustrate the load vectors in Equation 15.2 (p. 762), consider a one element column model, loaded
only by its own weight, as shown in Figure 15.1: Applied and Reaction Load Vectors (p. 763). Note that
the lower applied gravity load is applied directly to the imposed displacement, and therefore causes
no strain; nevertheless, it contributes to the reaction load vector just as much as the upper applied
gravity load. Also, if the stiffness for a certain DOF is zero, any applied loads on that DOF are ignored.
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Figure 15.1:  Applied and Reaction Load Vectors

{F  }a

{F  }r

Solving for Unknowns and Reactions (p. 690) discusses the solution of Equation 15.2 (p. 762) and the
computation of the reaction loads. Newton-Raphson Procedure (p. 711) describes the global equation
for a nonlinear analysis. Inertia relief is discussed in Inertia Relief (p. 669).

15.1.3. Description of Thermal, Magnetic and Other First Order Systems

The overall equations for linear 1st order systems are the same as for a linear structural static analysis,
Equation 15.1 (p. 762) and Equation 15.2 (p. 762). [K], though, is the total coefficient matrix (e.g., the

conductivity matrix in a thermal analysis) and {u} is the nodal DOF values. {Fa}, the total applied load
vector, is defined by:

(15.4){ } { } { }Q Q Qa nd
e

m

N
= +

=
∑

1

Table 15.1: Nomenclature (p. 763) relates the nomenclature used in Derivation of Heat Flow Matrices (p. 235)
and Derivation of Electromagnetic Matrices (p. 193) for thermal, magnetic and electrical analyses to
Equation 15.2 (p. 762) and Equation 15.4 (p. 763). See Table 10.3: Nomenclature of Coefficient
Matrices (p. 306) for a more detailed nomenclature description.

Table 15.1:  Nomenclature

{Fe}{Fnd}{u}

{ } { } { }Q Q Qe e
g

e
c+ +  heat flux

heat generation convection

{Qnd} heat flow{T} temperatureThermal

{Fe} coercive force{Fnd} flux{φ} scalar potentialScalar Magnetic

{Fe} current density and co-
ercive force

{Fnd} current
segment

{A} vector potentialVector Magnetic

-{Ind} current{V} voltageElectrical

Solving for Unknowns and Reactions (p. 690) discusses the solution of Equation 15.2 (p. 762) and Newton-
Raphson Procedure (p. 711) describes the global equation for a nonlinear analysis.

15.2. Transient Analysis

The following transient analysis topics are available:
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15.2.1. Assumptions and Restrictions
15.2.2. Description of Structural and Other Second Order Systems
15.2.3. Description of Thermal, Magnetic and Other First Order Systems

The transient analysis solution method (ANTYPE,TRANS) used depends on the DOFs involved. Structural,
acoustic, and other second order systems (that is, the systems are second order in time) are solved using
one method and the thermal, magnetic, electrical and other first order systems are solved using another.
Each method is described subsequently. If the analysis contains both first and second order DOFs (e.g.,
structural and magnetic), then each DOF is solved using the appropriate method. For matrix coupling
between first and second order effects such as for piezoelectric analysis, a combined procedure is used.

15.2.1. Assumptions and Restrictions

1. Initial conditions are known.

2. Gyroscopic or Coriolis effects are included in a structural analysis when requested (using the CORIOLIS

command).

15.2.2. Description of Structural and Other Second Order Systems

For most structural dynamics problems of a mechanical system, the spatial discretization for the principle
of virtual work using the finite element method gives the finite element semi-discrete equation of motion
as follows:

(15.5)[ ]{ ( )} [ ]{ ( )} { ( )} { ( )}M u t C u t F t F ti aɺɺ ɺ+ + =

where:

[M] = structural mass matrix
[C] = structural damping matrix

{ ɺɺu (t)} = nodal acceleration vector

{ ɺu (t)} = nodal velocity vector
{u(t)} = nodal displacement vector

{Fi(t)} = internal load vector

{Fa(t)} = applied load vector

Three methods are available for solving Equation 15.5 (p. 764):

• Central difference time integration method -- Used for explicit transient analyses only and described in the
LS-DYNA Theoretical Manual([199] (p. 932)).

• Newmark time integration method -- Used for implicit transient analyses as described below. This method
is requested by setting TINTOPT = NMK (which is the default) on the TRNOPT command.

• HHT time integration method -- Used also for implicit transient analyses as described below. This method
is an extension of the Newmark time integration method and is requested by setting TINTOPT = HHT
on the TRNOPT command.

The structural dynamics problems concerned with the mechanical behavior governed by the above
differential equation can be classified into two classes; that is, linear and nonlinear problems.
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15.2.2.1. Time Integration Scheme for Linear Systems

In linear structural dynamics systems, the internal load is linearly proportional to the nodal displacement,
and the structural stiffness matrix remains constant. Therefore, Equation 15.5 (p. 764) can be rewritten
as:

(15.6)[ ]{ ( )} [ ]{ ( )} [ ]{ ( )} { ( )}M u t C u t K u t F taɺɺ ɺ+ + =

where:

[K] = structural stiffness matrix

Among direct time integration methods for numerically solving the finite element semi-discrete equation
of motion given in Equation 15.6 (p. 765), several methods such as the Newmark method (New-
mark([405] (p. 943))) and the generalized-α method (Chung and Hulbert([351] (p. 940))) are incorporated
in the program. As the , ill generalized-α method recovers the Wood-Bosak-Zienkiewicz method (also
called WBZ-α method) (Wood et al.([353] (p. 940))), the Hilber-Hughes-Taylor method (also called HHT-
α method) (Hilber et al.([352] (p. 940))), and the Newmark family of time integration algorithms, the
program allows a user to take advantage of any of the these methods.

Newmark Method

The Newmark family of time integration algorithms (Newmark([405] (p. 943))) is one of the most popular
time integration methods as a single step algorithm. The semi-discrete equation of motion given in
Equation 15.6 (p. 765) can be rewritten as (Hughes([165] (p. 930))):

(15.7)[ ]{ } [ ]{ } [ ]{ } { }M u C u K u Fn n n n
aɺɺ ɺ+ + + ++ + =1 1 1 1

where:

{ ɺɺu n+1} = the nodal acceleration vector { ɺɺu (tn+1)} at time tn+1

{ ɺu n+1} = the nodal velocity vector { ɺu (tn+1)} at time tn+1

{un+1} = the nodal displacement vector {u(tn+1)} at time tn+1

{ }n
aF +1  = the applied load 

{ ( )}n
a

nF t+ +1 1  at time tn+1

In addition to Equation 15.7 (p. 765), the Newmark family of time integration algorithms requires the
displacement and velocity to be updated as follows:

(15.8){ } { } ( ){ } { }ɺ ɺ ɺɺ ɺɺu u u u tn n n n+ += + − +[ ]1 11 δ δ ∆

(15.9){ } { } { } { } { }u u u t u u tn n n n n+ += + + −








 +









1 1

21

2
ɺ ɺɺ ɺɺ∆ ∆α α

where:

α, δ = Newmark’s integration parameters

{ ɺɺu n} = nodal acceleration vector { ɺɺu (tn)} at time tn

{ ɺu n} = nodal velocity vector { ɺu (tn)} at time tn

{un} = nodal displacement vector {u(tn)} at time tn
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Thus, the Newmark family of time integration algorithms can be determined by the Newmark integration
parameters. In the end, the Newmark integration scheme consists of the three finite difference equations

presented in Equation 15.7 (p. 765) through Equation 15.9 (p. 765), and the three unknowns { ɺɺu n+1}, { ɺu n+1},

and {un+1} can be numerically calculated by the three algebraic equations along with the three known

quantities { ɺɺu n}, { ɺu n}, and {un}.

By making use of the three algebraic equations given in Equation 15.7 (p. 765) through Equa-
tion 15.9 (p. 765), a single-step time integrator in terms of the unknown {un+1} and the three known

quantities can be written as:

(15.10)
( [ ] [ ] [ ]){ } { }

[ ]( { } { } {

a M a C K u F

M a u a u a u

n n
a

n n n

0 1 1 1

0 2 3

+ + = +

+ +
+ +

ɺ ɺɺ }}) [ ]( { } { } { })+ + +C a u a u a un n n1 4 5ɺ ɺɺ

where:

a
t1 =

δ
α∆

a
t

0 2

1
=
α∆

a3
1

2
1= −

α
a

t2
1

=
α∆

a
t

5 2
2= −









∆ δ
α

a4 1= −
δ
α

a t7 = δ∆a t6 1= −∆ ( )δ

First, the unknown {un+1} is calculated using Equation 15.10 (p. 766)). Then, the program computes the

two unknowns { ɺu n+1} and { ɺɺu n+1} by using the following equations:

(15.11){ } ({ } { }) { } { }ɺ ɺ ɺɺu a u u a u a un n n n n+ += − − −1 1 1 4 5

(15.12){ } ({ } { }) { } { }ɺɺ ɺ ɺɺu a u u a u a un n n n n+ += − − −1 0 1 2 3

The most important factors in choosing an appropriate time integration scheme for the finite element
semi-discrete equation of motion given in Equation 15.5 (p. 764) are accuracy, stability, and dissipation.
In conditionally stable time integration algorithms, stability is affected by a chosen size of the time step;
whereas in unconditionally stable time integration algorithms, a time step size can be chosen independent
of stability considerations.

In the Newmark method, the amount of numerical algorithm dissipation can be controlled by one of
Newmark’s parameters, δ, as follows:

(15.13)δ α δ≥ ≥ +










1

2

1

4

1

2

2

 ,     

With the Newmark parameters satisfying the above conditions, the Newmark family of methods may
be unconditionally stable (Hughes([165] (p. 930))). By introducing the amplitude decay factor γ ≥ 0, the
above conditions can be written:

(15.14)δ γ α γ γ= + = + ≥
1

2

1

4
1 02, ( ) ,          
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Consequently, the program provides the user with the Newmark integration procedure, which is uncon-
ditionally stable via input of the amplitude decay factor γ on the TINTP command. Alternatively, the α
and δ parameters may be input directly using the TINTP command.

Generalized HHT-α Method

In the Newmark method, the amount of numerical dissipation can be controlled by one parameter δ in
Equation 15.13 (p. 766) or γ in Equation 15.14 (p. 766). However, in low frequency modes the Newmark

method fails to retain the second-order accuracy as 
δ >

1

2 . Note that the Newmark implicit method

(constant average method; namely,
δ =

1

2  and 
α =

1

4 ), which is unconditionally stable and second-order
accurate, has no numerical damping. If other sources of numerical damping are not introduced, the
lack of numerical damping can be undesirable so that the higher frequencies of the structure can produce
unacceptable levels of numerical noise (Hughes([165] (p. 930))).

To circumvent the drawbacks of the Newmark family of methods, the program implements the gener-
alized HHT-α method which sufficiently damps out spurious high-frequency response via introducing
controllable numerical dissipation in higher frequency modes, while maintaining the second-order ac-
curacy. It should be noted that the generalized HHT-α method incorporated in the program is capable
of recovering the WBZ-α method (Wood et al.([353] (p. 940))) and the HHT-α method (Hilber et
al.([352] (p. 940))) as well as the Newmark family of time integration algorithms, depending upon the
user’s input on the TINTP command.

To solve for the three unknowns { ɺɺu n+1}, { ɺu n+1}, and {un+1}, along with Equation 15.8 (p. 765) and Equa-

tion 15.9 (p. 765) the generalized HHT-α method uses the algebraic equation:

(15.15)[ ]{ } [ ]{ } [ ]{ } { ( )}M u C u K u F tn n n
a

nm f f f
ɺɺ ɺ+ − + − + − + −+ + =1 1 1 1α α α α

where:

{ } ( ){ } { }ɺɺ ɺɺ ɺɺu u un m n m nm+ − += − +1 11α α α

{ } ( ){ } { }ɺ ɺ ɺu u un f n f nf+ − += − +1 11α α α

{ } ( ){ } { }u u un f n f nf+ − += − +1 11α α α

{ ( )} ( ){ } { }a
n f n

a
f n

a
F t F F

f+ − += − +1 11α α α

Equation 15.15 (p. 767) give the finite difference form:

(15.16)
( [ ] [ ] ( )[ ]){ } ( ){ } { } [ ]{a M a C K u F F Kf n f n

a
f n

a
f0 1 1 11 1+ + − = − + −+ +α α α α uu

M a u a u a u C a u a u a
n

n n n n n

}

[ ]( { } { } { }) [ ]( { } { } {

+

+ + + + +0 2 3 1 4 5ɺ ɺɺ ɺ ɺɺuun })

where:

a
t
m

0 2

1
=

− α

α∆

a
t
f

1
1

=
−( )α δ
α∆
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a a t2 0= ∆

a m
3
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1=

−
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α
α

a f
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1
1=

−
−

( )α δ
α

a tf5 1
2

1= − −( )( )α
δ
α

∆

Analogous to the Newmark method, the generalized HHT-α method calculates the unknown {un+1} at

time tn+1 by making use of Equation 15.16 (p. 767). Then, the program computes the two unknowns

{ ɺu n+1} and { ɺɺu n+1} by using the equations given in Equation 15.11 (p. 766) and Equation 15.12 (p. 766).

Since the generalized HHT-α method is also an implicit time scheme, the structural stiffness matrix must
be factorized to solve for {un+1} at time tn+1.

As mentioned in the literature (Chung and Hulbert([351] (p. 940))), the generalized HHT-α method is
unconditionally stable and second-order accurate if the parameters meet the following conditions:

(15.17)

δ α α

α δ

α α

= − +

≥

≤ ≤

1

2
1

2
1

2

m f

m f

where αm
≤  0 (Wood et al.([353] (p. 940))) and 

0
1

3
≤ ≤αf

 (Hilber et al.([352] (p. 940))). For the generalized

HHT-α method, the user can input the four parameters on the TINTP command. By introducing the
amplitude decay factor γ ≥ 0, the program also allows the user to control the amount of numerical
damping if the four parameters on the TINTP command meet the following conditions:

(15.18)

α γ

δ γ

α γ

α

= +

= +

= ≥

=

1

4
1

1

2
0

0

2( )

f

m

If the WBZ-α method is desired, the user can control the amount of numerical damping if the four
parameters on the TINTP command meet the following conditions:

(15.19)

α γ

δ γ

α

α γ

= +

= +

=

= − ≤

1

4
1

1

2
0

0

2( )

f

m
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Finally, the program also allows a user who wants to use the generalized HHT-α method to control the
amount of numerical damping if the four parameters on the TINTP command meet the following con-
ditions:

(15.20)

α γ

δ γ

α
γ

α
γ

= +

= +

=
−

=
−

1

4
1

1

2
1

2
1 3

2

2( )

f

m

It should be noted that the generalized HHT-α method is second-order accurate and unconditionally
stable. This method allows you to control the amount of numerical damping. The amplitude decay
factor is recommended to be set as γ = 0.05 (Hughes([165] (p. 930))), with which any spurious participation
of the higher modes can be damped out and the lower modes are not affected. A significant amount

of numerical damping may be introduced by setting 
γ =

1

3 , but it is not recommended.

15.2.2.2. Time Integration Scheme for Nonlinear Systems

In nonlinear structural dynamics problems, the internal load is no longer linearly proportional to the
nodal displacement, and the structural stiffness matrix is dependent on the current displacement.
Therefore, Instead of Equation 15.6 (p. 765), any time integration scheme should be applied to the non-
linear semi-discrete equation:

(15.21)[ ]{ ( )} [ ]{ ( )} { ( )} { ( )}M u t C u t F t F ti aɺɺ ɺ+ + =

Equation 15.21 (p. 769) represents a nonlinear system of simultaneous algebraic equations; hence, any
time integration operator may be used in association with the Newton-Raphson iterative algorithm. For
nonlinear structural dynamics problems, both the Newmark method and the generalized HHT-α method
are incorporated in the program.

Newmark Method

The Newmark method assumes that at the time tn+1, the semi-discrete equation of motion given in

Equation 15.21 (p. 769) can be rewritten as:

(15.22)[ ]{ } [ ]{ } { ({ })} { }M u C u F u Fn n n
i

n n
aɺɺ ɺ+ + + + ++ + =1 1 1 1 1

Note that 
{ ({ })}F un

i
n+ +1 1  is dependent on the current displacement {un+1} at time tn+1. In addition to

Equation 15.22 (p. 769), the Newmark family of time integration algorithms requires the displacement
and velocity to be updated as given in Equation 15.8 (p. 765) and Equation 15.9 (p. 765).

By introducing the residual vector 
{ ( )}R un n+ +{ }1 1 , Equation 15.22 (p. 769) can be written as:

(15.23){ ({ })} { } { ({ })} [ ]{ } [ ]{R u F F u M u C un n n
a

n
i

n n n+ + + + + += − − −1 1 1 1 1 1ɺɺ ɺ ++1}

It is important to note that the time integration operator given in either Equation 15.22 (p. 769) or
Equation 15.23 (p. 769) represents a nonlinear system of simultaneous algebraic equations. Therefore, a
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linearized form of the time integration operator can be obtained by the Newton-Raphson method as
follows:

(15.24){ ({ })}
{ ( )}

{ }
{ } { }R u

R u

u
un n

k n n
k

n
i n

k
+ +

+ +

+
++

∂

∂
=1 1

1 1

1
1 0∆

where:

{ }un
k
+1  = the estimate of {un+1} at the kth iteration

{ }∆un
k
+1  = the displacement increment of {un+1} at the kth iteration

R u F F u M u C un n
k

n
a

n
i

n
k

n n+ + + + + += − − −1 1 1 1 1 1({ }) ({ }){ } { } [ ]{ } [ ]{ɺɺ ɺ ++1}

Equation 15.24 (p. 770) gives:

(15.25)( [ ] [ ]) [ ({ })] { } { ({ })}a M a C K u u R un
T

n
k

n
k

n n
k

0 1 1 1 1 1 1+ +





=+ + + + +∆

where:

a
t

0 2

1
=
α∆

a
t1 =

δ
α∆

K un
T

n
k

+ +




1 1({ })

 = the tangent stiffness matrix at time tn+1

For nonlinear structural dynamics problems, the program allows a user to input the amplitude decay
factor γ or the Newmark integration parameters on the TINTP command.

Generalized HHT-α Method

The generalized HHT-α method for nonlinear structural dynamics problems assumes:

(15.26)[ ]{ } [ ]{ } { ({ })} { (M u C u F u F tn n n
i

n
a

nm f f
ɺɺ ɺ+ − + − + + − + −+ + =1 1 1 1 1α α α αff

)}

where:

F u F u F un
i

n f n
i

n f n
i

nf+ + − + +{ }( ){ } = −( ) { }( ){ } + { }( ){ }1 1 1 11α α α  

F t F Fa
n f n

a
f n

a
f

( )+ − +{ } = −( ){ } + { }1 11α α α

By introducing the residual vector 
{ ( )}R un n+ +{ }1 1 , Equation 15.26 (p. 770) can be written as:

(15.27)R u F t F u M un n
a

n n
i

n nf f+ + + − + + − + −{ }( ){ } = { } − { }( ){ } − [ ]1 1 1 1 1 1( )α α ɺɺ αα αm f
C un{ } − [ ]{ }+ −ɺ 1
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The time integration operator given in Equation 15.26 (p. 770) or Equation 15.27 (p. 770) also represents
a nonlinear system of simultaneous algebraic equations. Therefore, a linearized form of the time integ-
ration operator can be obtained by the Newton-Raphson method as follows:

(15.28)R u
R u

u
un n

k n n
k

n
i n

k
+ +

+ +

+
+{ }( ){ }+

∂ ( ){ }
∂{ } { } = { }1 1

1 1

1
1 0∆

where:

R u F t F u M un n
k a

n n
i

n
k

nf f+ + + − + + − + −{ }( ) = ( ){ } − { }( ){ }−1 1 1 1 1 1α α [ ] ɺɺ αα αm f
C un{ } − { }+ −[ ] ɺ 1

F u F u F un
i

n
k

f n
i

n
k

f n
i

nf+ + − + +{ }( ){ } = −( ) { }( ){ }+ { }( ){ }1 1 1 11α α α

Equation 15.28 (p. 771) gives:

(15.29)a M a C K u u Rf n
T

n
k

n
k

0 1 1 1 11   [ ] + [ ]( ) + −( ) { }( )










{ } =+ + +α ∆ nn n

ku+ +{ }( ){ }1 1
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1

=
−( )α δ
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15.2.2.3. Solution

Two methods of solution for the Newmark method (Equation 15.10 (p. 766)) are available: full and mode
superposition (TRNOPT command). Each are described subsequently. Only the full solution method is
available for HHT (Equation 15.15 (p. 767)).

Full Solution Method

The full solution method (TRNOPT,FULL) solves Equation 15.10 (p. 766) directly and makes no additional
assumptions. In a nonlinear analysis, the Newton-Raphson method (Newton-Raphson Procedure (p. 711))
is employed along with the Newmark assumptions. Automatic Time Stepping (p. 685) discusses the
procedure for the program to automatically determine the time step size required for each time step.

Inherent to the Newmark method is that the values of {uo}, { ɺu o}, and { ɺɺu o} at the start of the transient

must be known. Nonzero initial conditions are input either directly (with the IC commands) or by per-
forming a static analysis load step (or load steps) prior to the start of the transient itself. Static load
steps are performed in a transient analysis by turning off the transient time integration effects (with
the TIMINT,OFF command). The transient itself can then be started (by TIMINT,ON). The default with
transient analysis (ANTYPE,TRANS) is for the transient to be running (TIMINT,ON); that is, to start the

transient immediately. (This implies {u} = ɺu } = { ɺɺu } = 0. The initial conditions are outlined in the sub-
sequent paragraphs. Cases referring to “no previous load step” mean that the first load step is transient.

Initial Displacement  -
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The initial displacements are:

(15.30){ }

{ }

uo =

0 if no previous load step available and no initial
coonditions (  commands) are used.

if no previous load

IC

{ }′us   step available but initial
conditions (  commands) are uIC ssed.

if previous load step available which was run
as a

us{ }
  static analysis ( OFF)TIMINT,



















where:

{uo} = vector of initial displacements

{ }′us  = displacement vector specified by the initial conditions (IC command)
{us} = displacement vector resulting from a static analysis (TIMINT,OFF) of the previous load

step

Initial Velocity  -

The initial velocities are:

(15.31){ }

{ }

ɺuo =

0 if no previous load step available and no initial
cconditions (  commands) are used.

if no previous lo

��

{ }ɺ ′us aad step available but initial
conditions (  commands) are��   used.

if previous load step available which us{ } { }− −us
t

1
∆

wwas run
as a static analysis ( OFF)�������



















where:

{ ɺu o} = vector of initial velocities

{ }'ɺus  = vector of velocities specified by the initial conditions (IC commands)
{us} = displacements from a static analysis (TIMINT,OFF) of the previous load step

{us-1} = displacement corresponding to the time point before {us} solution. {us-1} is {0} if {us} is

the first solution of the analysis (i.e. load step 1 substep 1).
∆t = time increment between s and s-1

If the previous load step was run as a static analysis (TIMINT,OFF), initial velocities are calculated using
the previous two displacements and the previous time increment. Using either a single substep
(NSUBST,1) or ramped loading (KBC,0) within the previous load step will result in nonzero initial velo-
cities (assuming nonzero displacement), as shown in Figure 15.2: Effect of Number of Substeps (NSUBST)
and Ramping (KBC) on Initial Velocity for TIMINT,OFF (p. 773). Zero initial velocities may be obtained by
using multiple substeps (NSUBST,>1) and stepped loading (KBC,1).
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Figure 15.2:  Effect of Number of Substeps (NSUBST) and Ramping (KBC) on Initial Velocity for

TIMINT,OFF

Initial Acceleration  -

The initial acceleration is simply:

(15.32){ } { }ɺɺuo = 0

where:

{ ɺɺu o} = vector of initial accelerations

If a nonzero initial acceleration is required as for a free fall problem, an extra load step at the beginning
of the transient can be used. This load step would have a small time span, step boundary conditions,
and a few time steps which would allow the acceleration to be well represented at the end of the load
step.

Nodal and Reaction Load Computation  -

Inertia, damping and static loads on the nodes of each element are computed.

The inertial load part of the element output is computed by:

(15.33){ } [ ]{ }F M ue
m

e e= − ɺɺ

where:

{ }Fe
m = vector of element inertial forces

[Me] = element mass matrix

{ ɺɺu e} = element acceleration vector
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The acceleration of a typical DOF is given by Equation 15.12 (p. 766) for time tn+1. By default, the accel-

eration vector { ɺɺu e} is the average acceleration between time tn + 1 and time tn, since the Newmark as-

sumptions (Equation 15.8 (p. 765) and Equation 15.9 (p. 765)) assume the average acceleration represents
the true acceleration. Smoothing can be suppressed using the TINTP command (AVSMOOTH option).

The damping load part of the element output is computed by:

(15.34){ } [ ]{ }F C ue
c

e e= − ɺ

where:

{ }Fe
c = vector of element damping forces

[Ce] = element damping matrix

{ ɺu e} = element velocity vector

The velocity of a typical DOF is given by Equation 15.11 (p. 766).

The static load is part of the element output computed in the same way as in a static analysis (Solving
for Unknowns and Reactions (p. 690)). The nodal reaction loads are computed as the negative of the
sum of all three types of loads (inertia, damping, and static) over all elements connected to a given
fixed displacement node.

Mode Superposition Method

The mode superposition method (TRNOPT,MSUP) uses the natural frequencies and mode shapes of a
linear structure to predict the response to transient forcing functions. This solution method imposes
the following additional assumptions and restrictions:

1. Constant [K] and [M] matrices. (A gap condition is permitted.) This implies no large deflections or change
of stress stiffening, as well as no plasticity, creep, or swelling.

2. Constant time step size.

3. There are no element damping matrices. However, various types of system damping are available.

4. Time varying imposed displacements are not allowed.

The development of the general mode superposition procedure is described in Mode Superposition
Method (p. 698). Equation 14.118 (p. 700) and Equation 14.119 (p. 701) are integrated through time for
each mode by the Newmark method.

The initial value of the modal coordinates at time = 0.0 are computed by solving Equation 14.118 (p. 700)

with { }ɺɺyo  and { }ɺyo assumed to be zero.

(15.35)y Fj j
T

o j= { } { }/φ ω2

where:

{Fo} = the forces applied at time = 0.0

A “quasi-linear” analysis variation is also available with the mode superposition method. This variation
allows interfaces (gaps) between any of the master DOFs and ground, or between any pair of master
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DOFs. If the gap is initially closed, these interfaces are accounted for by including the stiffness of the
interface in the stiffness matrix, but if the gap should later open, a force is applied in the load vector
to nullify the effect to the stiffness. If the gap is initially open, it causes no effect on the initial solution,
but if it should later close, a force is again applied in the load vector.

The force associated with the gap is:

(15.36)F k ugp gp g=

where:

kgp = gap stiffness (input as STIF, GP command)

ug = uA - uB - ugp

uA, uB = displacement across gap (must be master degrees of freedom)

ugp= initial size of gap (input as GAP, GP command)

This mode superposition method with a gap definition (GP command) adds an explicit term to the
implicit integration procedure. An alternate procedure is to use the full method, modeling the linear
portions of the structure as superelements (using the CMS method) and the gaps as gap elements. This
latter procedure (implicit integration) normally allows larger time steps because it modifies both the
stiffness matrix and load vector when the gaps change status.

The load vector, which must be converted to modal coordinates (Equation 14.117 (p. 700)) at each time
step, is given by

(15.37)F F s F F Fnd s
gp ma{ }= + + +{ } { } { } { }

where:

{Fnd} = nodal force vector
s = load vector scale factor (input as FACT, LVSCALE command)

{Fs} = load vector from the modal analysis (see Mode Superposition Method (p. 698)).
{Fgp} = gap force vector (Equation 15.36 (p. 775)) (not available for QR damped eigensolver).

{Fma} = inertial force ({Fma} = [M] {a})

{a} = acceleration vector ( input with ACEL command) (see Acceleration Effect (p. 665))

In the modal superposition method, the damping force associated with gap is added to Equa-
tion 15.36 (p. 775):

(15.38){ } [ ]{ } { }F K u C ugp gp g gp g= + ɺ

where:

Cgp = gap damping (input as DAMP, GP command)

{ ɺu g} = { ɺu A} - { ɺu B}

{ ɺu A} - { ɺu B} = velocity across gap

Expansion Pass -

The expansion pass of the mode superposition transient analysis involves computing element stresses.
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Nodal load output consists of the static loads only as described for a static analysis (Solving for Unknowns
and Reactions (p. 690)). The reaction load values represent the negative of the sum of the static loads
over all elements connected to a given fixed displacement node. Damping and inertia forces are not
included in the reaction loads.

15.2.3. Description of Thermal, Magnetic and Other First Order Systems

The governing equation of interest is as follows:

(15.39)[ ]{ } [ ]{ } { }C u K u Faɺ + =

where:

[C] = damping matrix
[K] = coefficient matrix
{u} = vector of DOF values

{ ɺu } = time rate of the DOF values

{Fa} = applied load vector

In a thermal analysis, [C] is the specific heat matrix, [K] the conductivity matrix, {u} the vector of nodal

temperatures and {Fa} the applied heat flows. Table 15.2: Nomenclature (p. 776) relates the nomenclature
used in Derivation of Heat Flow Matrices (p. 235) and Derivation of Electromagnetic Matrices (p. 193) for
thermal, magnetic and electrical analyses to Equation 15.39 (p. 776).

Table 15.2:  Nomenclature

{Fa}{u}

{Qa} heat flow{T} temperatureThermal

{Fa} flux{φ} scalar poten-
tial

Scalar Magnet-
ic

{Fa} current seg-
ment

{A} vector poten-
tial

Vector Mag-
netic

{Ia} current{V} voltageElectrical

The mode superposition procedure does not apply to first order systems.

The procedure employed for the solution of Equation 15.39 (p. 776) is the generalized trapezoidal rule
(Hughes([165] (p. 930))):

(15.40){ } { } ( ) { } { }u u t u t un n n n+ += + − +1 11 θ θ∆ ∆ɺ ɺ

where:

θ = transient integration parameter (input on TINTP command)
∆t = tn + 1 - tn

{un} = nodal DOF values at time tn

{ ɺu n} = time rate of the nodal DOF values at time tn (computed at previous time step)

Equation 15.39 (p. 776) can be written at time tn + 1 as:

(15.41)[ ]{ } [ ]{ } { }C u K u Fn n
aɺ + ++ =1 1
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Substituting { ɺu n + 1} from Equation 15.40 (p. 776) into this equation yields:

(15.42)
1 1 1

1θ θ
θ

θ∆ ∆t
C K u F C

t
u un

a
n n[ ] [ ] { } { } [ ] { } { }+









 = + +

−







+ ɺ

The solution of Equation 15.42 (p. 777) employs the same solvers used for static analysis in Static Analys-

is (p. 761). Once {un+1} is obtained, { ɺu n + 1} is updated using Equation 15.40 (p. 776). In a nonlinear ana-

lysis, the Newton-Raphson method (Newton-Raphson Procedure (p. 711)) is employed along with the
generalized trapezoidal assumption, Equation 15.40 (p. 776).

The transient integration parameter θ (input on TINTP command) defaults to 0.5 (Crank-Nicholson
method) if solution control is not used (SOLCONTROL,OFF) and 1.0 (backward Euler method) if solution
control is used (SOLCONTROL,ON). If θ = 1, the method is referred to as the backward Euler method.
For all θ > 0, the system equations that follow are said to be implicit. In addition, for the more limiting

case of θ ≥  1/2, the solution of these equations is said to be unconditionally stable; i.e., stability is not
a factor in time step (∆t) selection. The available range of θ (using TINTP command) is therefore limited
to

(15.43)
1

2
1≤ ≤θ

which corresponds to an unconditionally stable, implicit method. For a piezoelectric analysis, the Crank-
Nicholson and constant average acceleration methods must both be requested with α (ALPHA) = 0.25,

δ (DELTA) = 0.5, and θ = 0.5 (on the TINTP command). Since the { ɺu n} influences {un + 1}, sudden changes

in loading need to be handled carefully for values of θ < 1.0. See the Basic Analysis Guide for more details.

The generalized-trapezoidal method requires that the values of {uo} and { ɺu o} at the start of the transient

must be known. Nonzero initial conditions are input either directly (with the IC command) (for {uo}) or

by performing a static analysis load step (or load steps) prior to the start of the transient itself. Static
load steps are performed in a transient analysis by turning off the transient time integration effects
(with the TIMINT,OFF command). The transient itself can then started (TIMINT,ON). The default for
transient analysis (ANTYPE,TRANS) is to start the transient immediately (TIMINT,ON). This implies ({u}

= { ɺu } = {0}). The initial conditions are outlined in the subsequent paragraphs.

Initial DOF Values -

The initial DOF values for first order systems are:

(15.44){ }

{ }

u

a

o =

if no previous load step available and no
initial coonditions (  commands) are used

if no previous load 

IC

{ }′us sstep available but the
initial conditions (  commands) arIC ee used

if previous load step available run as a
static 

us{ }
aanalysis ( ,OFF)TIMINT



















where:
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{uo} = vector of initial DOF values

{a} = vector of uniform DOF values

{ }′us  = DOF vector directly specified (IC command)
{us} = DOF vector resulting from a static analysis (TIMINT,OFF) of the previous load step available

{a} is set to TEMP (BFUNIF command) and/or to the temperature specified by the initial conditions (IC
commands) for thermal DOFs (temperatures) and zero for other DOFs.

Nodal and Reaction Load Computation -

Damping and static loads on the nodes of each element are computed.

The damping load part of the element output is computed by:

(15.45){ } [ ]{ }F C ue
c

e e= ɺ

where:

{ }Fe
c = vector of element damping loads

[Ce] = element damping matrix

{ ɺu e} = element velocity vector

The velocity of a typical DOF is given by Equation 15.40 (p. 776). The velocity vector { ɺu e} is the average

velocity between time tn and time tn + 1, since the general trapezoidal rule (Equation 15.40 (p. 776)) as-

sumes the average velocity represents the true velocity.

The static load is part of the element output computed in the same way as in a static analysis (Solving
for Unknowns and Reactions (p. 690)). The nodal reaction loads are computed as the negative of the
sum of both types of loads (damping and static) over all elements connected to a given fixed DOF node.

15.3. Mode-Frequency Analysis

The following mode frequency analysis topics are available:
15.3.1. Assumptions and Restrictions
15.3.2. Description of Analysis

15.3.1. Assumptions and Restrictions

1. Valid for structural and fluid degrees of freedom (DOFs). Electrical and thermal DOFs may be present in
the coupled field mode-frequency analysis using structural DOFs.

2. The structure has constant stiffness and mass effects.

3. There is no damping, unless the damped eigensolver (MODOPT,DAMP or MODOPT,QRDAMP) is selected.

4. The structure has no time varying forces, displacements, pressures, or temperatures applied (free vibration).
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15.3.2. Description of Analysis

This analysis type (accessed with ANTYPE,MODAL) is used for natural frequency and mode shape de-
termination. The equation of motion for an undamped system, expressed in matrix notation using the
above assumptions is:

(15.46)[ ]{ } [ ]{ } { }M u K uɺɺ + = 0

Note that [K], the structure stiffness matrix, may include prestress effects (PSTRES,ON). For a discussion
of the damped eigensolver (MODOPT,DAMP or MODOPT,QRDAMP) see Eigenvalue and Eigenvector
Extraction (p. 726).

For a linear system, free vibrations will be harmonic of the form:

(15.47){ } { } cosu ti i= φ ω

where:

{φ}i = eigenvector representing the mode shape of the ith natural frequency

ωi = ith natural circular frequency (radians per unit time)

t = time

Thus, Equation 15.46 (p. 779) becomes:

(15.48)( [ ] [ ]){ } { }− + =ω φi M K
i

2 0

This equality is satisfied if either {φ}i = {0} or if the determinant of ([K] - ω2 [M]) is zero. The first option

is the trivial one and, therefore, is not of interest. Thus, the second one gives the solution:

(15.49)[ ] [ ]K M− =ω2 0

This is an eigenvalue problem which may be solved for up to n values of ω2 and n eigenvectors {φ}i

which satisfy Equation 15.48 (p. 779) where n is the number of DOFs. The eigenvalue and eigenvector
extraction techniques are discussed in Eigenvalue and Eigenvector Extraction (p. 726).

Rather than outputting the natural circular frequencies {ω} , the natural frequencies (f ) are output; where:

(15.50)f i
i=

ω
π2

where:

fi = ith natural frequency (cycles per unit time)

If normalization of each eigenvector {φ}i to the mass matrix is selected (MODOPT,,,,,,OFF):

(15.51){ } [ ]{ }φ φi
T

iM =1

If normalization of each eigenvector {φ}i to 1.0 is selected (MODOPT,,,,,,ON), {φ}i is normalized such that

its largest component is 1.0 (unity).

A discussion of effective mass is given in Spectrum Analysis (p. 799).
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15.4. Harmonic Analysis

The following harmonic analysis topics are available:
15.4.1. Harmonic Analysis Assumptions and Restrictions
15.4.2. Description of Harmonic Analysis
15.4.3. Harmonic Analysis Complex Displacement Output
15.4.4. Nodal and Reaction Load Computation in a Harmonic Analysis
15.4.5. Harmonic Analysis Solution
15.4.6. Harmonic Analysis Variational Technology Method
15.4.7. Automatic Frequency Spacing in a Harmonic Analysis
15.4.8. Logarithm Frequency Spacing in a Harmonic Analysis
15.4.9. Harmonic Analysis with Rotating Forces on Rotating Structures
15.4.10. Harmonic Ocean Wave Procedure (HOWP)

The harmonic analysis (ANTYPE,HARMIC) solves the time-dependent equations of motion (Equa-
tion 15.5 (p. 764)) for linear structures undergoing steady-state vibration.

15.4.1. Harmonic Analysis Assumptions and Restrictions

1. Valid for structural, fluid, magnetic, and electrical degrees of freedom (DOFs). Thermal DOFs may be
present in a coupled field harmonic analysis using structural DOFs.

2. The entire structure has constant or frequency-dependent stiffness, damping, and mass effects.

3. All loads and displacements vary sinusoidally at the same known frequency (although not necessarily in
phase).

4. Element loads are assumed to be real (in-phase) only, except for:

a. current density

b. pressures in SURF153, SURF154, SURF156, and SURF159

15.4.2. Description of Harmonic Analysis

Consider the general equation of motion for a structural system (Equation 15.5 (p. 764)).

(15.52)[ ]{ } [ ]{ } [ ]{ } { }M u C u K u Faɺɺ ɺ+ + =

where:

[M] = structural mass matrix
[C] = structural damping matrix
[K] = structural stiffness matrix

{ ɺɺu } = nodal acceleration vector

{ ɺu } = nodal velocity vector
{u} = nodal displacement vector

{Fa} = applied load vector

As stated above, all points in the structure are moving at the same known frequency, however, not
necessarily in phase. Also, it is known that the presence of damping causes phase shifts. Therefore, the
displacements may be defined as:
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(15.53){ } { }maxu u e ei i t= φ Ω

where:

umax = maximum displacement

i = square root of -1
Ω= imposed circular frequency (radians/time) = 2πf
f = imposed frequency (cycles/time) (input as FREQB and FREQE on the HARFRQ command)
t = time
Φ = displacement phase shift (radians)

Note that umax and Φ may be different at each DOF. The use of complex notation allows a compact

and efficient description and solution of the problem. Equation 15.53 (p. 781) can be rewritten as:

(15.54){ } { (cos sin )}maxu u i ei t= +φ φ Ω

or as:

(15.55){ } ({ } { })u u i u ei t= +1 2
Ω

where:

{u1} = {umax cos Φ} = real displacement vector (input as VALUE on D command, when specified)

{u2} = {umax sin Φ} = imaginary displacement vector (input as VALUE2 on D command, when

specified)

The force vector can be specified analogously to the displacement:

(15.56){ } { }maxF F e ei i t= ψ Ω

(15.57){ } { (cos sin )}maxF F i ei t= +ψ ψ Ω

(15.58){ } ({ } { })F F i F ei t= +1 2
Ω

where:

Fmax = force amplitude

ψ = force phase shift (radians)
{F1} = {Fmax cos ψ} = real force vector (input as VALUE on F command, when specified)

{F1} = {Fmax sin ψ} = imaginary force vector (input as on VALUE2 on F command, when specified)

Substituting Equation 15.55 (p. 781) and Equation 15.58 (p. 781) into Equation 15.52 (p. 780) gives:

(15.59)( [ ] [ ] [ ])({ } { }) ({ } { })− + + + = +Ω Ω Ω Ω2
1 2 1 2M i C K u i u e F i F ei t i t

The dependence on time (eiΩt) is the same on both sides of the equation and may therefore be removed:

(15.60)([ ] [ ] [ ])({ } { }) { } { }K M i C u i u F i F− + + = +Ω Ω2
1 2 1 2

The solution of this equation is discussed later.
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15.4.3. Harmonic Analysis Complex Displacement Output

The complex displacement output at each DOF may be given in one of two forms:

1. The same form as u1 and u2 as defined in Equation 15.55 (p. 781) (selected with the command HROUT,ON).

2. The form umax and Φ (amplitude and phase angle (in degrees)), as defined in Equation 15.54 (p. 781) (se-

lected with the command HROUT,OFF). These two terms are computed at each DOF as:

(15.61)u u uimax = +2
2
2

(15.62)φ = −tan 1 2

1

u

u

Note that the response lags the excitation by a phase angle of Φ-Ψ.

15.4.4. Nodal and Reaction Load Computation in a Harmonic Analysis

Inertia, damping and static loads on the nodes of each element are computed.

The inertia load is expressed as:

(15.63)F M um

e
e e{ } =  { }Ω2

where:

{Fm}e = vector of element inertia forces

[Me] = element mass matrix

{u}e = element displacement vector

The real and imaginary inertia load parts of the element output are then computed by:

(15.64){ } [ ]{ }F M um
e e e1

2
1= Ω

(15.65){ } [ ]{ }F M um
e e e2

2
2= Ω

where:

{ }Fm
e1 = vector of element inertia forces (real part)

{u1}e = element real displacement vector

{ }Fm
e2 = vector of element inertia forces (imaginary part)

{u2}e = element imaginary displacement vector

The damping load is expressed as:

(15.66)F j C uc

e
e e{ } = −  { }Ω

where:
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{Fc}e = vector of element damping forces

[Ce] = element damping matrix

The real and imaginary damping loads part of the element output are then computed by:

(15.67){ } [ ]{ }F C uc
e e e1 2= −Ω

(15.68){ } [ ]{ }F C uc
e e e2 1= Ω

where:

{ }Fc
e1 = vector of element damping forces (real part)

{ }Fc
e2 = vector of element damping forces (imaginary part)

The real static load is computed the same way as in a static analysis (Solving for Unknowns and Reac-
tions (p. 690)) using the real part of the displacement solution {u1}e. The imaginary static load is computed

also the same way, using the imaginary part {u2}e. Note that the imaginary part of the element loads

(e.g., {Fpr}) are normally zero, except for current density loads.

The nodal reaction loads are computed as the sum of all three types of loads (inertia, damping, and
static) over all elements connected to a given fixed displacement node.

15.4.5. Harmonic Analysis Solution

Three methods of solution to Equation 15.60 (p. 781) are available: full, mode superposition, and Vari-
ational Technology. Each are described subsequently.

15.4.5.1. Full Solution Method

The full solution method (HROPT,FULL) solves Equation 15.60 (p. 781) directly. Equation 15.60 (p. 781)
may be expressed as:

(15.69)[ ]{ } { }K u Fc c c=

where c denotes a complex matrix or vector. Equation 15.69 (p. 783) is solved using the same sparse
solver used for a static analysis in Equation Solvers (p. 694), except that it is done using complex arith-
metic.

15.4.5.2. Mode Superposition Method

The mode superposition method (HROPT,MSUP) uses the natural frequencies and mode shapes to
compute the response to a sinusoidally varying forcing function. This solution method imposes the
following additional assumptions and restrictions:

1. Nonzero imposed harmonic displacements are not allowed.

2. There are no element damping matrices. However, various types of system damping are available.

The development of the general mode superposition procedure is given in Mode Superposition Meth-
od (p. 698). The equation of motion (Equation 15.52 (p. 780)) is converted to modal form, as described
in Mode Superposition Method (p. 698). Equation 14.118 (p. 700) is:
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(15.70)ɺɺ ɺy y y fj j j j j j j+ + =2 2ω ξ ω

where:

yj = modal coordinate

ωj = natural circular frequency of mode j

ξi = fraction of critical damping for mode j

fj = force in modal coordinates

The load vector which is converted to modal coordinates (Equation 14.117 (p. 700)) is given by

(15.71){ } { } { }F F s Fnd s= +

where:

{Fnd} = nodal force vector
s = load vector scale factor, (input as FACT, LVSCALE command)

{Fs} = load vector from the modal analysis (see Mode Superposition Method (p. 698)).

For a steady sinusoidal vibration, fj has the form

(15.72)f f ej jc
i t= Ω

where:

fjc = complex force amplitude

Ω = imposed circular frequency

For Equation 15.70 (p. 784) to be true at all times, yj must have a similar form as fj, or

(15.73)y y ej jc
i t= Ω

where:

yjc = complex amplitude of the modal coordinate for mode j.

Differentiating Equation 15.73 (p. 784), and substituting Equation 15.72 (p. 784) and Equation 15.73 (p. 784)
into Equation 15.70 (p. 784),

(15.74)− + + =Ω ΩΩ Ω Ω Ω2 22y e i y e y e f ejc
i t

j j jc
i t

j jc
i t

jc
i tω ξ ω( )

Collecting coefficients of yjc and dividing by (eiΩt)

(15.75)( )− + + =Ω Ω2 22i y fj j j jc jcω ξ ω

solving for yjc,

(15.76)y
f

i
jc

jc

j j j

=
− +( ) ( )ω ω ξ2 2 2Ω Ω

The contribution from each mode is:
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(15.77){ } { }C yj j jc= φ

where:

{Cj} = contribution of mode j (output if Mcont = ON, on the HROUT command)

{φj} = mode shape for mode j

Finally, the complex displacements are obtained from Equation 14.100 (p. 698) as

(15.78){ } { }u Cc j
j

n
=

=
∑

1

where:

{uc} = vector of complex displacements

In the case of the QR damped mode extraction method, one substitutes Equation 14.119 (p. 701) for
Equation 14.118 (p. 700), so Equation 15.75 (p. 784) becomes:

(15.79)− + +





=Ω Ω Φ Φ Λ Φ2 2[ ] [ ] [ ][ ] [ ] { } [ ] { }I i C y FT T

Solving the above equation and multiplying by the eigenvectors, one can calculate the complex dis-
placements shown in Equation 15.78 (p. 785).

15.4.5.2.1. Expansion Pass

The expansion pass of the mode superposition method involves computing element stresses.

15.4.6. Harmonic Analysis Variational Technology Method

A common way to compute the harmonic response of a structure is to compute the normal modes of
the undamped structure, and to use a modal superposition method to evaluate the response, after
determining the modal damping. Determining the modal damping can be based on modal testing, or
by using empirical rules. However, when the structure is non-metallic, the elastic properties can be
highly dependent on the frequency and the damping can be high enough that the undamped modes
and the damped modes are significantly different, and an approach based on a real, undamped modes
is not appropriate.

One alternative to straight modal analysis is to build multiple modal bases, for different property values,
and combine them together over the frequency range of the analysis. This technique is complex, error
prone, and does not address the problem of determining the modal damping factors. Another alternative
is a direct frequency response, updating the elastic properties for every frequency step. This technique
give a much better prediction of the frequency response, but is CPU intensive.

The variational technology method (HROPT,VT) is available as the harmonic sweep capability of the VT
Accelerator add-on. You can define the material elastic properties as being frequency-dependent (using
TB,ELASTIC and TB,SDAMP) and efficiently compute the frequency response over an entire frequency
range. For the Variational Technology theory, see Guillaume([333] (p. 939)) and Beley, Broudiscou, et
al.([360] (p. 941)).
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15.4.6.1. Viscous or Hysteretic Damping

When using the Variational Technology method, the user has a choice between viscous and hysteretic
damping.

Viscous Damping

Consider a spring-damper-mass system subjected to a harmonic excitation. The response of the system
is given by:

(15.80){ } { }maxu u e ei i t= φ Ω

Due to the damping, the system is not conservative and the energy is dissipated. Using viscous damping,
the energy dissipated by the cycle is proportional to the frequency, Ω. In a single DOF spring-mass-
damper system, with a viscous damper C:

(15.81)∆ =U C uπΩ max
2

where:

∆U = change of energy
C = viscous damper

Hysteretic Damping

Experience shows that energy dissipated by internal friction in a real system does not depend on fre-

quency, and approximately is a function of umax
2

:

(15.82)∆ =U uβξ max
2

where:

β
ξ = frequency-dependent damping (input using TB,SDAMP command)

β
ξ damping is known as structural or hysteretic damping. It can be included in the elastic properties

by using a complex Young's modulus:

(15.83)E E icomplex = +( )1 βξ

where:

E = Young's modulus (input using TB,ELASTIC command)

Using this kind of representation, the equations of motion of the system become:

(15.84)[ ]{ } [ ]{ } { }M u K iH u Faɺɺ + + =

where:

[M] = structural mass matrix
[K] = structural stiffness matrix
[H] = structural damping matrix

{ ɺɺu } = nodal acceleration vector
{u} = nodal displacement vector
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{Fa} = applied load vector

Note

The Variational Technology method does not support a material with both viscous and hys-
teretic damping properties in the same model. In the case, please use the HROPT,FULL
command to analyze the material.

15.4.7. Automatic Frequency Spacing in a Harmonic Analysis

In a harmonic analysis, the imposed frequencies that involve the most kinetic energy are those near
the natural frequencies of the structure. The automatic frequency spacing or “cluster” option (Clust =
ON, on the HROUT command) provides an approximate method of choosing suitable imposed frequen-
cies. The nearness of the imposed frequencies to the natural frequencies depends on damping, because
the resonance peaks narrow when the damping is reduced. Figure 15.3: Frequency Spacing (p. 788)
shows two typical resonance peaks and the imposed frequencies chosen by this method, which are
computed from:

(15.85)Ω− =j
i

i ijaω

(15.86)Ω+ =j
i

i ijaω

Equation 15.85 (p. 787) gives frequencies slightly less than the natural circular frequency ωj. Equa-

tion 15.86 (p. 787) gives slightly higher frequencies. The spacing parameter aij is defined as:

(15.87)a ij i
b= +1 ( )ξ

where:

ξi = modal damping. (If ξi is computed as 0.0, it is redefined to be 0.005 for this equation only).

b
N j

N
=

−
−

2

1

( )

N = integer constant (input as NSBSTP, NSUBST command) which may be between 2 and 20. Anything
above this range defaults to 10 and anything below this range defaults to 4.
j = 1, 2, 3, ... N

Each natural frequency, as well as frequencies midway between, are also chosen as imposed frequencies.
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Figure 15.3:  Frequency Spacing

 

Response
 |u  |

Circular
Frequency

= natural circular frequency
= imposed circular frequency

c

i
-3Ω

iω i+1ω

ω
Ω

i+1
+3Ωi+1

0Ω
i+1
-3Ωi

+3Ωi
0Ω

15.4.8. Logarithm Frequency Spacing in a Harmonic Analysis

The logarithm frequency spacing can be defined over an nth-octave band or a general-frequency band
in a harmonic analysis (the HARFRQ command with LogOpt).

The octave band is defined by the lower-end frequency:

(15.88)f flow
n= 0

12/ ( ) /

and upper-end frequency:

(15.89)f flow
n= ( ) /2 1

0

where the central frequency f0 of the octave band is specified at 16, 31.6, 63, 125, 250, 500, 1000, 2000,

4000, 8000, 16000 Hz for 11 octave bands, and n = 1 (octave band), 2 (1/2 octave band), 3 (1/3 octave
band), 6 (1/6 octave band), 12 (1/12 octave band), and 24 (1/24 octave band).

The recursive relationships between the central frequencies of the specified octave bands are:

(15.90)f fm
ctr n

m
ctr

+ =1
12 /

(15.91)f fm
ctr

m
ctr n

− =1
12/ /

The logarithm frequency increment is given by:

(15.92)f f f NSBSTPinc up low= −( ) −log ( ) log ( ) / ( )10 10 1
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Where NSBSTP is input by the NSUBST command.

The imposed working frequency is calculated by:

(15.93)fi
f i flow inc= + −( )10 10 1log ( ) ( )

where i = 1, 2, ..., NSBSTP

The imposed working frequency is f0, if NSBSTP = 1. For a general logarithm frequency span, the be-

ginning frequency flow and ending frequency fup are defined by the FREQB and FREQE parameters of

the HARFRQ command respectively.

15.4.9. Harmonic Analysis with Rotating Forces on Rotating Structures

If a structure is rotating, forces rotating synchronously or asynchronously with the structure are of interest.

General rotating asynchronous forces are described in General Asynchronous Rotating Force (p. 789). A
specific synchronous force: mass unbalance is shown in Specific Synchronous Forces: Mass Unbal-
ance (p. 790).

In both cases, the equation solved for harmonic analysis is the same as (Equation 15.60 (p. 781)) except
for the coefficients of the damping matrix [C] which will be a function of the rotational velocity of the
structure (see the CORIOLIS command). [C] will be updated for each excitation frequency step using
the following rotational velocity:

(15.94)ω = Ω / s

where:

ω = rotational velocity of the structure (rd/s)
Ω = frequency of excitation (rd/s)
s = ratio between Ω and ω (s = 1 for synchronous excitations) (input as RATIO in the SYNCHRO

command).

The right-hand term of the equation is given below depending on the force considered.

15.4.9.1. General Asynchronous Rotating Force

If the structure is rotating about X axis, then an asynchronous force having its direction in the plane
perpendicular to the spin axis is expressed as:

(15.95)F F s t F s ty = +cos cos( ) sin sin( )α ω α ω

(15.96)F F s t F s tz = −cos sin( ) sin cos( )α ω α ω

where:

F = amplitude of force

Using complex notations, the equations become:

(15.97)F F iF ey a b
is t= −( ) ω

(15.98)F F iF ez b a
is t= − −( ) ω

where:
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  i = square root of -1
  Fa = Fcosα = real force in Y-direction; also, negative of imaginary force in Z-direction 

                 (input as VALUE on F command, label FY; input as VALUE2 on F command, label FZ)
  Fb = Fsinα = negative of real force in Z-direction; also, negative of imaginary force in the Y-direction 

                 (input as VALUE on F command, label FZ; input as VALUE2 on F command, label FY)

The expression of the forces for structures rotating about another direction than X are developed ana-
logously.

15.4.9.2. Specific Synchronous Forces: Mass Unbalance

Consider a structure rotating about the X axis. The mass unbalance m situated at node I with the ec-
centricity e may be represented as shown in Figure 15.4: Mass Unbalance at Node I (p. 790)

Figure 15.4:  Mass Unbalance at Node I

I

z

y

ωt

m
e

α

If we only consider the motion in the plane perpendicular to the spin axis (YZ plane), the kinetic energy
of the unbalanced mass is written as:

(15.99)E
m

u u eu t eu t ek
u

y z y z= + − + + + +
2

2 22 2 2 2( sin( ) cos( ) )ɺ ɺ ɺ ɺω ω α ω ω α ω

where:

m = mass unbalance
e = distance from the mass unbalance to the spin axis
ω = amplitude of the rotational velocity vector of the structure (input as OMEGA or CMOMEGA

command). It is equal to the frequency of excitation Ω.
α = phase of the unbalance

ɺ ɺu uy z, = instantaneous velocity along Y and Z, respectively

Because the mass unbalance is much smaller than the weight of the structure, the first two terms are
neglected. The third term being constant, will have no effect on the final equations.

Applying Lagrange's equations, the force vector is:

(15.100)F F t F ty = +ω α ω α ω2( cos cos( ) sin sin( ))
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(15.101)F F t F tz = −ω α ω α ω2( cos sin( ) sin cos( ))

where:

F = me

Using complex notations, it can be written as:

(15.102)F F iF ey a b
i t= −ω ω2( )

(15.103)F F iF ez b a
i t= − −ω ω2( )

Note

The multiplication of the forces by ω2 is done internally at each frequency step.

15.4.10. Harmonic Ocean Wave Procedure (HOWP)

Standard harmonic analysis with ocean loading includes the added mass of the water outside of line
elements (such as LINK180, BEAM188, BEAM189, PIPE288, and PIPE289). The load vector is calculated
based on the loads at a given time, but the standard analysis method usually misses some important
effects, as all peak wave loads rarely occur at the same time.

All relevant ocean wave loading effects are accounted for via a specialized variation of the harmonic
analysis, the harmonic ocean wave procedure (HOWP).

The HOWP applies to regular waves only (Airy and Wheeler one-component waves, as well as Stokes
and Deans Stream Function waves), and works only with the full-solution harmonic analysis method
(HROPT,FULL).

The HOWP is accessed via the HROCEAN command. The frequency is obtained automatically, directly
from the ocean information (via OCDATA and OCTABLE commands). As with a standard harmonic
analysis, a damping matrix must be added separately if one is needed. Ocean loads are calculated with
the assumption that the structure is stationary.

During the HOWP, special calculations occur to obtain real and imaginary loads for every component
of every element. Stated differently, all loads are sinusoidal at the given frequency, but the magnitude
and phase angle of every component of every element must be determined. To determine the magnitude
and phase angle, a series of static analyses is performed along the phase angle ranging from 0 to 360
degrees. (The number of these analyses is controlled via the HROCEAN command.) The result is a
roughly sinusoidal force pattern, as shown in this figure:
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Figure 15.5:  Force History

From this force history, the maximum and minimum forces are calculated by fitting the highest and
lowest points. Then:

(15.104)A Y Y= −( ) /max min 2

(15.105)
ϕ = + − <

+ +
( ) /

( ) /
max min

max min

X X

X X

180 2

180 2

     if X X

     
max min

iif X Xmax min≥

(15.106)Y A X A X A X= − = +cos( ) cos cos sin sinϕ ϕ ϕ

so that A cos ϕ is the coefficient on the real load vector and A sin ϕ is the coefficient on the imaginary
load vector.

15.5. Buckling Analysis

The following buckling analysis topics are available:
15.5.1. Assumptions and Restrictions
15.5.2. Description of Analysis

15.5.1. Assumptions and Restrictions

1. Valid for structural degrees of freedom (DOFs) only.

2. The structure fails suddenly, with a horizontal force-deflection curve (see Figure 15.6: Types of Buckling
Problems (p. 793)).

3. The structure has constant stiffness effects.

4. A static solution with prestress effects included (PSTRES,ON) was run.
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Figure 15.6: Types of Buckling Problems
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15.5.2. Description of Analysis

This analysis type is for bifurcation buckling using a linearized model of elastic stability. Bifurcation
buckling refers to the unbounded growth of a new deformation pattern. A linear structure with a force-
deflection curve similar to Figure 15.6: Types of Buckling Problems (p. 793)(a) is well modeled by a linear
buckling (ANTYPE,BUCKLE) analysis, whereas a structure with a curve like Figure 15.6: Types of Buckling
Problems (p. 793)(b) is not (a large deflection analysis ( NLGEOM,ON) is appropriate, see Large Rota-
tion (p. 35)). The buckling problem is formulated as an eigenvalue problem:

(15.107)([ ] [ ]){ } { }K Si i+ =λ ψ 0

where:

[K] = stiffness matrix
[S] = stress stiffness matrix
λi = ith eigenvalue (used to multiply the loads which generated [S])

ψi = ith eigenvector of displacements

The eigenproblem is solved as discussed in Eigenvalue and Eigenvector Extraction (p. 726). The eigen-
vectors are normalized so that the largest component is 1.0. Thus, the stresses (when output) may only
be interpreted as a relative distribution of stresses.

By default, the Block Lanczos and Subspace Iteration methods find buckling modes in the range of
negative infinity to positive infinity. If the first eigenvalue closest to the shift point is negative (indicating
that the loads applied in a reverse direction will cause buckling), the program should find this eigenvalue.

15.6. Substructuring Analysis

The substructure analysis (ANTYPE,SUBSTR) uses the technique of matrix reduction to reduce the system
matrices to a smaller set of DOFs.
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The following substructuring analysis topics are available:
15.6.1. Assumptions and Restrictions (within Superelement)
15.6.2. Description of Analysis
15.6.3. Statics
15.6.4.Transients
15.6.5. Component Mode Synthesis (CMS)

15.6.1. Assumptions and Restrictions (within Superelement)

1. Any degree of freedom (DOF) may be used.

2. The elements have constant stiffness, damping, and mass effects (e.g., material properties do not change
with temperature).

3. Coupled-field elements using load-vector coupling and elements with Lagrange multipliers cannot be
used.

15.6.2. Description of Analysis

A superelement (substructure) may be used in any analysis type. It simply represents a collection of
elements that are reduced to act as one element. This one (super) element may then be used in the
actual analysis (use pass) or be used to generate more superelements (generation or use pass). To re-
construct the detailed solutions (e.g., displacements and stresses) within the superelement, an expansion
pass may be done. See the Basic Analysis Guide for loads which are applicable to a substructure analysis.

15.6.3. Statics

Consider the basic form of the static equations (Equation 15.1 (p. 762)):

(15.108)[ ]{ } { }K u F=

{F} includes nodal, pressure, and temperature effects. It does not include {Fnr} (see Newton-Raphson
Procedure (p. 711)). The equations may be partitioned into two groups, the master (retained) DOFs, here
denoted by the subscript “m”, and the slave (removed) DOFs, here denoted by the subscript “s”.

(15.109)
[ ] [ ]

[ ] [ ]

{ }

{ }

{ }

{ }

K K

K K

u

u

F

F
mm ms

sm ss

m

s

m

s

















=








or expanding:

(15.110)[ ]{ } [ ]{ } { }K u K u Fmm m ms s m+ =

(15.111)[ ]{ } [ ]{ } { }K u K u Fsm m ss s s+ =

The master DOFs should include all DOFs of all nodes on surfaces that connect to other parts of the
structure. If accelerations are to be used in the use pass or if the use pass will be a transient analysis,
master DOFs throughout the rest of the structure should also be used to characterize the distributed
mass. Solving Equation 15.111 (p. 794) for {us},

(15.112){ } [ ] { } [ ] [ ]{ }u K F K K us ss s ss sm m= −− −1 1

Substituting {us} into Equation 15.110 (p. 794)

(15.113)[ ] [ ][ ] [ ] { } { } [ ][ ] { }K K K K u F K K Fmm ms ss sm m m ms ss s−





= −− −1 1
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or,

(15.114)[ ]{ } { }
^ ^ ^
K u F=

where:

(15.115)[ ] [ ] [ ][ ] [ ]
^
K K K K Kmm ms ss sm= − −1

(15.116){ } { } [ ][ ] { }
^
F F K K Fm ms ss s= − −1

(15.117){ } { }^u um=

[ ]
^
K  and { }

^
F  are the superelement coefficient (e.g., stiffness) matrix and load vector, respectively.

In the preceding development, the load vector for the superelement has been treated as a total load
vector. The same derivation may be applied to any number of independent load vectors, which in turn
may be individually scaled in the superelement use pass. For example, the analyst may wish to apply
thermal, pressure, gravity, and other loading conditions in varying proportions. Expanding the right-
hand sides of Equation 15.110 (p. 794) and Equation 15.111 (p. 794) one gets, respectively:

(15.118){ } { }F Fm mi
i

N
=

=
∑

1

(15.119){ } { }F Fs si
i

N
=

=
∑

1

where:

N = number of independent load vectors.

Substituting into Equation 15.116 (p. 795):

(15.120){ } { } [ ][ ] { }
^
F F K K Fmi

i

N

ms ss si
i

N
= −

=

−

=
∑ ∑

1

1

1

To have independently scaled load vectors in the use pass, expand the left-hand side of Equa-
tion 15.120 (p. 795)

(15.121){ } { }
^ ^
F Fi

i

N
=

=
∑

1

Substituting Equation 15.121 (p. 795) into Equation 15.120 (p. 795) :

(15.122){ } { } [ ][ ] { }
^
F F K K Fi mi ms ss si= − −1

If the load vectors are scaled in the use pass such that:

(15.123){ } { }
^ ^
F b Fi

i

N

i=
=
∑

1

where bi is the scaling factor (FACT on the LVSCALE command), then Equation 15.112 (p. 794) becomes:
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(15.124){ } [ ] { } [ ] [ ]{ }u K b F K K us ss i si ss
i

N

sm m= −− −

=
∑1 1

1

Equation 15.124 (p. 796) is used in the expansion pass to obtain the DOF values at the slave DOFs if the
backsubstitution method is chosen (SEOPT command). If the resolve method is chosen for expansion
pass, then the program will use Equation 15.109 (p. 794) to resolve for {us}. In doing so, the program

makes {um} as the internally prescribed displacement boundary conditions since {um} are known in ex-

pansion pass. As the program treats DOFs associated with {um} as displacement boundary conditions,

the reaction forces by resolve method will be different from that computed at those master DOFs by
the backsubstitution method. However, they are all in self-equilibrium satisfying Equation 15.109 (p. 794).

The above section Statics (p. 794) is equally applicable at an element level for elements with extra dis-
placement shapes. The master DOFs become the nodal DOFs and the slave DOFs become the nodeless
or extra DOFs.

15.6.4. Transients

The general form of the equations for transients is Equation 15.5 (p. 764) and Equation 15.38 (p. 775):

(15.125)[ ]{ } [ ]{ } [ ]{ } { }M u C u K u Fɺɺ ɺ+ + =

For substructuring, an equation of the form:

(15.126)[ ]{ } [ ]{ } [ ]{ } { }
^ ^ ^ ^ ^ ^ ^

M u C u K u Fɺɺ + + =

is needed. [ ]
^
K  and { }

^
F  are computed as they are for the static case (Equation 15.115 (p. 795) and

Equation 15.116 (p. 795)). The computation of the reduced mass matrix is done by:

(15.127)
[ ] [ ] [ ][ ] [ ] [ ][ ] [ ]

[ ][ ]

^
M M K K M M K K

K K

mm ms ss sm ms ss sm

ms ss

= − −

+

− −

−

1 1

11 1[ ][ ] [ ]M K Kss ss sm
−

This simplification was suggested by Guyan([14] (p. 921)) because direct partitioning and condensation
are not practical (the condensed matrices would be functions of the time derivatives of displacement
and very awkward to implement). The damping matrix is handled similarly:

(15.128)
[ ] [ ] [ ][ ] [ ] [ ][ ] [ ]

[ ][ ]

^
C C K K C C K K

K K

mm ms ss sm ms ss sm

ms ss

= − −

+

− −

−

1 1

11 1[ ][ ] [ ]C K Kss ss sm
−

Equation 15.124 (p. 796) is also used to expand the DOF values to the slave DOFs in the transient case
if the backsubstitution method is chosen. If the resolve method is chosen, the program will use Equa-
tion 15.109 (p. 794) and make {um} as displacement boundary conditions the same way as the static ex-

pansion method does.

15.6.5. Component Mode Synthesis (CMS)

Component mode synthesis is an option used in substructure analysis (accessed with the CMSOPT

command). It reduces the system matrices to a smaller set of interface DOFs between substructures
and truncated sets of normal mode generalized coordinates (see Craig [344] (p. 940)).
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For a damped system, each CMS substructure is defined by a stiffness matrix, a mass matrix, and a
damping matrix. The matrix equation of motion is:

(15.129)[ ]{ } [ ]{ } [ ]{ } { }M u C u K u Fɺɺ ɺ+ + =

Partitioning the matrix equation into interface and interior DOFs:

(15.130)u
u

u
M

M M

M M
m

s

mm ms

sm ss
{ } = { }

{ }











[ ] = [ ]  

   








,





[ ] = [ ]  
   













[ ] = [ ] , ,C
C C

C C
K

K Kmm ms

sm ss

mm ms 
   












{ } = { }

{ }










K K
F

F

Fsm ss

m

s
,

where subscripts m and s refer to:

m = master DOFs defined only on interface nodes
s = all DOFs that are not master DOFs

The physical displacement vector, {u}, may be represented in terms of component generalized coordinates
(see Craig [344] (p. 940)) as in Equation 15.131 (p. 797).

(15.131)u
u

u
T

u

y
m

s

m{ } = { }
{ }











= [ ] { }

{ }










δ

where:

yδ = truncated set of generalized modal coordinates

[T] = transformation matrix.

Fixed-Interface Method

For the fixed-interface method (see Craig and Bampton [345] (p. 940)), the transformation matrix has
the form:

(15.132)T
I

Gsm s
[ ] = [ ] [ ]

   













0

Φ

where:

[Gsm] = -[Kss]
-1[Ksm] = redundant static constraint modes (see Craig and Bampton [345] (p. 940))

Φs = fixed-interface normal modes (eigenvectors obtained with interface nodes fixed)

[I] = identity matrix
[0] = null matrix

Free-Interface Method

For the free-interface method (see Hintz [409] (p. 944), Herting [412] (p. 944)), the transformation matrix
has the form:

(15.133)T
I

Gsm sr s

=














[ ] [ ] [ ]

[ ] [ ] [ ]
^

0 0

Φ Φ

where:

[ ] [ ] [ ][ ]
^
Φ Φ Φs s sm mG= −
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[Φm] = matrix of the master dof partition of the free-interface normal modes (eigenvectors

obtained with interface dofs free)
[Φs] = matrix of the slave dof partition of the free-interface normal modes

[Φsr] = matrix of inertia relief modes

[Φsr] is included only if rigid body modes are present (see CMSOPT„„,FBDDEF). Any rigid body

modes present are not included in [ ]
^
Φs

[Φsr] = – [Kss]
-1[[Msm]+[Mss][Gsm]][Ψmr]

where:

[Ψmr] = matrix of the master DOF partition of the rigid body modes

Residual Flexibility Free Interface Method

For the Residual Flexiblility Free interface (RFFB) method (see Martinez et al. [410] (p. 944)), the trans-
formation matrix has the form:

(15.134)T
I

R Rsm mm s

=












−

[ ] [ ]

[ ][ ] [ ]
^

0
1 Φ

where:

[Rsm][Rmm]-1 = submatrices of the following residual vectors (see Residual Vector Method (p. 702)):

[ ]
[ ]

[ ]
R

R

R
mm

sm
=










[ ] [ ] [ ][ ] [ ]^Φ Φ Φs s sm mm mR R= − −1

Any rigid body modes present are included in 
[ ]

[ ]

Φ

Φ
m

s











Transformation

After applying the transformation in Equation 15.131 (p. 797) into the matrix equation of motion Equa-
tion 15.129 (p. 797) , the equation of motion in the reduced space is obtained. The reduced stiffness,
mass, and damping matrices and the reduced force vector of the CMS substructure will be:

(15.135)[ ] [ ] [ ][ ]
^
K T K TT=

(15.136)[ ] [ ] [ ][ ]
^

M T M TT=

(15.137)[ ] [ ] [ ][ ]
^
C T C TT=

(15.138){ } [ ] { }
^
F T FT=

In the reduced system, master DOFs will be used to couple the CMS superelement to other elements
and/or CMS superelements.
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For the fixed-interface method, if the fixed-interface normal modes are mass normalized, the reduced
stiffness, mass, and damping matrices, and the reduced force vector have the final form:

(15.139)[ ]
[ ] [ ][ ] [ ]

[ ] [ ]

^
K

K K Gmm ms sm
=

+











0

0 2Λ

(15.140)[ ]
[ ] [ ][ ] [ ][[ ] [ ][ ]] [[ ] [ ][^

M
M M G G M M G M Gmm ms sm ms sm ss sm ms ms

=
+ + + + MM

M M G I

ss s

s
T

sm ss sm

]][ ]

[ ] [[ ] [ ][ ]] [ ]

Φ

Φ +













(15.141)[ ]
[ ] [ ][ ] [ ][[ ] [ ][ ]] [[ ] [ ][^

C
C C G G C C G C Gmm ms sm ms sm ss sm ms ms

=
+ + + + CC

C C G C

ss s

s
T

sm ss sm s
T

ss s

]][ ]

[ ] [[ ] [ ][ ]] [ ] [ ][ ]

Φ

Φ Φ Φ+













(15.142){ }
{ } [ ]{ }

[ ] { }

^
F

F G F

F

m ms s

s
T

s

=
+










Φ

Where:

[Λ2] = a diagonal matrix containing the eigenvalues of retained fixed-interface normal modes.

Modal Damping Ratios

Modal damping ratios can be directly included in the reduced damping matrix [ ]C
^

 when the fixed-in-
terface method is used (ANTYPE,SUBSTR with CMSOPT,FIX and SEOPT,,,3).The following terms are added

to the diagonal of [Φs]
T[Css][Φs] in Equation 15.141 (p. 799):

2ξ ωi
m

i

where:

ξ�
�

 = modal damping ratio of the ith fixed-interface normal mode (input with MDAMP)

ω�  = circular natural frequency of the ith fixed-interface normal mode

Unsymmetric Matrices

The reduction of a skew-symmetric damping matrix due to the effect of gyroscopic damping (CORIOL-

IS,ON,,,ON) is supported. The damping matrix must contain the gyroscopic effect only. For all three
methods, the modes used in the transformation basis are those of the conservative system. The resulting
reduced damping matrix is also skew-symmetric.

15.7. Spectrum Analysis

Two types of spectrum analyses (ANTYPE,SPECTR) are supported: the deterministic response spectrum
method and the nondeterministic random vibration method. Both excitation at the support and excitation
away from the support are allowed. The three response spectrum methods are the single-point, multiple-
point and dynamic design analysis method. The random vibration method uses the power spectral
density (PSD) approach.

The following spectrum analysis topics are available:
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15.7.1. Assumptions and Restrictions
15.7.2. Description of Analysis
15.7.3. Single-Point Response Spectrum
15.7.4. Damping
15.7.5. Participation Factors and Mode Coefficients
15.7.6. Combination of Modes
15.7.7. Effective Mass and Cumulative Mass Fraction
15.7.8. Dynamic Design Analysis Method
15.7.9. Random Vibration Method
15.7.10. Description of Method
15.7.11. Response Power Spectral Densities and Mean Square Response
15.7.12. Cross Spectral Terms for Partially Correlated Input PSDs
15.7.13. Spatial Correlation
15.7.14.Wave Propagation
15.7.15. Multi-Point Response Spectrum Method
15.7.16. Missing-Mass Response
15.7.17. Rigid Responses

15.7.1. Assumptions and Restrictions

1. The structure is linear.

2. For single-point response spectrum analysis (SPOPT,SPRS) and dynamic design analysis method (SP-

OPT,DDAM), the structure is excited by a spectrum of known direction and frequency components, acting
uniformly on all support points or on specified unsupported master degrees of freedom (DOFs).

3. For multi-point response spectrum (SPOPT,MPRS) and power spectral density (SPOPT,PSD) analyses, the
structure may be excited by different input spectra at different support points or unsupported nodes.
Up to twenty different simultaneous input spectra are allowed.

15.7.2. Description of Analysis

The spectrum analysis capability is a separate analysis type (ANTYPE,SPECTR) and it must be preceded
by a mode-frequency analysis. If mode combinations are needed, the required modes must also be
expanded, as described in Mode-Frequency Analysis (p. 778).

The four options available are the single-point response spectrum method (SPOPT,SPRS), the dynamic
design analysis method (SPOPT,DDAM), the random vibration method (SPOPT,PSD) and the multiple-
point response spectrum method (SPOPT,MPRS). Each option is discussed in detail subsequently.

15.7.3. Single-Point Response Spectrum

Both excitation at the support (base excitation) and excitation away from the support (force excitation)
are allowed for the single-point response spectrum analysis (SPOPT,SPRS). The table below summarizes
these options as well as the input associated with each.

Table 15.3: Types of Spectrum Loading

Excitation Option

Excitation Away From SupportExcitation at Support

Amplitude multiplier table (FREQ and SV

commands)
Response spectrum table
(FREQ and SV commands)

Spectrum input
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Excitation Option

X, Y, Z direction at each node (selected by
FX, FY, or FZ on F command)

Direction vector (input on
SED and ROCK commands)

Orientation of
load

Amplitude in X, Y, or Z directions (selected
by VALUE on F command)

Constant on all support
points

Distribution of
loads

ForceDisplace-
ment

AccelerationVelocityType of input

13,420Response spec-
trum type (KSV
on SVTYP com-
mand)

15.7.4. Damping

Damping is evaluated for each mode and is defined as in Equation 14.24 (p. 676).

Note that the material dependent damping contribution (MP,DMPR) is computed in the modal expansion
phase with MXPAND,,,,YES, so that this damping contribution must be included there.

15.7.5. Participation Factors and Mode Coefficients

The participation factors for the given excitation direction are defined as:

(15.143)γ φi i
T M D= { } [ ]{ } for the base excitation option

(15.144)γ φi i
T F= { } { } for the force excitation option

where:

γi = participation factor for the ith mode

{φ}i = eigenvector normalized using Equation 15.51 (p. 779) (Nrmkey on the MODOPT command

has no effect)
{D} = vector describing the excitation direction (see Equation 15.145 (p. 801))
{F} = input force vector

The vector describing the excitation direction has the form:

(15.145){ } [ ]{ }D T e=

where:

{ } ...D D D Da a a T
= 



1 2 3

D j
a = excitation at DOF j in direction a; a may be either X,  Y, Z,or rotations about one of these axes
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[ ]

( ) ( )

( ) ( )

( ) ( )
T

Z Z Y Y

Z Z X X

Y Y X X

o o

o o

o o=

− − −

− − −

− − −

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 11 0 0

0 0 0 0 1 0

0 0 0 0 0 1



























X, Y, Z = global Cartesian coordinates of a point on the geometry
Xo, Yo, Zo = global Cartesian coordinates of point about which rotations are done (reference

point)
{e} = six possible unit vectors

We can calculate the statically equivalent actions at j due to rigid-body displacements of the reference
point using the concept of translation of axes [T] (Weaver and Johnston([279] (p. 936))).

For spectrum analysis, the Da values may be determined in one of two ways:

1. For D values with rocking not included (based on the SED command):

(15.146)D
S

BX
X=

(15.147)D
S

BY
Y=

(15.148)D
S

BZ
Z=

where:

SX, SY, SZ = components of excitation direction (input as SEDX, SEDY, and SEDZ, respectively,

on SED command)

B S S SX Y Z= + +( ) ( ) ( )2 2 2

2. or, for D values with rocking included (based on the SED and ROCK command):

(15.149)D S RX X X= +

(15.150)D S RY Y Y= +

(15.151)D S RZ Z Z= +

R is defined by:

(15.152)

R

R

R

C

C

C

r

r

r

X

Y

Z

X

Y

Z

X

Y

Z
















=
















×

















where:

CX, CY, CZ = components of angular velocity components (input as OMX, OMY, and OMZ, respect-

ively, on ROCK command)
x = vector cross product operator
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rX = Xn - LX

rY = Yn - LY

rZ = Zn - LZ

Xn, Yn, Zn = coordinate of node n
LX, LY, LZ = location of center of rotation (input as CGX, CGY, and CGZ on ROCK command)

In a modal analysis, the ratio of each participation factor to the largest participation factor (output as
RATIO) is printed out.

The displacement, velocity or acceleration vector for each mode is computed from the eigenvector by
using a “mode coefficient”:

(15.153){ } { }r Ai i
m

i i= ω φ

where:

m = 0, 1, or 2, based on whether the displacements, velocities, or accelerations, respectively,
are selected (using label, the third field on the mode combination commands SRSS, CQC, GRP,
DSUM, NRLSUM, ROSE)
Ai = mode coefficient (see below)

The mode coefficient is computed in five different ways, depending on the type of excitation (SVTYP

command).

1. For velocity excitation of base (SVTYP, 0)

(15.154)A
S

i
vi i

i
=

γ
ω

where:

Svi = spectral velocity for the ith mode (obtained from the input velocity spectrum at fre-

quency fi and effective damping ratio ξ i
′
)

fi = ith natural frequency (cycles per unit time = 

ω

π
i

2

ωi = ith natural circular frequency (radians per unit time)

2. For force excitation (SVTYP, 1)

(15.155)A
S

i
fi i

i

=
γ

ω2

where:

Sfi = spectral force for the ith mode (obtained from the input amplitude multiplier table at

frequency fi and effective damping ratio ξ i
′
).

3. For acceleration excitation of base (SVTYP, 2)
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(15.156)A
S

i
ai i

i

=
γ

ω2

where:

Sai = spectral acceleration for the ith mode (obtained from the input acceleration response

spectrum at frequency fi and effective damping ratio ξ i
′
).

4. For displacement excitation of base (SVTYP, 3)

(15.157)A Si ui i= γ

where:

Sui = spectral displacement for the ith mode (obtained from the input displacement response

spectrum at frequency fi and effective damping ratio ξ i
′
).

5. For power spectral density (PSD) (SVTYP, 4) (Vanmarcke([34] (p. 922)))

(15.158)A S S di
i

i
pi i p

i= −








 +









∫

γ

ω
ω

π
ξ

ω
ω

2 0

1

2

4
1

where:

Spi = power spectral density for the ith mode (obtained from the input PSD spectrum at

frequency fi and effective damping ratio ξ i
′
)

ξ = damping ratio (input as RATIO, DMPRAT command, defaults to .01)

The integral in Equation 15.158 (p. 804) is approximated as:

(15.159)S d S fp pj
j

L
i

i
ω

ω

0
1

∫ ∑=
=

∆

where:

Li = fi (in integer form)

Spj = power spectral density evaluated at frequency (f ) equal to j (in real form)

∆f = effective frequency band for fi = 1.

When Svi, Sfi, Sai, Sui, or Spi are needed between input frequencies, log-log interpolation is done in the

space as defined.

The spectral values and the mode coefficients output in the “RESPONSE SPECTRUM CALCULATION
SUMMARY” table are evaluated at the input curve with the lowest damping ratio, not at the effective

damping ratio ξ i
′
 .
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15.7.6. Combination of Modes

The modal displacements, velocity and acceleration (Equation 15.153 (p. 803)) may be combined in dif-
ferent ways to obtain the response of the structure. For all excitations but the PSD this would be the
maximum response, and for the PSD excitation, this would be the 1-σ (standard deviation) relative re-
sponse. The response includes DOF response as well as element results and reaction forces if computed
in the expansion operations (Elcalc = YES on the MXPAND command).

In the case of the single-point response spectrum method (SPOPT,SPRS) or the dynamic-design analysis
method (SPOPT,DDAM) options of the spectrum analysis , it is possible to expand only those modes
whose significance factor exceeds the significant threshold value (SIGNIF value on MXPAND command).
Note that the mode coefficients must be available at the time the modes are expanded.

Only those modes having a significant amplitude (mode coefficient) are chosen for mode combination.
A mode having a coefficient of greater than a given value (input as SIGNIF on the mode combination
commands SRSS, CQC, GRP, DSUM, NRLSUM, ROSE and PSDCOM) of the maximum mode coefficient
(all modes are scanned) is considered significant.

The spectrum option provides the following options for the combination of modes. They are:

• Complete Quadratic Combination Method (p. 806)

• Grouping Method (p. 806)

• Double Sum Method (p. 807)

• Square Root of the Sum of the Squares (SRSS) Method (p. 807)

• Naval Research Laboratory Sum (NRL-SUM) Method (p. 807)NRL-SUM Method (NRLSUM)

• Closely Spaced Modes (CSM) Method (p. 808)

• Rosenblueth Method (p. 809)

These methods generate coefficients for the combination of mode shapes. This combination is done
by a generalization of the method of the square root of the sum of the squares which has the form:

(15.160)R R Ra ij i
j

N

j
i

N
=










==

∑∑ ε
11

1

2

where:

Ra = total modal response

N = total number of expanded modes
εij= coupling coefficient. The value of εij = 0.0 implies modes i and j are independent and ap-

proaches 1.0 as the dependency increases

Ri = AiΨi = modal response in the ith mode (Equation 15.153 (p. 803))

Rj = AjΨj = modal response in the jth mode

Ai = mode coefficient for the ith mode

Aj = mode coefficient for the jth mode

Ψi = the ith mode shape
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Ψj = the jth mode shape

Ψi and Ψj may be the DOF response, reactions, or stresses. The DOF response, reactions, or stresses may

be displacement, velocity or acceleration depending on the user request (Label on the mode combination
commands SRSS, CQC, DSUM, GRP, ROSE or NRLSUM).

The mode combination instructions are written to File.MCOM by the mode combination command.
Inputting this file in POST1 automatically performs the mode combination.

15.7.6.1. Complete Quadratic Combination Method

This method (accessed with the CQC command), is based on Wilson, et al.([65] (p. 924)).

(15.161)R k R Ra ij i j
j i

N

i

N
=












==

∑∑ ε
1

1

2

where:

k =
≠





1 if i = j

2 if i j

ε
ξ ξ ξ ξ

ξ ξ ξ
ij

i j i j

i j i

r r

r r r
=

′ ′ ′ + ′

− + ′ ′ + + ′ +

8

1 4 1 4

1

2 3 2

2 2 2 2

( ) ( )

( ) ( ) ( ξξ j r′2 2)

r = ωj / ωi

15.7.6.2. Grouping Method

This method (accessed with the GRP command), is from the NRC Regulatory Guide([41] (p. 922)). For
this case, Equation 15.160 (p. 805) specializes to:

(15.162)R R Ra ij i j
j

N

i

N
=










==

∑∑ ε
11

1

2

where:

ε

ω ω

ω

ω ω

ω

ij

j i

i

j i

i

=

−
≤

−
>













1.0 if 

0.0 if 

0 1

0 1

.

.

Closely spaced modes are divided into groups that include all modes having frequencies lying between
the lowest frequency in the group and a frequency 10% higher. No one frequency is to be in more than
one group.
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15.7.6.3. Double Sum Method

The Double Sum Method (accessed with the DSUM command) also is from the NRC Regulatory
Guide([41] (p. 922)). For this case, Equation 15.160 (p. 805) specializes to:

(15.163)R R Ra ij i j
j

N

i

N
=









==

∑∑ ε
11

1

2

where:

ε
ω ω

ξ ω ξ ω

ij

i j

i i j j

=

+
′ − ′

′′ + ′′













1

1

2

ωi
′

 = damped natural circular frequency of the ith mode

ωi= undamped natural circular frequency of the ith mode

ξ i
′′

 = modified damping ratio of the ith mode

The damped natural frequency is computed as:

(15.164)′ = − ′ω ω ξi i i( ( ) )1 2
1

2

The modified damping ratio ξ i
′′

 is defined to account for the earthquake duration time:

(15.165)′′ = ′ +ξ ξ
ωi i

d it

2

where:

td = earthquake duration time, fixed at 10 units of time

15.7.6.4. Square Root of the Sum of the Squares (SRSS) Method

The SRSS method, accessed with the SRSS command, is taken from the NRC Regulatory
Guide([41] (p. 922)). For this case, Equation 15.160 (p. 805) reduces to:

(15.166)R Ra i
i

N
=










=
∑ ( )2

1

1

2

15.7.6.5. Naval Research Laboratory Sum (NRL-SUM) Method

The NRL-SUM method (O'Hara and Belsheim([107] (p. 926))), accessed with the NRLSUM command, cal-
culates the maximum modal response as:
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(15.167)R R Ra a ai
i

N
= +











=
∑1

2

2

1

2
( )

where:

|Ra1| = absolute value of the largest modal displacement, stress or reaction at the point

Rai = displacement, stress or reaction contributions of the same point from other modes.

15.7.6.6. Closely Spaced Modes (CSM) Method

The CSM method, accessed with the NRLSUM,,,CSM command, calculates the combined effect of the
modal responses of pairs of closely spaced modes (NAVSEA [411] (p. 944)). Modes are close if their fre-
quencies are within 10% of the mean frequency. Once each CSM pair combination is determined, it is
used in the NRL-SUM as a single effective mode. The modified NRL (or CSM) sum is:

(15.168)R R E E R R Ea i i j k i
i j k

N

i i j k
= ( )+ + − ( )( )≠

≠
≠∑, m�x m�x

,
, m�x

2 2
2

where

i ranges from 1 to N, excluding the closely spaced modes j and k.

Emax is the maximum amplitude of a mode pair response. It is computed as follows.

This procedure first requires a modal response correction to account for the effect of damping during
the first quarter cycle:

(15.169)C �e� �=
ξ
π
�

where:

Ci = modal response of the ith mode including the quarter cycle correction.

ξ = damping ratio (constant for all modes)
The closed form treatment can be expressed as the envelope of the sum of two decaying sinus-
oids (modes j and k). This closed form is a slightly conservative approach, as it is based on de-
termining the peak of the envelope rather than the peak of the superposed values.

(15.170)� t � � � � � dt
��

	 
 	 
( ) = +( ) − ( )− � �

where:

E(t) = combined response of two closely spaced modes j and k

� = ξω

ω
ω ω

�
� �=
+









� � �= − −�ξ ω ω
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The times at which this function reaches a minimum or a maximum are t = 0, and:

(15.171)t
S

d
n =

[ ]−−1 θ

where:

�
a C C

C C a �

j k

j k

=
− +( )

+

2 2

2 2

θ θ π= ( ) ≤ ≤−� �
�

Equation Equation 15.171 (p. 809) has multiple solutions only if S is smaller or equal to 1. If S is greater
than 1, the CSM cannot be used to reduce the NRL sum.

15.7.6.7. Rosenblueth Method

The Rosenblueth Method ([375] (p. 942)) is accessed with the ROSE command.

The equations for the Double Sum method (above) apply, except for Equation 15.163 (p. 807). For the
Rosenblueth Method, the sign of the modal responses is retained:

(15.172)R R Ra ij i j
j

N

i

N
=









==

∑∑ ε
11

1

2

15.7.7. Effective Mass and Cumulative Mass Fraction

The effective mass (output as EFFECTIVE MASS) for the ith mode (which is a function of excitation direc-
tion) is (Clough and Penzien([80] (p. 925))):

(15.173)M
M

ei
i

i
T

i i

=
γ

φ φ

2

{ } [ ] { }

Note from Equation 15.51 (p. 779) that

(15.174){ } [ ]{ }φ φi
T

iM =1

so that the effective mass reduces to γ i
2

. This does not apply to the force spectrum, for which the ex-
citation is independent of the mass distribution.

The cumulative mass fraction for the ith mode is:

(15.175)
ei

e�
�

i

e�
�

N

M

M

⌢
= =

=

∑

∑
�

�

where N is the total number of modes.
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15.7.8. Dynamic Design Analysis Method

For the DDAM (Dynamic Design Analysis Method) procedure (SPOPT,DDAM) (O'Hara and
Belsheim([107] (p. 926))), modal weights in thousands of pounds (kips) are computed from the particip-
ation factor:

(15.176)w
g

i
i=
γ 2

with

(15.177)γ
φ

�
�

T

�

M D

M
=
{ } [ ]{ }

and

(15.178)� �� �

�

�
= { } [ ]{ }φ φ

where:

wi = modal weight in kips

��  = generalized mass of the ith mode

g = acceleration due to gravity (386 in/sec2)

φ{ }�  = ith mode shape normalized to unity

The mode coefficients are computed by:

(15.179)A
S

i
ai i

i

=
γ

ω2

where:

Sai = the greater of Am or Sx

Am = minimum acceleration (input as AMIN on the ADDAM command) defaults to 6g = 2316.0)

Sx = the lesser of Ag or ωiV

A = spectral acceleration

=

+ +

+
≠

+

+
=

A A
A w A w

A w
A

A A
A w

A w
A

f a
b i c i

d i
d

f a
b i

c i
d

( )( )

( )

( )

( )

2
0if 

if 00













V = spectral velocity

=
+
+

V V
V w

V wf a
b i

c i

( )

( )

Af, Aa, Ab, Ac, Ad = acceleration spectrum computation constants (input as AF, AA, AB, AC, AD

on the ADDAM command)
Vf, Va, Vb, Vc = velocity spectrum computation constants (input as VF, VA, VB, VC on the VDDAM

command)
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The acceleration response, which is required for the nodal acceleration check (refer to Mode Selection
Based on DDAM Procedure), is computed by:

(15.180){ }R Sa ai i i
= { }γ Φ

where:

{ }Ra  = acceleration response for the ith mode

The DDAM procedure is generally used with the NRL-SUM method of mode combination, which was
described in Single-Point Response Spectrum (p. 800). Note that unlike Equation 15.51 (p. 779), O'Hara
and Belsheim ([107] (p. 926)) normalize the mode shapes to the largest modal displacements. As a result,
the NRL-1396 participation factors γi and mode coefficients Ai will be different.

15.7.9. Random Vibration Method

The random vibration method (SPOPT,PSD) allows multiple power spectral density (PSD) inputs (up to
two hundred) in which these inputs can be:

1. full correlated,

2. uncorrelated, or

3. partially correlated.

The procedure is based on computing statistics of each modal response and then combining them. It
is assumed that the excitations are stationary random processes.

15.7.10. Description of Method

For partially correlated nodal and base excitations, the complete equations of motions are segregated
into the free and the restrained (support) DOF as:

(15.181)
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=






0

where {uf} are the free DOF and {ur} are the restrained DOF that are excited by random loading (unit

value of displacement on D command). Note that the restrained DOF that are not excited are not included
in Equation 15.181 (p. 811) (zero displacement on D command). {F} is the nodal force excitation activated
by a nonzero value of force (on the F command). The value of force can be other than unity, allowing
for scaling of the participation factors.

The free displacements can be decomposed into pseudo-static and dynamic parts as:

(15.182){ } { } { }u u uf s d= +

The pseudo-static displacements may be obtained from Equation 15.181 (p. 811) by excluding the first
two terms on the left-hand side of the equation and by replacing {uf} by {us}:

(15.183){ } [ ] [ ]{ } [ ]{ }u K K u A us ff fr r r= − =−1

in which [A] = - [Kff]-1[Kfr]. Physically, the elements along the ith column of [A] are the pseudo-static

displacements due to a unit displacement of the support DOFs excited by the ith base PSD. These dis-
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placements are written as load step 2 on the .rst file. Substituting Equation 15.183 (p. 811) and Equa-
tion 15.182 (p. 811) into Equation 15.181 (p. 811) and assuming light damping yields:

(15.184)[ ]{ } [ ]{ } [ ]{ } { } ([ ][ ] [ ]){M u C u K u F M A M uff d ff d ff d ff fr rɺɺ ɺ ≃ ɺɺ+ + − + }}

The second term on the right-hand side of the above equation represents the equivalent forces due to
support excitations.

Using the mode superposition analysis of Mode Superposition Method (p. 698) and rewriting Equa-
tion 14.100 (p. 698)) as:

(15.185){ ( )} [ ]{ ( )}u t y td = φ

the above equations are decoupled yielding:

(15.186)ɺɺ ɺy y y G j nj j j j j j j+ + = =2 1 2 32ξ ω ω , ( , , ,..., )

where:

n = number of mode shapes chosen for evaluation (input as NMODE on SPOPT command)
yj = generalized displacements

ωj and ξj = natural circular frequencies and modal damping ratios

The modal loads Gj are defined by:

(15.187)G uj j
T

r j= +{ } { }Γ ɺɺ γ

The modal participation factors corresponding to support excitation are given by:

(15.188){ } ([ ][ ] [ ]) { }Γ j ff fr
T

jM A M= − + φ

and for nodal excitation:

(15.189)γ φj j
T F= { } { }

Note that, for simplicity, equations for nodal excitation problems are developed for a single PSD table.
Multiple nodal excitation PSD tables are, however, allowed in the program.

These factors are calculated (as a result of the PFACT action command) when defining base or nodal
excitation cases and are written to the .psd file. Mode shapes {φj} should be normalized with respect

to the mass matrix as in Equation 15.51 (p. 779).

The relationship between multiple input spectra are described in the later subsection, “Cross Spectral
Terms for Partially Correlated Input PSD's”.

15.7.11. Response Power Spectral Densities and Mean Square Response

Using the theory of random vibrations, the response PSD's can be computed from the input PSD's with
the help of transfer functions for single DOF systems H(ω) and by using mode superposition techniques
(RPSD command in POST26). The response PSD's for ith DOF are given by:
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15.7.11.1. Dynamic Part

(15.190)
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15.7.11.2. Pseudo-Static Part
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15.7.11.3. Covariance Part
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22
Γ

where:

n = number of mode shapes chosen for evaluation (input as NMODE on SPOPT command)
r1 and r2 = number of nodal (away from support) and base PSD tables, respectively

The transfer functions for the single DOF system assume different forms depending on the type (Type

on the PSDUNIT command) of the input PSD and the type of response desired (Lab and Relkey on the
PSDRES command). The forms of the transfer functions for displacement as the output are listed below
for different inputs.

1. Input = force or acceleration (FORC, ACEL, or ACCG on PSDUNIT command):

(15.193)H
i

j
j j j

( )
( )

ω
ω ω ξ ω ω

=
− +

1

22 2

2. Input = displacement (DISP on PSDUNIT command):

(15.194)H
i

j
j j j

( )
( )

ω
ω

ω ω ξ ω ω
=

− +

2

2 2 2

3. Input = velocity (VELO on PSDUNIT command):

(15.195)H
i

i
j

j j j

( )
( )

ω
ω

ω ω ξ ω ω
=

− +2 2 2

where:

ω = forcing frequency
ωj = natural circular frequency for jth mode

i = 
−1
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Now, random vibration analysis can be used to show that the absolute value of the mean square response

of the ith free displacement (ABS option on the PSDRES command) is:

(15.196)

σ ω ω ω ω ω ω

σ σ

f d s sd

d s v

i i i i

i i

S d S d S d

C

2

0 0 0

2 2

2

2

= + +

= + +

∞ ∞ ∞

∫ ∫ ∫( ) ( ) ( )

Re

(( , )u us di i

where:

| |Re = denotes the real part of the argument

σdi

2 = variance of the ith relative (dynamic) free displacemeents (REL option on the  command)PSDRES

σsi

2 = variance of the ith pseudo-static displacements

Cv (usi
 , udi

) = covariance between the static and dynamic displacements

The general formulation described above gives simplified equations for several situations commonly
encountered in practice. For fully correlated nodal excitations and identical support motions, the sub-

scripts ℓ  and m would drop out from the Equation 15.190 (p. 813) thru Equation 15.192 (p. 813). When
only nodal excitations exist, the last two terms in Equation 15.196 (p. 814) do not apply, and only the
first term within the large parentheses in Equation 15.190 (p. 813) needs to be evaluated. For uncorrelated

nodal force and base excitations, the cross PSD's (i.e. ℓ  ≠ m) are zero, and only the terms for which ℓ

= m in Equation 15.190 (p. 813) thru Equation 15.192 (p. 813) need to be considered.

Equation 15.190 (p. 813) thru Equation 15.192 (p. 813) can be rewritten as:

(15.197)S Rd ij ik jk
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i
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(15.199)S A Rsd ij i j
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where:

R R Rjk m j( ), ( ), ( )
^

ω ω ωℓ ℓ
 = modal PSD's, terms within large parentheses of Equation 15.190 (p. 813)

thru Equation 15.192 (p. 813)

Closed-form solutions for piecewise linear PSD in log-log scale are employed to compute each integration
in Equation 15.196 (p. 814) (Chen and Ali([193] (p. 931)) and Harichandran([194] (p. 931))) .

Subsequently, the variances become:

(15.200)σ φ φd ij ik jk
k

n
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i
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=

==
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(15.201)σs i im m
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The modal covariance matrices 
Q Q Qjk m j, ,

^

ℓ ℓand
 are available in the .psd file. Note that Equa-

tion 15.200 (p. 814) thru Equation 15.202 (p. 815) represent mode combination (PSDCOM command) for
random vibration analysis.

The variance for stresses, nodal forces or reactions can be computed (Elcalc = YES on SPOPT (if Elcalc

= YES on MXPAND)) from equations similar to Equation 15.200 (p. 814) thru Equation 15.202 (p. 815). If

the stress variance is desired, replace the mode shapes (φij) and static displacements 
( )Aiℓ  with mode

stresses 
( )φij  and static stresses ( )Aiℓ . Similarly, if the node force variance is desired, replace the mode

shapes and static displacements with mode nodal forces 
( )

^
φij  and static nodal forces ( )

^
Aiℓ . Finally, if

reaction variances are desired, replace the mode shapes and static displacements with mode reaction

( )ɶφij  and static reactions ( )ɶ ℓAi . Furthermore, the variances of the first and second time derivatives (VELO
and ACEL options respectively on the PSDRES command) of all the quantities mentioned above can
be computed using the following relations:

(15.203)S Su uɺ ( ) ( )ω ω ω= 2

(15.204)S Su uɺɺ( ) ( )ω ω ω= 4

Finally, the square root of Equations Equation 15.200 (p. 814), Equation 15.201 (p. 815), and Equa-

tion 15.202 (p. 815) are taken to yield the 1-σ results (i.e., the standard deviation) for the ith displacement
(or strain, stress, or force) quantity, and the they are written to the .rst file.

15.7.11.4. Equivalent Stress Mean Square Response

The equivalent stress (SEQV) mean square response is computed as suggested by Segalman et
al([354] (p. 940)) as:

(15.205)( ) ( ) ( )
⌢
σd nd nd

T

k

n

j

n
k nd jkA Q2

11
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==
Ψ Ψ

where:

(Ψj)nd = vector of component "stress shapes" for mode j at node nd
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= quadratic operator

Note that the probability distribution for the equivalent stress is neither Gaussian nor is the mean value
zero. However, the"3-σ" rule (multiplying the RMS value by 3) yields a conservative estimate on the
upper bound of the equivalent stress (Reese et al([355] (p. 941))). Since no information on the distribution
of the principal stresses or stress intensity (S1, S2, S3, and SINT) is known, these values are set to zero.

15.7.12. Cross Spectral Terms for Partially Correlated Input PSDs

For excitation defined by more than a single input PSD, cross terms which determine the degree of
correlation between the various PSDs are defined as:
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where:

Snn(ω) = input PSD spectra which are related. (Defined by the PSDVAL command and located

as table number (TBLNO) n)
Cnm(ω) = cospectra which make up the real part of the cross terms. (Defined by the COVAL

command where n and m (TBLNO1 and TBLNO2) identify the matrix location of the cross term)
Qnm(ω) = quadspectra which make up the imaginary part of the cross terms. (Defined by the

QDVAL command where n and m (TBLNO1 and TBLNO2) identify the matrix location of the
cross term)

The normalized cross PSD function is called the coherence function and is defined as:

(15.207)γ ω
ω ω

ω ωnm
nm nm

nn mm

C iQ

S S
2

2

( )
( ) ( )

( ) ( )
=

−

where: 0 12≤ ≤γ ωnm( )

Although the above example demonstrates the cross correlation for 3 input spectra, this matrix may
range in size from 2 x 2 to 200 x 200 (i.e., maximum number of tables is 200).

For the special case in which all cross terms are zero, the input spectra are said to be uncorrelated. Note
that correlation between nodal and base excitations is not allowed.

15.7.13. Spatial Correlation

The degree of correlation between excited nodes may also be controlled. Depending upon the distance
between excited nodes and the values of RMIN and RMAX (input as RMIN and RMAX on the PSDSPL

command), an overall excitation PSD can be constructed such that excitation at the nodes may be un-
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correlated, partially correlated or fully correlated. If the distance between excited nodes is less than
RMIN, then the two nodes are fully correlated; if the distance is greater than RMAX, then the two nodes

are uncorrelated; if the distance lies between RMIN and RMAX, excitation is partially correlated based on

the actual distance between nodes. The following figure indicates how RMIN, RMAX and the correlation

are related. Spatial correlation between excited nodes is not allowed for a pressure PSD analysis
(PSDUNIT,PRES).

Figure 15.7:  Sphere of Influence Relating Spatially Correlated PSD Excitation
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Node i excitation is fully correlated with node j excitation
Node i excitation is partially correlated with node k excitation

Node i excitation is uncorrelated with node ℓ  excitation

For two excitation points 1 and 2, the PSD would be:

(15.208)[ ( )] ( )S Soω ω
α

α
=











1

1
12

12
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MAX MIN
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D12 = distance between the two excitation points 1 and 2

So(ω) = basic input PSD (PSDVAL and PSDFRQ commands)
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15.7.14. Wave Propagation

To include wave propagation effects of a random loading, the excitation PSD is constructed as:

(15.209)S S em o
i d m

ℓ
ℓ( ) ( )( )ω ω ω= −

where:

d
D V

V
m

m
ℓ

ℓ=
  =

{ }
2

delay

{ } { } { }D x xm mℓ ℓ= −
 = separation vector between excitations points ℓ  and m

{V} = velocity of propagation of the wave (input as VX, VY and VZ on PSDWAV command)

{ }xℓ  = nodal coordinates of excitation point ℓ

More than one simultaneous wave or spatially correlated PSD inputs are permitted, in which case the
input excitation [S(ω)] reflects the influence of two or more uncorrelated input spectra. In this case,
partial correlation among the basic input PSD's is not currently permitted. Wave propagation effects
are not allowed for a pressure PSD analysis (PSDUNIT,PRES).

15.7.15. Multi-Point Response Spectrum Method

The response spectrum analysis due to multi-point support and nodal excitations (SPOPT,MPRS) allows
up to three hundred different excitations (PFACT command) based on up to two hundred different
spectrum tables (SPUNIT, SPFREQ and SPVAL commands). The input spectrum are assumed to be
uncorrelated to each other.

Most of the ingredients for performing multi-point response spectrum analysis are already developed
in the previous subsection of the random vibration method. As with the PSD analysis, the static shapes
corresponding to equation Equation 15.183 (p. 811) for base excitation are written as load step #2 on

the *.rst file, Assuming that the participation factors,
Γ jℓ , for the ℓ th input spectrum table have

already been computed (by Equation 15.188 (p. 812), for example), the mode coefficients for the ℓ th

table are obtained as:

(15.210)B Sj j jℓ ℓ ℓ= Γ

where:

S jℓ  = interpolated input response spectrum for the ℓ th table at the jth natural frequency (defined
by the SPFREQ, SPVAL and SPUNIT commands)

For each input spectrum, the mode shapes, mode stresses, etc. are multiplied by the mode coefficients
to compute modal quantities, which can then be combined with the help of any of the available mode
combination techniques (SRSS, CQC, Double Sum, Grouping, NRL-SUM, or Rosenblueth method), as
described in the previous section on the single-point response spectrum method. The Absolute Sum
method (AbsSumKey = yes on the SRSS command) can also be used as described in the section that
follows.

Finally, the response of the structure is obtained by combining the responses to each spectrum using
the SRSS method.

Release 15.0 - © SAS IP, Inc. All rights reserved. - Contains proprietary and confidential information
of ANSYS, Inc. and its subsidiaries and affiliates.818

Analysis Procedures



The mode combination instructions are written to the file Jobname.MCOM by the mode combination
command. Inputting the file in POST1 (/INPUT command) automatically performs the mode combination.

15.7.15.1. Absolute Sum Combination Method

In a multi-point response spectrum analysis with base excitation, the square root of sum of square
(SRSS) combination method does not take into account the phase relationship between the modal re-
sponses when same direction of excitation is applied at each support. The Absolute Sum combination
method [[420] (p. 944)] takes into account that the peak values for one excitation direction are occurring
at the same time so that the absolute values are summed. The remaining combination of modes and
directions is performed with the SRSS method.

The total response with missing mass included is expressed as:

(15.211)R R Ra jn n
n

NS

j

N

Mn n
n

NS

d s
s

d s
s

= ∑








∑ + ∑
















== =1

2

1 1

2 




∑

=n

ND

d 1

Where:

nd is the excitation direction index. The excitation direction is specified using SEDX, SEDY, or SEDZ on

the SED command.

ND is the total number of excitation directions.

ns is the support (node group) index. The node group is defined with a component based on nodes

(Cname on the SED command).

NS is the total number of supports.

Rjndns
 is the modal response for the jth mode, the ndth direction, and the nsth support.

RMndns
 is the missing mass response for the ndth direction, and the nsth support (MMASS command).

It is optional.

Note

All supports are not necessarily excited in all directions. For example, if the nsth support is

not excited in the ndth direction then Rjndns is zero for all modes j.

15.7.16. Missing-Mass Response

The spectrum analysis is based on a mode-superposition approach where the responses of the higher
modes are neglected; therefore, part of the mass of the structure is missing in the dynamic analysis.
The missing-mass response method ([374] (p. 942)) permits inclusion of the missing mass effect in a
single-point response spectrum (SPOPT, SPRS) or multiple-point response spectrum analysis (SP-

OPT,MPRS) when base excitation is considered

Considering a rigid structure, the inertia force due to ground acceleration is:

(15.212)F M D ST a{ }= −[ ]{ } 0
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where:

{FT} = total inertia force vector

Sa0 = spectrum acceleration at zero period (also called the ZPA value), input as ZPA on the MMASS

command.

Mode superposition can be used to determine the inertia force. For mode j, the modal inertia force is:

(15.213){ }F M yj j j= −[ ]{ }φ ɺɺ

where:

{Fj} = modal inertia force for mode j.

Using equations Equation 15.153 (p. 803) and Equation 15.156 (p. 804), this force can be rewritten:

(15.214){ }F M Sj j j a= −[ ]{ }φ γ 0

The missing inertia force vector is then the difference between the total inertia force given by Equa-
tion 15.212 (p. 819) and the sum of the modal inertia forces defined by Equation 15.214 (p. 820):

(15.215){ } { } { } [ ] { } { }F F F M D SM T j
j

N

j j
j

N

a= − = −










= =
∑ ∑

1 1
0φ γ

The expression within the parentheses in the equation above is the fraction of degree of freedom mass
missing:

(15.216){ } { } { }e Dj j
j

N

= −
=
∑ φ γ

1

The missing mass response is the static shape due to the inertia forces defined by equation :

(15.217){ } [ ] { }R K FM M= −1

where:

{RM} is the missing mass response

The application of these equations can be extended to flexible structures because the higher truncated
modes are supposed to be mostly rigid and exhibit pseudo-static responses to an acceleration base
excitation.

In a single-point response spectrum analysis, the missing mass response is written as load step 2 in the
*.rst file. In a multiple-point response spectrum analysis, it is written as load step 3.

Combination Method

Because the missing-mass response is a pseudo-static response, it is in phase with the imposed acceler-
ation but out of phase with the modal responses; therefore, the missing-mass response and the modal
responses defined in Equation 15.160 (p. 805) are combined using the square root of sum of the squares
(SRSS) method.

The total response including the missing mass effect is:
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(15.218)R RR Ra ij i j
j

N

i

N
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 + ( )

==
∑∑ ε

11

2

15.7.17. Rigid Responses

For frequencies higher than the amplified acceleration region of the spectrum, the modal responses
consist of both periodic and rigid components. The rigid components are considered separately because
the corresponding responses are all in phase. The combination methods listed in Combination of
Modes (p. 805) do not apply

The rigid component of a modal response is expressed as:

(15.219)R Rri i i= α

where:

Rri = the rigid component of the modal response of mode i

αi = rigid response coefficient in the range of values 0 through 1. See the Gupta and Lindley-Yow

methods below.

Ri = modal response of mode i

The corresponding periodic component is then:

(15.220)R Rpi i i= −( ( )1 2α

where:

Rpi = periodic component of the modal response of mode i

Two methods ([375] (p. 942)) can be used to separate the periodic and the rigid components in each
modal response. Each one has a different definition of the rigid response coefficients αi.

Gupta Method

(15.221)αi

iF
F

F

F

=





















log

log

1

2

1

αi = 0 for Fi
≤  F1

αi = 1 for Fi
≥  F2

where:

Fi = ith frequency value.

F1 and F2 = key frequencies. F1 is input as Val1 and F2 is input as Val2 on RIGRESP command with
Method = GUPTA.
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Lindley-Yow Method

(15.222)αi
a

ai

S

S
= 0

where:

Sa0 = spectrum acceleration at zero period (ZPA). It is input as ZPA on RIGRESP command with Method

= LINDLEY

Sai = spectrum acceleration corresponding to the ith frequency

Combination Method

The periodic components are combined using the square root of sum of squares (SRSS), the complete
quadratic (CQC) or the Rosenblueth (ROSE) combination methods.

Since the rigid components are all in phase, they are summed algebraically. When the missing mass
response (accessed with MMASS command) is included in the analysis, since it is a rigid response as
well, it is summed with those components. Finally, periodic and rigid responses are combined using
the SRSS method.

The total response with the rigid responses and the missing mass response included is expressed as:

(15.223)R R R R Ra ij i i j j
j

N

i

N

i
i

N

i M= − ( ) − ( )








 + +
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∑∑ ∑ε α α α1 1

2 2
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15.8. Linear Perturbation Analysis

The following linear perturbation analysis topics are available:
15.8.1. Assumptions and Restrictions
15.8.2. Description of Analysis
15.8.3. Static Analysis Based on Linear Perturbation
15.8.4. Modal Analysis Based on Linear Perturbation
15.8.5. Eigenvalue Buckling Analysis Based on Linear Perturbation
15.8.6. Full Harmonic Analysis Based on Linear Perturbation
15.8.7. Application of Perturbation Loads
15.8.8. Downstream Analysis Using the Solution of a Linear Perturbation Analysis

15.8.1. Assumptions and Restrictions

The following assumptions and restrictions apply to the linear perturbation method:

• Valid for structural degrees of freedom (DOFs) only.

• Supports only certain structural element types. See Elements Under Linear Perturbation in the Element

Reference for a complete list.

• Performed by first running a linear or nonlinear static or full (TRNOPT,FULL) transient analysis, then restart-
ing the analysis with the appropriate linear perturbation analysis type.
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• For a linear perturbation modal analysis, the mass density and damping information should be supplied
in the analysis phase of the static or full transient procedure (if they are needed later for the linear per-
turbation analysis).

15.8.2. Description of Analysis

In many engineering applications, the linear behavior of a structure based on a prior linear or nonlinear
preloaded status is of interest. The linear perturbation analysis procedure is designed to solve a linear
problem from this preloaded case. Typically, the Newton-Raphson procedure is used in the nonlinear
analysis (see Figure 14.9: Newton-Raphson Solution - One Iteration (p. 713)). Without loss of generality,
the nonlinear static problem is discussed here. A similar process can apply to linear static and linear or
nonlinear full transient analyses.

In the case of a nonlinear static analysis, the mode frequency of the structure based on load level �
�

is needed. The tangent matrix 

��
�

 can be used in the linear perturbation analysis in order to obtain

the effect of preload, as the linear stiffness matrix without preloading does not give the correct solution.

Equation 14.147 (p. 711) at iteration i is recast here for convenience of discussion:

(15.224)[ ]{ } { } { }K u F Fi
T

i
a

i
nr∆ = −

Here, 



��
�

 is the global tangent matrix which can be symbolically segregated into other matrices as

follows:

(15.225)
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 +



 +



 +
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where:





��

�
 = the part of the tangent stiffness contributed from the material property





��
�

 = the stress stiffening matrix introduced by non-zero stresses from the structure; super-

script N indicates nonlinear (that is, the stress stiffening matrix is obtained from a nonlinear
analysis – not to be confused with the linear stress stiffening matrix obtained from the first
phase of a linear perturbation buckling analysis)





��

��
 = the load stiffening matrix introduced by external pressure loads or by follower force

effect (element FOLLW201)





��
�

 = the total stiffness matrix contributed from contact elements of the model





 !

"#
 = the spin-softening matrix introduced by rotational velocities

In the preload (or base) analysis, 



$%

&
 could be generally nonlinear. In the subsequent linear perturb-

ation analysis, the material behavior must be linear. Depending on the material option specified on the
PERTURB command and the material properties used, the program handles materials in the linear
perturbation analysis differently. The program uses the consistent material Jacobian of hyperelastic
materials at iteration i as the material behavior in the linear perturbation analysis. For other nonlinear
materials, the program uses the linear portion of the material in the linear perturbation analysis by default.
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For any linear materials, the same behaviors are assumed in both the base and the linear perturbation
analyses. For nonlinear materials, an option is available to use the consistent material tangent Jacobian
(see the PERTURB command for more information).

In the case of contact analysis from the static or full transient runs, 



��

�
 is by default the consistent

tangent (total) stiffness matrix from the contact elements based on their status at iteration i. However,
you are optionally allowed to change contact behavior and, hence, contact stiffness for all contact pairs
by using the PERTURB command in the linear perturbation analysis or the CNKMOD command for in-
dividual contact pairs. All contact behavior can be changed into the following form (similar to KEYOPT(12)
in the contact element descriptions; for example, CONTA174) from whatever behavior it was in the
previous static or full transient analysis to:

1 -- Rough
2 -- No separation (sliding permitted)
3 -- Bonded
4 -- No separation (always)

15.8.3. Static Analysis Based on Linear Perturbation

A static analysis can be performed by using the linear perturbation analysis procedure. The effect of
the structure from the previous static or full transient analysis is included.

The theoretical steps can be summarized as follows:

1. Perform a static or full transient base analysis; use the RESCONTROL command to create the restart
files for the load points of interest (i.e., at various substeps of a load step).

2. Restart the analysis at the load point of interest and issue the commands PERTURB,STATIC and

SOLVE,ELFORM. The program regenerates the total tangent stiffness matrix 

��

�
 from the restart

point.

3. For the static analysis, the perturbation load is required and must be defined or modified at this
step (see Application of Perturbation Loads (p. 828) and also the PERTURB command description).

4. Upon the onset of the second SOLVE command, the nodal coordinates are updated automatically
if the base analysis includes large-deflection effects (NLGEOM,ON). The program then calculates the
static solution using the following the equation (similar to Equation 15.1 (p. 762)):

(15.226)



 =� � �	



������� �������

5. Along with the static solution phase, a stress calculation is carried out based on the material definition
specified via the PERTURB command. (See Interpretation of Structural Element Results After a Linear
Perturbation Analysis in the Element Reference for details.)

15.8.4. Modal Analysis Based on Linear Perturbation

A modal analysis can be performed by using the linear perturbation analysis procedure. The effect of
the structure from the previous static or full transient analysis is included. The theoretical steps can be
summarized as follows:
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1. Perform a static or full transient base analysis; use the RESCONTROL command to create the restart
files for the load points of interest (i.e., at various substeps of a load step).

2. Restart the analysis at the load point of interest and issue the commands PERTURB,MODAL and

SOLVE,ELFORM. The program regenerates the total tangent stiffness matrix 

��
�

 from the restart

point.

3. If a downstream analysis is desired using the load vector from the modal analysis, the perturbation
load can be defined or modified here (see Application of Perturbation Loads (p. 828) and also the
PERTURB command description) for the downstream analyses.

4. Upon the onset of the second SOLVE command, the nodal coordinates are updated automatically
if large-deflection was included in the base analysis (NLGEOM,ON). The program then calculates
the eigensolution using the following equation (similar to Equation 14.192 (p. 727)):

(15.227)



 =� � � � ��
�

	 	 	

where:






�
�

 = total tangent matrix from the load point of interest

{φj} = eigenvector

[M] = structural mass matrix

The structural material behavior in a linear perturbation analysis is discussed above and can be
controlled by the PERTURB command. The UNSYM and DAMP eigensolvers can be used as
well. In the case of the DAMP eigensolution, the following equation (similar to Equa-
tion 14.204 (p. 732)) is solved:

(15.228)



 + = − � � � � � � ��
�

� � � � �

�

where [C] = structural damping matrix.

5. Along with the modal solution phase, a stress expansion pass is carried out. (See Interpretation of
Structural Element Results After a Linear Perturbation Analysis in the Element Reference for details.)
To use the appropriate material property and to obtain the total sum of elastic strain/stress due to
the linear perturbation analysis and the base analysis, a stress expansion pass must be done along
with the modal analysis. A separate expansion pass (EXPASS command) is not allowed after the
linear perturbation analysis.

15.8.5. Eigenvalue Buckling Analysis Based on Linear Perturbation

An eigenvalue buckling analysis can be performed by using the linear perturbation analysis procedure.
Unlike the preceding modal analysis description, this procedure is more complicated since the perturb-
ation load is a prerequisite for calculating the linearly perturbed stresses; then the perturbed stresses
are used to calculate the linearly perturbed stress stiffening matrix before the buckling analysis can be
started. Physically, the total perturbation load multiplied by the buckling load factor plus the total loads
available from the restart load point is used to determine the ultimate buckling loads from the analysis.

If the base analysis is linear, however, the total perturbation load multiplied by the buckling load factor
represents the ultimate buckling load. This procedure is similar to the linear eigenvalue buckling ana-
lysis outlined in Buckling Analysis (p. 792). It can be viewed as restarting the analysis with the tangent
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matrix 

��

�
 equal to the linear stiffness matrix, and load vector {Frestart} = {0}. The prediction of the

buckling load can be written:

(15.229)= +� � �����	
��  ���������

The theoretical steps for a linear perturbation buckling analysis with a nonlinear base analysis can be
summarized as follows:

1. Perform a static or full transient base analysis; use the RESCONTROL command to create the restart
files for the load points of interest (i.e., at various substeps of a load step).

2. Restart the analysis at the load point of interest and issue the commands PERTURB,BUCKLE and

SOLVE,ELFORM. The program regenerates the total tangent stiffness matrix 

��

�
 from the restart

point.

3. The perturbation load is required and must be defined or modified at this step (see Application of
Perturbation Loads (p. 828) and also the PERTURB command description) for the calculation of the
linearly perturbed displacements and stresses.

4. Upon the onset of the second SOLVE command, {Fperturbed} is used to calculate the linearly perturbed

displacement {Uperturbed} following the equation:

(15.230)



 =� � ��

�
������ �! ������ �!

Then, internally, {Uperturbed} is used to calculate the linearly perturbed stresses {σ}, and the linearly

perturbed stress stiffening matrix [Sperturbed] is calculated:

(15.231)∫  =    " " # " $ %&'()*+,*-). /01 2

3

2

following a formula similar to Equation 3.61 (p. 45).

Next, the nodal coordinates are updated automatically if large-deflection was included in the
base analysis (NLGEOM,ON). The program then calculates the eigensolution using the following
equation (similar to Equation 15.107 (p. 793)):

(15.232)



 =  4 5 6 7 58

9

: : ;<=>?=@<A :

where 

BC

D
 is the total tangent matrix from the load point of interest. [Sperturbed] is the linearly

perturbed stress stiffening matrix generated by Equation 15.230 (p. 826) and Equa-
tion 15.231 (p. 826).

5. Along with the eigenvalue buckling solution phase, a stress expansion pass is carried out. (See Inter-
pretation of Structural Element Results After a Linear Perturbation Analysis in the Element Reference

for details.) To use the appropriate material property and to obtain the total sum of elastic strain/stress
due to the linear perturbation analysis and the base analysis, a stress expansion pass must be done
along with the buckling analysis. A separate expansion pass (EXPASS command) is not allowed after
the linear perturbation analysis.
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6. You must perform this step manually. This step determines the total buckling load using the loads
from the restart load point and the additional perturbation load {Fperturbed}. The user should manually

calculate the total buckling load from the following equation:

(15.233)= +� � � ��������	 
���
 � ��
�
���

where:

{Frestart} = total loads at the current restart load point (load applications are from the

.LDHI file)
λj = eigenvalues from Equation 15.232 (p. 826). Normally, the lowest eigenvalue (λj

when j = 1) of Equation 15.232 (p. 826) is of interest.

Equation 15.233 (p. 827) is useful in a way that combines linearly or nonlinearly prestressed loads
with a linearly perturbed load. For example, if the nonlinear static analysis cannot proceed further
due to convergence issues, the buckling loads can still be predicted with this process under
the assumption of linear perturbation.

Generally, eigensolutions for equations Equation 15.107 (p. 793) (purely linear eigenvalue buckling) and
Equation 15.232 (p. 826) (perturbed eigenvalue buckling) can be performed by using the Block Lanczos

eigensolver (BUCOPT,LANB) if stiffness matrix [K] or 

��

�
 is non-singular (i.e., no rigid body mechanism

is introduced into the model). In the case of purely linear eigenvalue buckling, [K] is positive definite.

However, in linear perturbation, 



��

�
 can be indefinite (i.e., it contains both positive and negative

pivots if it is factorized by a direct sparse equation solver). The following conditions will likely invoke

an indefinite 

��

�
 matrix from the base analysis:

1. In the base analysis, the applied load is large enough to trigger nonlinear buckling points in the
nonlinear solution process.

2. In the base analysis, the status of contact elements changes to be open or sliding.

3. In the base and perturbed eigenvalue buckling analyses, mixed u-P formulation (Lagrange multiplier)
elements have been used in the model (see General Element Formulations (p. 50)).

When 

��

�
 becomes indefinite (i.e, one of the above conditions occurs), the Block Lanczos eigensolver

(BUCOPT,LANB) could fail to produce an eigensolution due to the mathematical limitation of this solver.
In such a case, it is recommended that you use the subspace eigensolver (BUCOPT,SUBSP) to achieve
a successful solution. The subspace eigensolver can still give a converged solution even when both the





��

 
 and [Spertrubed] matrices are indefinite. However, if the base nonlinear analysis introduces a singular





!"

#
 matrix, then no buckling eigensolutions are possible. This sometimes happens when the stiffness

matrix 

$%

&
 is highly ill-conditioned.
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15.8.6. Full Harmonic Analysis Based on Linear Perturbation

A full harmonic analysis can be performed by using the linear perturbation analysis procedure. The effect
of the structure from the previous static or full transient analysis is included. The theoretical steps can
be summarized as follows:

1. Perform a static or full transient base analysis; use the RESCONTROL command to create the restart
files for the load points of interest (i.e., at various substeps of a load step).

2. Restart the analysis at the load point of interest and issue the commands PERTURB,HARMONIC and

SOLVE,ELFORM. The program regenerates the total tangent stiffness matrix 

��

�
 from the restart

point.

3. For the full harmonic analysis, the perturbation load is required and must be defined or modified
here (see Application of Perturbation Loads (p. 828) and also the PERTURB command description).

4. Upon the onset of the second SOLVE command, the nodal coordinates are updated automatically
if large-deflection is included in the base analysis (NLGEOM,ON). The program then calculates the
harmonic solution using the following equation (similar to Equation 15.52 (p. 780)):

(15.234)+ +



 =� � � � � � ��

	

�������

ɺ

where:





��

�
 = total tangent matrix from the load point of interest

[M] = structural mass matrix
[C] = structural damping matrix

The perturbation load {Fperturbed} is generally a complex number load vector with frequency

dependency. Also, in the second phase of the linear perturbation analysis, the number of har-
monic solutions (or substeps) is specified by the NSUBST or DELTIM command.

5. Along with the harmonic solution phase, a stress calculation is carried out based on the material
definition specified via the PERTURB command. (See Interpretation of Structural Element Results
After a Linear Perturbation Analysis in the Element Reference for details.)

15.8.7. Application of Perturbation Loads

The total perturbed loads are required for static, eigenvalue buckling, and harmonic analyses and are
optional for modal analyses. One of the obvious reasons they would be needed for a modal analysis is
because a downstream mode superposition (MSUP) analysis needs loads.

The total perturbed loads are calculated as follows:

(15.235)= +� � ���������� ��� ���

where:

{Fend} = total loads at the end of the load step of the current restart load point (load applications

are read from the .LDHI file, see Figure 15.8: Linear Perturbation Started from Loadstep = 2,
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Substep = 3 (p. 829)). By default, {Fend} only contains loads contributed by displacement

boundary conditions, inertia loads, and thermal loads (see the PERTURB command).
{Fadd} = additional (new) loads prescribed by the user in the second phase of the linear perturb-

ation analysis (after the first SOLVE,ELFORM command is invoked). This additional loading is
optional.

Special consideration is required if extra displacement boundary conditions are added or if constraint
equations are added or deleted during the linear perturbation analysis because these modifications
could introduce discontinuities into the structure.

Figure 15.8: Linear Perturbation Started from Loadstep = 2, Substep = 3 (p. 829) provides a graphic example
of the definitions for the different load vectors. Two ramped load steps are shown in the figure. Since
a linear perturbation analysis is started at load step = 2, substep = 3, the load vectors by definition are
{Fend} = 40 lb and {Frestart} = 25 lb.

Figure 15.8:  Linear Perturbation Started from Loadstep = 2, Substep = 3

Load step 1 Load step 2 Load step 3

Linear Perturbation is done at

this load point by restart:

load step = 2

substep = 3

point load = 25lb

restart{F } 25 lb=

end{F } 40 lb=

Applied load

(force in lbs.)

40

30

20

10

...

Time

{Frestart} is the total loads at the current restart point. {Frestart} may be useful for some types of linear

perturbation analysis; for example, to calculate the ultimate buckling loads in an eigenvalue buckling
analysis.

In the first phase of a linear perturbation analysis, the ANTYPE,,RESTART and SOLVE,ELFORM commands
resume the Jobname.RDB database and read in the .LDHI file to establish the {Fend} load.

{Fperturbed} has a different usage and implication for each perturbed analysis type:

• For Type = STATIC, {Fperturbed} is the actual external load for the perturbed static analysis. {Fperturbed}

must be supplied by the user.

• For Type = MODAL, {Fperturbed} is calculated and stored in the .FULL and .MODE files for a subsequent

mode-superposition, PSD, or other type of modal-based linear dynamic analysis.

• For Type = BUCKLE, {Fperturbed} is the actual linear buckling load which is used to generate the linearly

perturbed stress stiffening matrix for the eigenvalue buckling analysis. {Fperturbed} must be supplied

by the user.
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• For Type = HARMONIC, {Fperturbed} is the actual external load for the perturbed full harmonic analysis.

{Fperturbed}, which must be supplied by the user, can be frequency dependent and can use complex

input.

15.8.8. Downstream Analysis Using the Solution of a Linear Perturbation

Analysis

Following the linear perturbation analysis, other analysis types can be performed by using the information
from the linear perturbation analysis.

If the linear perturbation analysis is a modal analysis, the following analysis types are possible by using
the .MODE file generated by the linear perturbation analysis and the database of the model:

• harmonic or transient analysis of the mode superposition (MSUP) method

• response spectrum analysis

• random vibration analysis

Note that the deformed mesh due to the prior static or full transient analysis is used in the linear per-
turbation analysis and in the downstream analysis.

In all the above listed analyses, the first load vector used is {Fperturbed} from Equation 15.235 (p. 828). If

more loading cases are required, it is required to regenerate a new {Fperturbed} load vector by using the

MODCONT command. Only linear material properties are supported in these analyses. The program
assumes the analyses are purely linear.
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Chapter 16: Preprocessing and Postprocessing Tools

The following topics concerning preprocessing and postprocessing tools are available:
16.1. Integration and Differentiation Procedures
16.2. Fourier Coefficient Evaluation
16.3. Statistical Procedures

16.1. Integration and Differentiation Procedures

The following integration and differentiation topics are available:
16.1.1. Single Integration Procedure
16.1.2. Double Integration Procedure
16.1.3. Differentiation Procedure
16.1.4. Double Differentiation Procedure

16.1.1. Single Integration Procedure

(accessed with *VOPER command, INT1 operation; similar capability is in POST26, INT1
command)

Given two vectors Y (parameter Par1) and X (parameter Par2), and an integration constant C1 (input as
CON1), Y* (parameter ParR) is replaced by the accumulated integral of Y over X as follows:

(16.1)
Set Y C (for example, this would be the initial displace1 1

∗ = mment of X

represents time and Y represents velocity)

Then for each remaining point in the vector, set:

(16.2)Y Y Y Y X X n Ln n n n n n
∗

−
∗

− −= + + − =1 1 1
1

2
2( )( ) ,

where:

Yn
*

 = integrated value of Y up to point n in the vector
L = length of the vectors
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Figure 16.1:  Integration Procedure
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16.1.2. Double Integration Procedure

(accessed with *VOPER command, INT2 operation)

Given two vectors Y (parameter Par1) and X (parameter Par2), integration constants C1 and C2, (input

as CON1 and CON2) set:

(16.3)
Y C1 1
∗ = (for example, this would be the initial velocity if XX

 represents time and Y represents acceleration)

(16.4)
Y C1 2
∗∗ = (for example, this would be the initial displacementt if X

represents time and Y represents acceleration)

Then, for each remaining point in the vector,

(16.5)Y Y Y Y X Xn n n n n n
∗

−
∗

− −= + + −1 1 1
1

2
( )( )

(16.6)

Y Y X X Y

X X Y Y

n n n n n

n n n n

∗∗
−
∗∗

− −
∗

− −

= + −

+ − +

1 1 1

1
2

1
1

6
2

( )

( ) ( )

16.1.3. Differentiation Procedure

(accessed with *VOPER Command, DER1 Operation; similar capability is in POST26 DERIV

command)

Given two vectors Y (parameter Par1) and X (parameter Par2), the derivative is found by averaging the
slopes of two adjacent intervals (central difference procedure):

(16.7)ɺY

Y Y

X X
X X

Y Y

X X
X X

n

n n

n n
n n

n n

n n
n n

+

+ +

+ +
+

+

+
+ +

=

−
−

− +
−
−

−

1

2 1

2 1
1

1

1
2 1( ) ( ))

X Xn n+ −2
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A constant second derivative is assumed for the starting and ending intervals.

(16.8)
ɺY

Y Y

X X1
2 1

2 1
=

−
−

(16.9)
ɺY

Y Y

X XL
L L

L L
=

−
−

−

−

1

1

For DERIV calculation, the first and last terms may differ slightly from that calculated with *VOPER

because DERIV linearly extrapolates these terms from adjacent values.

16.1.4. Double Differentiation Procedure

(accessed by *VOPER command, DER2 Operation)

This is performed by simply repeating the differentiation procedure reported above.

16.2. Fourier Coefficient Evaluation

Fourier coefficients can be evaluated using the *MFOURI command. Given two vectors defining data
points to be fit (parameters CURVE and THETA) and two more vectors defining which terms of the trigo-
nometric series are desired to be computed (parameters MODE and ISYM), the desired coefficients can
be computed (parameter COEFF). The curve fitting cannot be perfect, as there are more data than un-
knowns. Thus, an error Ri will exist at each data point:

(16.10)

R A A A A A

A A
1 1 2 1 3 1 4 1 5 1

6 1 7 1

2 2

3 3

= + + + +

+ + +

cos sin cos sin

cos sin

θ θ θ θ

θ θ .... ( )

cos sin cos sin

+ −

= + + + +

+

A F M C

R A A A A A

A

L θ

θ θ θ θ
1 1

2 1 2 2 3 2 4 2 5 2

6

2 2

ccos sin ... ( )

cos sin c

3 32 7 2 2 2

1 2 3 4

θ θ θ

θ θ

+ + + −

= + + +

A A F M C

R A A A A

L

i i i

⋮

oos sin

cos sin ... ( )

2 2

3 3
5

6 7

1 2

θ θ

θ θ θ
i i

i i L i i

m

A

A A A F M C

R A A

+

+ + + + −

= +

⋮

ccos sin cos sin

cos sin ...

θ θ θ θ

θ θ
m m m m

m m L

A A A

A A A F

+ + +

+ + + +
3 4 5

6 7

2 2

3 3 (( )M Cm mθ −

where:

Ri = error term (residual) associated with data point i

A = desired coefficients of Fourier series (parameter COEFF)
θi = angular location of data points i (parameter THETA)

L = number of terms in Fourier series
F = sine or cosine, depending on ISYM (parameter ISYM)
M = multiplier on θi (parameter MODE)

Ci = value of data point i (parameter CURVE)

m = number of data points (length of CURVE parameter array)

Equation 16.10 (p. 833) can be reduced to matrix form as:

(16.11){ } [ ] { } { }, , , ,R G A Cm m L L L1 1 1= −
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where:

{R} = vector of error terms
{G} = matrix of sines and cosines, evaluated at the different data points
{A} = vector of desired coefficients
{C} = vector of data points

Note that m > L. If m = L, the coefficients would be uniquely determined with {R} = {O} and Equa-
tion 16.11 (p. 833) being solved for {A} by direct inversion.

The method of least squares is used to determine the coefficients {A}. This means that 
( )Ri

i

m
2

1=
∑

 is to be
minimized. The minimization is represented by

(16.12)
∂

∂
==

∑ ( )R

A

i
i

m

j

2

1 0

where Aj is the jth component of {A}. Note that

(16.13){ } { } ( )R R RT
i

i

m
=

=
∑ 2

1

The form on the left-hand side of Equation 16.13 (p. 834) is the more convenient to use. Performing this
operation on Equation 16.11 (p. 833),

(16.14){ } { } { } [ ] [ ]{ } { } [ ] { } { } { }R R A G G A A G C C CT T T T T T= − +2

Minimizing this with respect to {A}T (Equation 16.12 (p. 834)), it may be shown that:

(16.15){ } [ ] [ ]{ } [ ] { }0 2 2= −G G A G CT T

or

(16.16)[ ] [ ]{ } [ ] { }G G A G CT T=

Equation 16.16 (p. 834) is known as the “normal equations” used in statistics. Finally,

(16.17){ } ([ ] [ ]) [ ] { }A G G G CT T= −1

[GT] could not have been “cancelled out” of Equation 16.16 (p. 834) because it is not a square matrix.

However, [G]T[G] is square.

In spite of the orthogonal nature of a trigonometric series, the value of each computed coefficient is
dependent on the number of terms requested because of the least squares fitting procedure which
takes place at the input data points. Terms of a true Fourier series are evaluated not by a least squares
fitting procedure, but rather by the integration of a continuous function (e.g., Euler formulas, p. 469 of
Kreyszig([23] (p. 922))).

16.3. Statistical Procedures

The following statistical procedures topics are available:
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16.3.1. Mean, Covariance, Correlation Coefficient
16.3.2. Random Samples of a Uniform Distribution
16.3.3. Random Samples of a Gaussian Distribution
16.3.4. Random Samples of a Triangular Distribution
16.3.5. Random Samples of a Beta Distribution
16.3.6. Random Samples of a Gamma Distribution

16.3.1. Mean, Covariance, Correlation Coefficient

The mean, variance, covariance, and correlation coefficients of a multiple subscripted parameter are
computed (using the *MOPER command). Refer to Kreyszig([162] (p. 930)) for the basis of the following
formulas. All operations are performed on columns to conform to the database structure. The covariance
is assumed to be a measure of the association between columns.

The following notation is used:

where:

[x] = starting matrix
i = row index of first array parameter matrix
j = column index of first array parameter matrix
m = number of rows in first array parameter matrix
n = number of columns in first array parameter matrix
subscripts s, t = selected column indices
[S] = covariance matrix n x n
[c] = correlation matrix n x n

σs
2

 = variance

The mean of a column is:

(16.18)x
x

mj
ij

i

m
=

=
∑

1

The covariance of the columns s and t is:

(16.19)S
x x x x

mst
is s it t

i

m
=

− −
−=

∑
( )( )

11

The variance, σs
2

 , of column s is the diagonal term Sss of the covariance matrix [S]. The equivalent

common definition of variance is:

(16.20)σs
is s

i

m x x

m
2

2

1 1
=

−
−=

∑
( )

The correlation coefficient is a measure of the independence or dependence of one column to the next.
The correlation and mean operations are based on Hoel([163] (p. 930)) (and initiated when CORR is in-
serted in the Oper field of the *MOPER command).

Correlation coefficient:

(16.21)C
S

S S
st

st

ss tt
=
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value S of the terms of the coefficient matrix range from -1.0 to 1.0 where:

-1.0 = fully inversely related
0.0 = fully independent
1.0 = fully directly related

16.3.2. Random Samples of a Uniform Distribution

A vector can be filled with a random sample of real numbers based on a uniform distribution with
given lower and upper bounds (using RAND in the Func field on the *VFILL command) (see Fig-
ure 16.2: Uniform Density (p. 836)):

(16.22)f x a x b( ) .= ≤ ≤1 0

where:

a = lower bound (input as CON1 on *VFILL command)
b = upper bound (input as CON2 on *VFILL command)

Figure 16.2:  Uniform Density

a b

The numbers are generated using the URN algorithm of Swain and Swain([161] (p. 930)). The initial seed
numbers are hard coded into the routine.

16.3.3. Random Samples of a Gaussian Distribution

A vector may be filled with a random sample of real numbers based on a Gaussian distribution with a
known mean and standard deviation (using GDIS in the Func field on the *VFILL command).

First, random numbers P(x), with a uniform distribution from 0.0 to 1.0, are generated using a random
number generator. These numbers are used as probabilities to enter a cumulative standard normal
probability distribution table (Abramowitz and Stegun([160] (p. 929))), which can be represented by
Figure 16.3: Cumulative Probability Function (p. 837) or the Gaussian distribution function:
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Figure 16.3:  Cumulative Probability Function

0
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(16.23)
P x f t dt

x

( ) ( )=

=
−∞
∫

no closed form

where:

f(t) = Gaussian density function

The table maps values of P(x) into values of x, which are standard Gaussian distributed random numbers
from -5.0 to 5.0, and satisfy the Gaussian density function (Figure 16.4: Gaussian Density (p. 837)):

Figure 16.4:  Gaussian Density

f(x)
µ
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(16.24)f x e xx( ) ( )= −∞ < < ∞− −1

2 2

22 2

πσ

µ σ

where:

µ = mean (input as CON1 on *VFILL command)
σ = standard deviation (input as CON2 on *VFILL command)

The x values are transformed into the final Gaussian distributed set of random numbers, with the given
mean and standard deviation, by the transformation equation:

(16.25)z x= +σ µ

16.3.4. Random Samples of a Triangular Distribution

A vector may be filled with a random sample of real numbers based on a triangular distribution with
a known lower bound, peak value location, and upper bound (using TRIA in the Func field on the *VFILL

command).

First, random numbers P(x) are generated as in the Gaussian example. These P(x) values (probabilities)
are substituted into the triangular cumulative probability distribution function:

(16.26)P x

x a

x a

b a c a
x c

b x

b a b c
c

( )

( )

( )( )

( )

( )( )

=

<

−
− −

≤ ≤

−
− −

<

0

1

2

2

if 

if a

if xx b

b x

≤

<














 1 if 

where:

a = lower bound (input as CON1 on *VFILL command)
c = peak location (input as CON2 on *VFILL command)
b = upper bound (input as CON3 on *VFILL command)

which is solved for values of x. These x values are random numbers with a triangular distribution, and
satisfy the triangular density function (Figure 16.5: Triangular Density (p. 838)):

Figure 16.5: Triangular Density

a c b
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(16.27)f x

x a

b c c a
c

b x

b a b c
( )

( )

( )( )

( )

( )( )
=

−
− −

−
− −

≤ ≤

≤

2

2

0

if a x  

if c < x b

ottherwise
















16.3.5. Random Samples of a Beta Distribution

A vector may be filled with a random sample of real numbers based on a beta distribution with known
lower and upper bounds and α and β parameters (using BETA in the Func field on the *VFILL command).

First, random numbers P(x) are generated as in the Gaussian example. These random values are used
as probabilities to enter a cumulative beta probability distribution table, generated by the program.
This table can be represented by a curve similar to (Figure 16.3: Cumulative Probability Function (p. 837)),
or the beta cumulative probability distribution function:

(16.28)
P x f t dt

x

( ) ( )=

=
−∞
∫

no closed form

The table maps values of P(x) into x values which are random numbers from 0.0 to 1.0. The values of x
have a beta distribution with given α and β values, and satisfy the beta density function (Figure 16.6: Beta
Density (p. 839)):

Figure 16.6:  Beta Density

a b

(16.29)f x
x x

B
x

( )
( )

( , )=
−

< <








− −α β

α β

1 11
1

0

if 0

otherwise

where:

a = lower bound (input as CON1 on *VFILL command)
b = upper bound (input as CON2 on *VFILL command)
α = alpha parameter (input as CON3 on *VFILL command)
β = beta parameter (input as CON4 on *VFILL command)
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B (α, β) = beta function

= − > >− −∫ t t dt
o

α β α β1 1
1

1 0 0( ) ,for 

f(t) = beta density function

The x values are transformed into the final beta distributed set of random numbers, with given lower
and upper bounds, by the transformation equation:

(16.30)z a b a x= + −( )

16.3.6. Random Samples of a Gamma Distribution

A vector may be filled with a random sample of real numbers based on a gamma distribution with a
known lower bound for α and β parameters (using GAMM in the Func field on the *VFILL command).

First, random numbers P(x) are generated as in the Gaussian example. These random values are used
as probabilities to enter a cumulative gamma probability distribution table, generated by the program.
This table can be represented by a curve similar to Figure 16.7: Gamma Density (p. 840), or the gamma
cumulative probability distribution function:

(16.31)
P x f t dt

x

( ) ( )=

=
−∞
∫

no closed form

where:

f(t) = gamma density function.

The table maps values of P(x) into values of x, which are random numbers having a gamma distribution
with given α and β values, and satisfy the gamma distribution density function (Figure 16.7: Gamma
Density (p. 840)):

Figure 16.7:  Gamma Density

a

Release 15.0 - © SAS IP, Inc. All rights reserved. - Contains proprietary and confidential information
of ANSYS, Inc. and its subsidiaries and affiliates.840

Preprocessing and Postprocessing Tools



(16.32)f x

x e x

( )
( )

/

=













− − −β
α

α α β1

0

Γ
if x > 0

otherwise

where:

Γ( )α αα+ = ≥−
∞

∫1 0t e dtt

o

α = alpha parameter of gamma function (input as CON2 on *VFILL command)
β = beta parameter of gamma density function (input as CON3 on *VFILL command)
a = lower bound (input as CON1 on *VFILL command)

The x values are relocated relative to the given lower bound by the transformation equation:

(16.33)z a x= +
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Chapter 17: Postprocessing

The following postprocessing topics are available:
17.1. POST1 - Derived Nodal Data Processing
17.2. POST1 - Vector and Surface Operations
17.3. POST1 - Path Operations
17.4. POST1 - Stress Linearization
17.5. POST1 - Fatigue Module
17.6. POST1 - Electromagnetic Macros
17.7. POST1 - Error Approximation Technique
17.8. POST1 - Crack Analysis
17.9. POST1 - Harmonic Solid and Shell Element Postprocessing
17.10. POST26 - Data Operations
17.11. POST26 - Response Spectrum Generator (RESP)
17.12. POST1 and POST26 - Interpretation of Equivalent Strains
17.13. POST26 - Response Power Spectral Density
17.14. POST26 - Computation of Covariance
17.15. POST1 and POST26 – Complex Results Postprocessing
17.16. POST1 - Modal Assurance Criterion (MAC)

17.1. POST1 - Derived Nodal Data Processing

17.1.1. Derived Nodal Data Computation

The computation of derived data (data derived from nodal unknowns) is discussed in Structures with
Geometric Nonlinearities (p. 29) through Acoustics (p. 253). Derived nodal data is available for solid and
shell elements (except SHELL61). Available data include stresses, strains, thermal gradients, thermal
fluxes, pressure gradients, electric fields, electric flux densities, magnetic field intensities, magnetic flux
densities, and magnetic forces. Structural nonlinear data is processed in a similar fashion and includes
equivalent stress, stress state ratio, hydrostatic pressure, accumulated equivalent plastic strain, plastic
state variable, and plastic work.

POST1 averages the component tensor or vector data at corner nodes used by more than one element.

(17.1)
σ

σ

ik

ijk
j

N

k

k

N
= =
∑

1

where:

σik = average derived data component i at node k

σijk = derived data component i of element j at node k

Nk = number of elements connecting to node k
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For higher-order elements, component tensor or vector data at midside nodes are calculated by directly
averaging the averaged corner node values, so Equation 17.1 (p. 843) is not used for midside nodes.
Midside node values are printed or plotted only via PowerGraphics (/GRAPHICS,POWER) and /EFACET,2.

Combining principal tensor data (principal stress, principal strain) or vector magnitudes at the nodes
may either be computed using the averaged component data (KEY = 0, AVPRIN command):

(17.2)σ σck ikf= ( )

where:

f(σik) = function to compute principal data from component data as given in Structures with

Geometric Nonlinearities (p. 29) through Acoustics (p. 253).

or be directly averaged (KEY = 1, AVPRIN command):

(17.3)
σ

σ

ck

cjk
j

k

kN
= =
∑

1

where:

σck = averaged combined principal data at node k

σcjk = combined principal data of element j at node k

17.2. POST1 - Vector and Surface Operations

17.2.1. Vector Operations

The dot product of two vectors 
{ }( )

^ ^ ^
A A i A j A kx y z= + +

 and 
{ }( )

^ ^ ^
B B i B j B kx y z= + +

 is provided (with the
VDOT command) as:

(17.4){ } { }A B A B A B A Bx x y y z z⋅ = + +

The cross product of two vectors {A} and {B} is also provided (with the VCROSS command) as:

(17.5){ } { }

^ ^ ^

A B

i j k

A A A

B B B

x y z

x y z

× =

In both operations, the components of vectors {A} and {B} are transformed to global Cartesian coordinates
before the calculations. The results of the cross product are also in global Cartesian coordinates.

17.2.2. Surface Operations

(Integration of Values Across a Free Surface)

Nodal values across a free surface can be integrated (using the INTSRF command). The free surface is
determined by a selected set of nodes which must lie on an external surface of the selected set of ele-
ments.
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Only pressure values can be integrated (for purposes of lift and drag calculations in fluid flow analyses).
As a result of the integration, force and moment components in the global Cartesian coordinate system
are:

(17.6){ } { } ( )F p d areat area
= ∫

(17.7){ } { } { } ( )F r p d arear area
= ×∫

where:

{Ft} = force components

{Fr} = moment components

{r} = position vector = 
X Y Z

T
 

{p} = distributed pressure vector
area = surface area

In the finite element implementation, the position vector {r} is taken with respect to the origin.

17.3. POST1 - Path Operations

General vector calculus may be performed along any arbitrary 2-D or 3-D path through a solid element
model. Nodal data, element data, and data stored with element output tables (ETABLE command) may
be mapped onto the path and operated on as described below.

17.3.1. Defining the Path

A path is defined by first establishing path parameters (PATH command) and then defining path points
which create the path (PPATH command). The path points may be nodes, or arbitrary points defined
by geometry coordinates. A segment is a line connecting two path points. The number of path points
used to create a path and the number of divisions used to discretize the path are input (using Npts and
the nDiv parameter on the PATH command). The discretized path divisions are interpolated between
path points in the currently active coordinate system (CSYS command), or as directly input (on the
PPATH command). A typical segment is shown in Figure 17.1: Typical Path Segment (p. 846) as going
from points N1 to N2, for the first segment.

The geometry of each point along the path is stored. The geometry consists of the global Cartesian
coordinates (output label XG, YG, ZG) and the length from the first path point along the path (output
label S). The geometry is available for subsequent operations.
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Figure 17.1: Typical Path Segment

N1

N2

17.3.2. Defining Orientation Vectors of the Path

In addition, position (R), unit tangent (T), and unit normal (N) vectors to a path point are available as
shown in Figure 17.2: Position and Unit Vectors of a Path (p. 846). These three vectors are defined in the
active Cartesian coordinate system.

Figure 17.2:  Position and Unit Vectors of a Path

Path (defined by
PATH and PPATH
commands)

X,i
Y,j

Z,k

R

N

T

The position vector R (stored with PVECT,RADI command) is defined as:
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(17.8){ }R

x

y

z

n

n

n

=

















where:

xn = x coordinate in the active Cartesian system of path point n, etc.

The unit tangent vector T (stored with PVECT,TANG command) is defined as:

(17.9){ }T C

x x

y y

z z
1

2 1

2 1

2 1

=

−

−

−

















(for first path point)

(17.10){ }T C

x x

y y

z z
n

n n

n n

n n

=

−

−

−

















+ −

+ −

+ −

1 1

1 1

1 1

(for intermediatte path point)

(17.11){ }T C

x x

y y

z z
L

L L

L L

L L

=

−

−

−

















−

−

−

1

1

1

(for last path point)

where:

x, y, z = coordinate of a path point in the active Cartesian system n = 2 to (L-1)
L = number of points on the path
C = scaling factor so that {T} is a unit vector

The unit normal vector N (PVECT,NORM command) is defined as:

(17.12){ } { } { } / { } { }N T k T k= × ×

where:

x = cross product operator

{ }k =

















0

0

1

{N} is not defined if {T} is parallel to {k}.

17.3.3. Mapping Nodal and Element Data onto the Path

Having defined the path, the nodal or element data (as requested by Item,Comp on the PDEF command)
may be mapped onto the path. For each path point, the selected elements are searched to find an
element containing that geometric location. In the lower order finite element example of Figure 17.3: Map-
ping Data (p. 848), point No has been found to be contained by the element described by nodes Na, Nb,

Nc and Nd. Nodal degree of freedom data is directly available at nodes Na, Nb, Nc and Nd. Element result

data may be interpreted either as averaged data over all elements connected to a node (as described
in the Nodal Data Computation topic, see POST1 - Derived Nodal Data Processing (p. 843)) or as unaver-
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aged data taken only from the element containing the path interpolation point (using the Avglab option
on the PDEF command). When using the material discontinuity option (MAT option on the PMAP

command) unaveraged data is mapped automatically.

Caution should be used when defining a path for use with the unaveraged data option. Avoid defining
a path (PPATH command) directly along element boundaries since the choice of element for data inter-
polation may be unpredictable. Path values at nodes use the element from the immediate preceding
path point for data interpolation.

The value at the point being studied (i.e., point No) is determined by using the element shape functions

together with these nodal values. Principal results data (principal stresses, strains, flux density magnitude,
etc.) are mapped onto a path by first interpolating item components to the path and then calculating
the principal value from the interpolated components.

Figure 17.3:  Mapping Data

N1

N2
Nd

Nc

No
Na Nb

Higher order elements include midside nodal (DOF) data for interpolation. Element data at the midside
nodes are averaged from corner node values before interpolation.

17.3.4. Operating on Path Data

Once nodal or element data are defined as a path item, its associated path data may be operated on
in several ways. Path items may be combined by addition, multiplication, division, or exponentiation
(PCALC command). Path items may be differentiated or integrated with respect to any other path item
(PCALC command). Differentiation is based on a central difference method without weighting:

(17.13)ɺA
A A

B B
S1

2 1

2 1
=

−
−

× (for first path point)

(17.14)
ɺA

A A

B B
Sn

n n

n n
=

−
−

×+ −

+ −

1 1

1 1
(for intermediate path points)

(17.15)ɺA
A A

B B
SL

L L

L L
=

−
−

×−

−

1

1
(for last path point)
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where:

A = values associated with the first labeled path in the operation (LAB1, on the PCALC,DERI
command)
B = values associated with the second labeled path in the operation (LAB2, on the PCALC,DERI
command)
n = 2 to (L-1)
L = number of points on the path
S = scale factor (input as FACT1, on the PCALC,DERI command)

If the denominator is zero for Equation 17.13 (p. 848) through Equation 17.15 (p. 848), then the derivative
is set to zero.

Integration is based on the rectangular rule (see Figure 16.1: Integration Procedure (p. 832) for an illus-
tration):

(17.16)A1 0 0∗ = .

(17.17)A A A A B B Sn n n n n n
∗

−
∗

+ −= + + − ×1 1 1
1

2
( )( )

Path items may also be used in vector dot (PDOT command) or cross (PCROSS command) products.
The calculation is the same as the one described in the Vector Dot and Cross Products Topic, above.
The only difference is that the results are not transformed to be in the global Cartesian coordinate
system.

17.4. POST1 - Stress Linearization

An option is available to allow a separation of stresses through a section into constant (membrane) and
linear (bending) stresses. An approach similar to the one used here is reported by Gordon([63] (p. 924)).
The stress linearization option (accessed using the PRSECT, PLSECT, or FSSECT commands) uses a path
defined by two nodes (with the PPATH command). The section is defined by a path consisting of two
end points (nodes N1 and N2) as shown in Figure 17.4: Coordinates of Cross Section (p. 850) (nodes) and

47 intermediate points (automatically determined by linear interpolation in the active display coordinate
system (DSYS). Nodes N1 and N2 are normally both presumed to be at free surfaces.

Initially, a path must be defined and the results mapped onto that path as defined above. The logic for
most of the remainder of the stress linearization calculation depends on whether the structure is
axisymmetric or not, as indicated by the value of ρ (input as RHO on PRSECT, PLSECT, or FSSECT

commands). For ρ = 0.0, the structure is not axisymmetric (Cartesian case); and for nonzero values of ρ,
the structure is axisymmetric. The explicit definition of ρ, as well as the discussion of the treatment of
axisymmetric structures, is discussed later.
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Figure 17.4:  Coordinates of Cross Section

N1

N2

t/2

t

Xs

17.4.1. Cartesian Case

Refer to Figure 17.5: Typical Stress Distribution (p. 851) for a graphical representation of stresses. The
membrane values of the stress components are computed from:

(17.18)σ σi
m

i st
t

t
dx= −∫

1
2

2

where:

σi
m

 = membrane value of stress component i
t = thickness of section, as shown in Figure 17.4: Coordinates of Cross Section (p. 850)
σi = stress component i along path from results file (`total' stress)

xs = coordinate along path, as shown in Figure 17.4: Coordinates of Cross Section (p. 850)
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Figure 17.5: Typical Stress Distribution

σi1σi1
b

σi2
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σi2
p

σi
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Node 2

xs
t
2+

σi1
p

t
2

-

The subscript i is allowed to vary from 1 to 6, representing σx, σy, σz, σxy, σyz, and σxz, respectively. These

stresses are in global Cartesian coordinates. Strictly speaking, the integrals such as the one above are
not literally performed; rather it is evaluated by numerical integration:

(17.19)σ
σ σ

σi
m i i

i j
j

= + +








=

∑
1

48 2 2
1 49

2

47, ,
,

where:

σi,j = total stress component i at point j along path

The integral notation will continue to be used, for ease of reading.

The “bending” values of the stress components at node N1 are computed from:

(17.20)σ σi
b

i s st
t

t
x dx1 2 2

26
=
−

−∫

where:

σi
b
1 = bending value of stress component i at node N1

The bending values of the stress components at node N2 are simply

(17.21)σ σi
b

i
b

2 1= −
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where:

σi
b
2  = bending value of the stress component i at node N2

The “peak” value of stress at a point is the difference between the total stress and the sum of the
membrane and bending stresses. Thus, the peak stress at node N1 is:

(17.22)σ σ σ σi
p

i i
m

i
b

1 1 1= − −

where:

σi
p
1 = peak value of stress component i at node N1

σi1 = value of total stress component i at node N1

Similarly, for node N2,

(17.23)σ σ σ σi
p

i i
m

i
b

2 2 2= − −

At the center point (x = 0.0)

(17.24)σ σ σic
p

ic i
m= −

where:

σic
p

 = peak value of stress component i at center
σic = computed (total) value of stress component i at center

17.4.2. Axisymmetric Case (General)

The axisymmetric case is the same, in principle, as the Cartesian case, except for the fact that there is
more material at a greater radius than at a smaller radius. Thus, the neutral axis is shifted radially outward
a distance xf, as shown in Figure 17.6: Axisymmetric Cross-Section (p. 853). The axes shown in Fig-

ure 17.6: Axisymmetric Cross-Section (p. 853) are Cartesian, i.e., the logic presented here is only valid for
structures axisymmetric in the global cylindrical system. As stated above, the axisymmetric case is selected
if ρ ≠ 0.0. ρ is defined as the radius of curvature of the midsurface in the X-Y plane, as shown in Fig-
ure 17.7: Geometry Used for Axisymmetric Evaluations (p. 853). A point on the centerplane of the torus
has its curvatures defined by two radii: ρ and the radial position Rc. Both of these radii will be used in

the forthcoming development. In the case of an axisymmetric straight section such as a cylinder, cone,

or disk, ρ = ∞ , so that the input must be a large number (or -1).
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Figure 17.6:  Axisymmetric Cross-Section
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Figure 17.7:  Geometry Used for Axisymmetric Evaluations
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Each of the components for the axisymmetric case needs to be treated separately. For this case, the
stress components are rotated into section coordinates, so that x stresses are parallel to the path and
y stresses are normal to the path.

Starting with the y direction membrane stress, the force over a small sector is:
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(17.25)F R dxy yt
t= −∫ σ θ∆2

2

where:

Fy = total force over small sector

σy = actual stress in y (meridional) direction

R = radius to point being integrated
∆θ = angle over a small sector in the hoop direction
t = thickness of section (distance between nodes N1 and N2)

The area over which the force acts is:

(17.26)A R ty c= ∆θ

where:

Ay = area of small sector

R
R R

c =
+1 2

2

R1 = radius to node N1

R2 = radius to node N2

Thus, the average membrane stress is:

(17.27)σ
σ

y
m y

y

yt
t

c

F

A

Rdx

R t
= = −∫ 2

2

where:

σy
m

 = y membrane stress

To process the bending stresses, the distance from the center surface to the neutral surface is needed.
This distance is shown in Figure 17.6: Axisymmetric Cross-Section (p. 853) and is:

(17.28)x
t cos

Rf
c

=
2

12

φ

The derivation of Equation 17.28 (p. 854) is the same as for yf given at the end of SHELL61 - Axisymmetric-

Harmonic Structural Shell (p. 464). Thus, the bending moment may be given by:

(17.29)M x x dFft
t= −−∫ ( )2

2

or

(17.30)M x x R dxf yt
t= −−∫ ( )σ θ∆2

2

The moment of inertia is:

(17.31)I R t R t xc c f= −
1

12
3 2∆ ∆θ θ
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The bending stresses are:

(17.32)σb Mc

I
=

where:

c = distance from the neutral axis to the extreme fiber

Combining the above three equations,

(17.33)σy
b fM x x

I1
1=
−( )

or

(17.34)
σ σy

b f

c f

f yt
tx x

R t
t

x
x x Rdx1

1

2 2
2

2

12

=
−

−









−−∫ ( )

where:

σy
b
1  = y bending stress at node N1

Also,

(17.35)σy
b fM x x

I2
2=
−( )

or

(17.36)
σ σy

b f

c f

f yt
tx x

R t
t

x
x x Rdx2

2

2 2
2

2

12

=
−

−










−−∫ ( )

where:

σy
b

2  = y bending stress at node N2

σx represents the stress in the direction of the thickness. Thus, σx1 and σx2 are the negative of the

pressure (if any) at the free surface at nodes N1 and N2, respectively. A membrane stress is computed

as:

(17.37)σ σx
m

xt
t

t
dx= −∫

1
2

2

where:

σx
m

 = the x membrane stress

The treatment of the thickness-direction "bending" stresses is controlled by KB (input as KBR on PRSECT,

PLSECT, or FSSECT commands). When the thickness-direction bending stresses are to be ignored (KB

= 1), bending stresses are equated to zero:
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(17.38)σx
b
1 0=

(17.39)σx
b

2 0=

When the bending stresses are to be included (KB = 0), bending stresses are computed as:

(17.40)σ σ σx
b

x x
m

1 1= −

(17.41)σ σ σx
b

x x
m

2 2= −

where:

σx
b
1  = x bending stress at node N1

σx1 = total x stress at node N1

σx
b

2  = x bending stress at node N2

σx2 = total x stress at node N2

and when KB = 2, membrane and bending stresses are computed using Equation 17.27 (p. 854), Equa-

tion 17.34 (p. 855), and Equation 17.36 (p. 855) substituting σx for σy.

The hoop stresses are processed next.

(17.42)σ
φ σ ρ

φρh
m h

h

ht
t

F

A

x dx

t
= =

+−∫∆

∆

( )2
2

where:

σh
m

 = hoop membrane stress
Fh = total force over small sector

∆φ = angle over small sector in the meridional (y) direction
σh = hoop stress

Ah = area of small sector in the x-y plane

r = radius of curvature of the midsurface of the section (input as RHO)
x = coordinate thru cross-section
t = thickness of cross-section

Equation 17.42 (p. 856) can be reduced to:

(17.43)σ σ
ρh

m
ht

t

t

x
dx= +









−∫

1
12

2

Using logic analogous to that needed to derive Equation 17.34 (p. 855) and Equation 17.36 (p. 855), the
hoop bending stresses are computed by:

(17.44)
σ σ

ρh
b h

h

h ht
tx x

t
t

x

x x
x

dx1
1
2

2
2

2

12

1=
−

−










− +








−∫ ( )
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and

(17.45)
σ σ

ρh
b h

h

h ht
tx x

t
t

x

x x
x

dx1
1
2

2
2

2

12

1=
−

−










− +








−∫ ( )

where:

(17.46)x
t

h =
2

12ρ

for hoop-related calculations of Equation 17.44 (p. 856) and Equation 17.45 (p. 857).

An xy membrane shear stress is computed as:

(17.47)σ σxy
m

c
xyt

t

R t
Rdx= −∫

1
2

2

where:

σxy
m

 = xy membrane shear stress
σxy = xy shear stress

Since the shear stress distribution is assumed to be parabolic and equal to zero at the ends, the xy
bending shear stress is set to 0.0. The other two shear stresses (σxz, σyz) are assumed to be zero if KB =

0 or 1. If KB = 2, the shear membrane and bending stresses are computing using Equation 17.27 (p. 854),

Equation 17.34 (p. 855), and Equation 17.36 (p. 855) substituting σxy for σy

All peak stresses are computed from

(17.48)σ σ σ σi
P

i i
m

i
b= − −

where:

σi
P = peak value of stress component i

σi = total value of stress of component i

17.4.3. Axisymmetric Case

(Specializations for Centerline)

At this point it is important to mention one exceptional configuration related to the y-direction membrane
and bending stress calculations above. For paths defined on the centerline (X = 0), Rc = 0 and cosΦ =

0, and therefore Equation 17.27 (p. 854), Equation 17.28 (p. 854), Equation 17.34 (p. 855), and Equa-
tion 17.36 (p. 855) are undefined. Since centerline paths are also vertical (φ = 90°), it follows that R = Rc,

and Rc is directly cancelled from stress Equation 17.27 (p. 854), Equation 17.34 (p. 855), and Equa-

tion 17.35 (p. 855). However, xf remains undefined. Figure 17.8: Centerline Sections (p. 858) shows a

centerline path from N1 to N2 in which the inside and outside wall surfaces form perpendicular intersec-

tions with the centerline.
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Figure 17.8:  Centerline Sections
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For this configuration it is evident that cos φ = Rc/ρ as φ approaches 90° (or as N N1 2
′ ′−  approaches N1

- N2). Thus for any paths very near or exactly on the centerline, Equation 17.28 (p. 854) is generalized to

be:

(17.49)x

t cos

R
R

t

t
R

t
f

c
c

c

=

≥

<













2

2

12 1000

12 1000

φ

ρ

if

if

The second option of Equation 17.49 (p. 858) applied to centerline paths is an accurate representation
for spherical/elliptical heads and flat plates. It is incorrect for axisymmetric shapes that do not form
perpendicular intersections with the centerline (e.g., conical heads). For such shapes (as shown in Fig-
ure 17.9: Non-Perpendicular Intersections (p. 859)) centerline paths must not be selected.

Release 15.0 - © SAS IP, Inc. All rights reserved. - Contains proprietary and confidential information
of ANSYS, Inc. and its subsidiaries and affiliates.858

Postprocessing



Figure 17.9:  Non-Perpendicular Intersections
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17.5. POST1 - Fatigue Module

The FATIGUE module of POST1 combines the effects of stress cycling over many cycles involving all
stress components at a point in the structure. The procedure is explained in the Structural Analysis Guide.

The module automatically calculates all possible stress ranges and keeps track of their number of occur-
rences, using a technique commonly known as the “rain flow” range-counting method. At a selected
nodal location, a search is made throughout all of the events for the pair of loadings (stress vectors)
that produces the most severe stress-intensity range. The number of repetitions possible for this range
is recorded, and the remaining number of repetitions for the events containing these loadings is de-
creased accordingly. At least one of the source events will be “used up” at this point; remaining occur-
rences of stress conditions belonging to that event will subsequently be ignored. This process continues
until all ranges and numbers of occurrences have been considered.

The fatigue calculations rely on the ASME Boiler and Pressure Vessel Code, Section III (and Section VIII,
Division 2)([60] (p. 923)) for guidelines on range counting, simplified elastic-plastic adaptations, and cu-
mulative fatigue summations by Miner's rule.

The following steps are performed for the fatigue calculations (initiated by the FTCALC command).

1. Each loading is compared to each other loading to compute a maximum alternating shear stress:

A. First, a vector of stress differences is computed:

(17.50){ } { } { },σ σ σi j i j= −

where:

{σ}i = stress vector for loading ℓ i

{σ}j = stress vector for loading ℓ j
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B. Second, a stress intensity (σI (i,j)) is computed based on {σ}i,j, using

σ σ σ σ σ σ σI = − − −MAX( )1 2 2 3 3 1

C. Then, the interim maximum alternating shear stress is:

(17.51)σ
σ

i j
d I i j
,

( , )
=

2

D. The maximum alternating shear stress is calculated as:

(17.52)σ σi j
c

e i j
dK, ,=

where Ke is determined by:

KeRangeAnalysis Type

1.0AllELASTIC (based on peak stresses)

1.0σn < 3 Sm

SIMPLIFIED ELASTIC PLASTIC (based on linearized stress
components)

1 0
1

1 3
1.

( )

( )
+

−

−
−











n

n m S

n

m

σ3 Sm < σn < 3 m

Sm

1 0.

n

3 m Sm < σn

where:

σn = a stress intensity equivalent of 2 
σij

d

 except that it is based on linearized stresses (based

on the output of the FSSECT command), not actual stresses. (Note that nomenclature is
not the same in POST1 - Stress Linearization (p. 849) as in this section.)
Sm = design stress-intensity obtained from the Sm versus temperature table. (The table is

input using the FP commands inputting Sm1 to Sm10 and T1 to T10).
m = first elastic-plastic material parameter (input as M on FP command) (m >1.0)
n = second elastic-plastic material parameter (input as N on FP command) (0.0 < n < 1.0)

2. There are a total of (L/2) (L-1) loading case combinations, where L is the number of loadings. These

loadings are then sorted (the rain flow method), with the highest value of 
σi j

c
,  first.

3. Designate the highest value of 
σi j

c
,  as occurring with loading ℓ i, event ki together with loading ℓ j, event

kj. Let MT be the minimum number of times that either event ki or event kj is expected to occur. Compute

a usage factor following Miner's rule as:

(17.53)f
M

Mu
T

A
=

where:

fu = usage factor (output as PARTIAL USAGE)
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MA = number of allowable cycles at this stress amplitude level. Obtained by entering the

allowable alternating stress amplitude (Sa) versus cycles (N) table from the Sa axis and

reading the allowable number of cycles MA corresponding to 
σi j

c
, . (The table is input using

the FP commands inputting S1 to S20 for Sa and N1 to N20 for N).

Next, cumulatively add fu to fu
c

 where fu
c

 = output as CUMULATIVE FATIGUE USAGE. Then decrease

the number of possible occurrences of both event ki and event kj by MT (so that one of them becomes

zero).

4. Repeat step 3, using the next highest value of 
σi j

c
,  until all of the 

σi j
c
,  values have been exhausted. It may

be seen that the number of times this cycle is performed is equal to the number of events (or less).

17.6. POST1 - Electromagnetic Macros

Electromagnetic macros are macro files created to perform specific postprocessing operations for elec-
tromagnetic field analysis. Macros performing computational analysis are detailed in this section.

17.6.1. Flux Passing Thru a Closed Contour

The flux passing through a surface defined by a closed line contour (PPATH command) is computed
(using the FLUXV command macro). The macro is applicable to 2-D and 3-D magnetic field analysis
employing the magnetic vector potential A. For 2-D planar analyses, the flux value is per unit depth.

The flux passing through a surface S can be calculated as:

(17.54)φ = ⋅∫ { } { } ( )B n d area
area

where:

φ = flux enclosed by the bounding surface S
{B} = flux density vector
{n} = unit normal vector
area = area of the bounding surface S

Equation 17.54 (p. 861) can be rewritten in terms of the definition of the vector potential as:

(17.55)φ = ∇× ⋅∫ ( { }) { } ( )A n d area
area

where:

{A} = magnetic vector potential

By applying Stokes theorem, the surface integral reduces to a line integral of A around a closed contour;

(17.56)φ = ⋅∫ { }A dℓ
ℓ

where:

ℓ  = length of the bounding contour line
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The macro interpolates values of the vector potential, A, to the closed contour path (defined by the
PPATH command) and integrates to obtain the flux using Equation 17.56 (p. 861). In the axisymmetric
case, the vector potential is multiplied by 2πr to obtain the total flux for a full circumferential surface
(where “r” is the x-coordinate location of the interpolation point).

17.6.2. Force on a Body

The force on a body is evaluated using the Maxwell stress tensor([77] (p. 924)) (with the command macro
FOR2D). The Maxwell stress approach computes local stress at all points of a bounding surface and
then sums the local stresses by means of a surface integral to find the net force on a body. The force
can be expressed as:

(17.57){ } [ ] { } ( )F T n d areamx

area
= ⋅∫

1

µ

where:

{Fmx} = total force vector on the body
[T] = Maxwell stress tensor (see equation 5.126)
µ = permeability of the bounding region

In 2-D planar analyses the surface integral reduces to a line integral and the resulting force is per unit
depth. The macro requires a pre-specified path (PPATH command) to create the bounding surface. The
bounding surface (or line path) should encompass the body for which the force is to be calculated. In
principle, the bounding surface (line) is the surface of the body itself. However, in practice it is common
to place the path within the air domain surrounding the body. This is perfectly satisfactory and does
not violate the principle of the Maxwell stress tensor since the air carries no current and has no mag-
netic properties different from free space.

The macro interpolates values of flux density, B, to the path (defined by the PPATH command) and in-
tegrates to obtain the force on the body as in Equation 17.57 (p. 862).

17.6.3. Magnetomotive Forces

The magnetomotive force (current) along a contour or path (defined by the PPATH command) is calcu-
lated (using the MMF command macro) according to Amperes' theorem:

(17.58)I H dmmf = ⋅∫ { } ℓ

ℓ

where:

Immf = magnetomotive force

{H} = magnetic field intensity vector

The macro interpolates values of magnetic field intensity, H, to the path and integrates to obtain the
Immf as in Equation 17.58 (p. 862). In a static analysis or transverse electromagnetic (TEM) and transverse

electric (TE) wave guide mode computation, Immf can be interpreted as a current passing the surface

bounded by the closed contour.
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17.6.4. Power Loss

The power dissipated in a conducting solid body under the influence of a time-harmonic electromag-
netic field is computed (using the POWERH command macro). The r.m.s. power loss is calculated from
the equation (see Harmonic Analysis Using Complex Formalism (p. 187) for further details):

(17.59)P J d volrms t
vol

= ∫
1

2

2
ρ ɶ ( )

where:

Prms = rms power loss

r = material resistivity
Jt = total current density

~ = complex quantity

The macro evaluates Equation 17.59 (p. 863) by integrating over the selected element set according to:

(17.60)P Re J J volrms i ti ti i
i

n
= ⋅












∗

=
∑

1

2 1
(([ ]{ }) { })ρ ɶ ɶ

where:

n = number of elements
Re{ } = real component of a complex quantity
[ρi] = resistivity tensor (matrix)

{ }ɶJti  = total eddy current density vector for element i
voli = element volume

* = complex conjugate operator

For 2-D planar analyses, the resulting power loss is per unit depth.

17.6.5. Terminal Parameters for a Stranded Coil

The terminal parameter quantities for a stranded coil with a d.c. current are computed (using the
command macro SRCS). The macro is applicable to linear magnetostatic analysis. In addition, the far-
field boundary of the model must be treated with either a flux-normal (Neumann condition), flux-parallel
(Dirichlet condition), or modelled with infinite elements.

17.6.6. Energy Supplied

The energy supplied to the coil for a linear system is calculated as:

(17.61)W A J d vols
vol

= ⋅∫
1

2
{ } { } ( )

where:

W = energy input to coil
{A} = nodal vector potential
{Js} = d.c. source current density

vol = volume of the coil
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17.6.7. Terminal Inductance

The inductance as seen by the terminal leads of the coil is calculated as:

(17.62)L
W

i
=

2
2

where:

L = terminal inductance
i = coil current (per turn)

17.6.8. Flux Linkage

The total flux linkage of a coil can be calculated from the terminal inductance and coil current,

(17.63)λ = Li

where:

λ = flux linkage

17.6.9. Terminal Voltage

For a coil operating with an a.c. current at frequency ω (Hz), a voltage will appear at the terminal leads.
Neglecting skin effects and saturation, a static analysis gives the correct field distribution. For the assumed
operating frequency, the terminal voltage can be found. From Faraday's law,

(17.64)u
d

dt
=

λ

where:

u = terminal voltage

Under a sinusoidal current at an operating frequency ω, the flux linkage will vary sinusoidally

(17.65)λ λ ω= m tsin

where:

λm = zero-to-peak magnitude of the flux linkage

The terminal voltage is therefore:

(17.66)u U t= cosω

where:

U = ωλm = zero-to-peak magnitude of the terminal voltage (parameter VLTG returned by the

macro)

For 2-D planar analyses, the results are per unit depth.
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17.6.10. Torque on a Body

The torque on a body for a 2-D planar analysis is computed by making use of the Maxwell stress tensor
(Coulomb([168] (p. 930))) (using the TORQ2D and TORQC2D command macros) . The torque integrand
is evaluated at all points of a bounding surface about the body, and then summed to find the net torque
on the body. The torque can be expressed as:

(17.67){ } ({ } { })({ } { }) ({ } { }) ( )T B n R B
B

R n d area
area

= ⋅ × − ×












∫

1

2

2

µ

where:

{T} = total torque on a body
µ = permeability of the bounding region
{B} = flux density vector
{n} = unit normal vector to the path
{R} = position vector
area = area of the bounding surface

In 2-D planar analyses, the surface integral reduces to a line integral and the torque results are per unit
depth. When a pre-specified path (using the PPATH command) is needed to create the bounding surface,
a general procedure is used (using the TORQ2D command macro). The bounding surface (or line path)
should encompass the body for which the torque, about the global origin, is to be calculated.

In principle the bounding surface (line) is the surface of the body itself. However, in practice, it is common
to place the path within the air domain surrounding the body. This is perfectly satisfactory and does
not violate the principle of the Maxwell stress tensor since the air carries no current and has no mag-
netic properties different from free space.

A simplified procedure (using the command macro TORQC2D) is available when a circular bounding
surface (line) about the global origin can be used. This macro creates its own path for evaluation. For
the case of a circular path, Equation 17.67 (p. 865) reduces to:

(17.68){ } ({ } { })({ } { }) ( )T M B n R B d area
area

= ⋅ ×[ ]∫
1

µ

The macro TORQC2D makes use of Equation 17.68 (p. 865) to evaluate torque.

For both torque macros, flux density, B, is interpolated to the path and integrated according to Equa-
tion 17.67 (p. 865) or Equation 17.68 (p. 865) to obtain the torque on a body.

17.6.11. Energy in a Magnetic Field

The stored energy and co-energy in a magnetic field are calculated (by the SENERGY command macro).
For the static or transient analysis, the stored magnetic energy is calculated as:

(17.69)W H dBs

B
= ⋅∫ { } { }

0

where:

Ws = stored magnetic energy
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The magnetic co-energy is calculated as:

(17.70)W B dHc
H

H

c

= ⋅
−
∫ { } { }

where:

Wc = stored magnetic co-energy

Hc = coercive force

For time-harmonic analysis, the r.m.s. stored magnetic energy is calculated as:

(17.71)W Re B H d volrms = ⋅ ∗
∫

1

4
{ } { } ( )ɶ ɶ

where:

Wrms = r.m.s. stored energy

For 2-D planar analyses, the results are per unit depth.

17.6.12. Relative Error in Electrostatic or Electromagnetic Field Analysis

The relative error in an electrostatic or electromagnetic field analysis is computed (by the EMAGERR

command macro). The relative error measure is based on the difference in calculated fields between a
nodal-averaged continuous field representation and a discontinuous field represented by each individual
element's-nodal field values. An average error for each element is calculated. Within a material, the rel-
ative error is calculated as:

17.6.12.1. Electrostatics

17.6.12.1.1. Electric Field

(17.72)E
n

E Eei j ij
j

n
= −

=
∑

1

1

where:

Eei = relative error for the electric field (magnitude) for element i

Ej = nodal averaged electric field (magnitude)

Eij = electric field (magnitude) of element i at node j

n = number of vertex nodes in element i

17.6.12.1.2. Electric Flux Density

(17.73)D
n

D Dei j ij
j

n
= −

=
∑

1

1

where:

Dei = relative error for the electric flux density (magnitude) for element i

Dj = nodal averaged electric flux density (magnitude)

Dij = electric flux density (magnitude) of element i at node j

Release 15.0 - © SAS IP, Inc. All rights reserved. - Contains proprietary and confidential information
of ANSYS, Inc. and its subsidiaries and affiliates.866

Postprocessing



A normalized relative error norm measure is also calculated based on the maximum element nodal
calculated field value in the currently selected element set.

(17.74)E E Enei ei max=

where:

Emax = maximum element nodal electric field (magnitude)

(17.75)D D Dnei ei max=

where:

Dmax = maximum element nodal electric flux density (magnitude)

17.6.12.2. Electromagnetics

17.6.12.2.1. Magnetic Field Intensity

(17.76)H
n

H Hei j ij
j

n
= −

=
∑

1

1

where:

Hei = relative error for the magnetic field intensity (magnitude) for element i

Hj = nodal averaged magnetic field intensity (magnitude)

Hij = magnetic field intensity (magnitude) of element i at node j

17.6.12.2.2. Magnetic Flux Density

(17.77)B
n

B Bei j ij
j

n
= −

=
∑

1

1

where:

Bei = relative error for the magnetic flux density (magnitude) for element i

Bj = nodal averaged magnetic flux density (magnitude)

Bij = magnetic flue density (magnitude) of element i at node j

A normalized relative error measure is also calculated based on the maximum element nodal calculated
field value in the currently selected element set.

(17.78)H H Hnei ei max=

where:

Hmax = maximum element nodal magnetic field intensity (magnitude)

(17.79)B B Bnei ei max=

where:

Bmax = maximum nodal averaged magnetic flux density (magnitude)
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17.6.13. Electromotive Force

The electromotive force (voltage drop) between two conductors defined along a path contour (PATH

command) is computed (using the EMF command macro):

(17.80)V E demf = ⋅∫ { } ℓ

ℓ

where:

Vemf = electromotive force (voltage drop)

{E} = electric field vector

The macro interpolates values of the electric field, E, to the path (defined by the PATH command) and
integrates to obtain the electromotive force (voltage drop). The path may span multiple materials of
differing permittivity. At least one path point should reside in each material transversed by the path.
In static analysis or transverse electromagnetic (TEM) and transverse magnetic (TM) wave guide mode
computation, Vemf can be interpreted as a voltage drop.

17.6.14. Impedance of a Device

The impedance of a device from the calculated Vemf and Immf values is calculated (using the IMPD

macro). Impedance calculations are valid for transverse electromagnetic (TEM) waves in coaxial waveguide
structures. The impedance is calculated as:

(17.81)Z
V j V

I jI
emf emf

Im

mmf mmf
Im

=
+

+

Re

Re

where:

V and I = voltage drop and current, respectively
Re and Im = represent real and imaginary parts of complex terms
Vemf = voltage drop (computed with the EMF macro)

Immf = current (computed by the MMF macro)

17.6.15. Computation of Equivalent Transmission-line Parameters

The equivalent transmission-line parameters for a guiding wave structure are calculated. For a lossless
guiding structure, the total mode voltage, V(Z), and mode current, I(Z), associated with a +Z propagating
field take on the form:

(17.82)V Z Ae Bej Z j Z( ) = +− β β

(17.83)I Z
A

Z
e

B

Z
e

o

j Z

o

j Z( ) = −− β β

where:

Zo = characteristic impedance for any mode

A = amplitude of the incident voltage wave (see below)
B = amplitude of the backscattered voltage wave (see below)

Release 15.0 - © SAS IP, Inc. All rights reserved. - Contains proprietary and confidential information
of ANSYS, Inc. and its subsidiaries and affiliates.868

Postprocessing



We can consider the propagating waves in terms on an equivalent two-wire transmission line terminated

at Z = ℓ  by a load impedance Zℓ .

Figure 17.10:  Equivalent Two-Wire Transmission Line

B
A

z = 0 z = 

ZZo

l

l

The voltage term “A” in Equation 17.82 (p. 868) can be considered as the amplitude of the incident wave,
and voltage term “B” as the amplitude of the mode voltage wave backscattered off the load impedance

Zℓ .

Thus,

(17.84)Z Z
Ae Be

Ae Be
o

j j

j jℓ

ℓ ℓ

ℓ ℓ
=

+

−

−

−

β β

β β

Rearranging we have,

(17.85)Γ = =
−

+
B

A

Z Z

Z Z
o

o

( )

( )
ℓ

ℓ

1

1

where:

Γ = voltage reflection coefficient

The voltage standing-wave ratio is calculated as:

(17.86)S =
+

−

1

1

Γ

Γ

where:

S = voltage standing-wave ratio (output as VSWR)

For a matched load ( Zℓ  = Zo) there is no reflection (Γ = 0) and the S = 1. If Zℓ  is a short circuit, B = -

A, Γ = -1, and the S is infinite. If Zℓ  is an open circuit, B = A, Γ = +1, and the S once again is infinite.

The reflection coefficient is frequently expressed in dB form by introducing the concept of return loss
defined by:

(17.87)LR = −20 10log Γ
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where:

LR = return loss in dB (output as RL)

The macro calculates the above transmission line parameters in terms of the incident, reference and
total voltage.

17.7. POST1 - Error Approximation Technique

17.7.1. Error Approximation Technique for Displacement-Based Problems

The error approximation technique used by POST1 (PRERR command) for displacement-based problems
is similar to that given by Zienkiewicz and Zhu([102] (p. 926)). The essentials of the method are summarized
below.

The usual continuity assumption used in many displacement based finite element formulations results
in a continuous displacement field from element to element, but a discontinuous stress field. To obtain
more acceptable stresses, averaging of the element nodal stresses is done. Then, returning to the element
level, the stresses at each node of the element are processed to yield:

(17.88){ } { } { }∆σ σ σn
i

n
a

n
i= −

where:

{ }∆σn
i

 = stress error vector at node n of element i

{ }

{ }

σ
σ

n
a

n
i

i

N

e
n

e
n

N
= = =

∑
averaged stress vector at node n 1

Ne
n

 = number of elements connecting to node n

{ }σn
i

 = stress vector of node n of element i

Then, for each element

(17.89)e D d voli
T

vol= −
∫

1

2
1{ } [ ] { } ( )∆ ∆σ σ

where:

ei = energy error for element i (accessed with ETABLE (SERR item) command)

vol = volume of the element (accessed with ETABLE (VOLU item) command)
[D] = stress-strain matrix evaluated at reference temperature
{∆σ} = stress error vector at points as needed (evaluated from all {∆σn} of this element)

The energy error over the model is:

(17.90)e ei
i

Nr
=

=
∑

1

where:
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e = energy error over the entire (or part of the) model (accessed with *GET (SERSM item)
command)
Nr = number of elements in model or part of model

The energy error can be normalized against the strain energy.

(17.91)E
e

U e
=

+








100

1

2

where:

E = percentage error in energy norm (accessed with PRERR, PLDISP, PLNSOL (U item), *GET

(SEPC item) commands)
U = strain energy over the entire (or part of the) model (accessed with *GET (SENSM item)
command)

=
=
∑Eei

po

i

Nr

1

Eei
po

 = strain energy of element i (accessed with ETABLE (SENE item) command) (see Energies)

The ei values can be used for adaptive mesh refinement. It has been shown by Babuska and Rhein-

boldt([103] (p. 926)) that if ei is equal for all elements, then the model using the given number of elements

is the most efficient one. This concept is also referred to as “error equilibration”.

At the bottom of all printed nodal stresses (the PRNSOL or PRESOL command), which may consist of
the 6 component stresses, the 5 combined stresses, or both, a summary printout labeled: ESTIMATED
BOUNDS CONSIDERING THE EFFECT OF DISCRETIZATION ERROR gives minimum nodal values and
maximum nodal values. These are:

(17.92)σ σ σj
mnb

j n
a

nmin= −( ), ∆

(17.93)σ σ σj
mxb

j n
a

nmax= +( ), ∆

where min and max are over the selected nodes, and

where:

σ j
mnb

 = nodal minimum of stress quantity (output as VALUE (printout) or SMNB (plot))

σ j
mxb

 = nodal maximum of stress quantity (output as VALUE (printout) or SMXB (plot) )
j = subscript to refer to either a particular stress component or a particular combined stress

σ
σ

j n
a j n

avg

,
,

=
if nodal quantities (  or commandPLNSOL PRNSOL )) are used

if element quantities (  command) aσ j n,
max

PLESOL rre used







σ j n
avg
,  = average of stress quantity j at node n of element attached to node n

σ j n,
max

 = maximum of stress quantity j at node n of element attached to node n
∆σn = root mean square of all ∆σi from elements connecting to node n
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∆σi = maximum absolute value of any component of { }∆σn
i

 for all nodes connecting to element

(accessed with ETABLE (SDSG item) command)

17.7.2. Error Approximation Technique for Temperature-Based Problems

The error approximation technique used by POST1 (PRERR command) for temperature based problems
is similar to that given by Huang and Lewis([126] (p. 927)). The essentials of the method are summarized
below.

The usual continuity assumption results in a continuous temperature field from element to element,
but a discontinuous thermal flux field. To obtain more acceptable fluxes, averaging of the element
nodal thermal fluxes is done. Then, returning to the element level, the thermal fluxes at each node of
the element are processed to yield:

(17.94){ } { } { }∆q q qn
i

n
a

n
i= −

where:

{ }∆qn
i

 = thermal flux error vector at node n of element i

{ }

{ }

q

q

N
n
a

n
i

i

Ne
n

= = =
∑

averaged thermal flux vector at node n 1

ee
n

Ne
n

 = number of elements connecting to node n

{ }qn
i

 = thermal flux vector of node n of element

Then, for each element

(17.95)e q D q d voli
T

vol= −
∫

1

2
1{ } [ ] { } ( )∆ ∆

where:

ei = energy error for element i (accessed with ETABLE (TERR item) command)

vol = volume of the element (accessed with ETABLE (VOLU item) command)
[D] = conductivity matrix evaluated at reference temperature
{∆q} = thermal flux error vector at points as needed (evaluated from all {∆qn} of this element)

The energy error over the model is:

(17.96)e ei
i

Nr
=

=
∑

1

where:

e = energy error over the entire (or part of the) model (accessed with *GET (TERSM item)
command)
Nr = number of elements in model or part of model

The energy error can be normalized against the thermal dissipation energy.
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(17.97)E
e

U e
=

+








100

1

2

where:

E = percentage error in energy norm (accessed with PRERR, PLNSOL, (TEMP item) or *GET

(TEPC item) commands)
U = thermal dissipation energy over the entire (or part of the) model (accessed with *GET

(TENSM item) command)

=
=
∑Eei

po

i

Nr

1

Eei
po

 = thermal dissipation energy of element i (accessed with ETABLE (TENE item) command)
(see Energies)

The ei values can be used for adaptive mesh refinement. It has been shown by Babuska and Rhein-

boldt([103] (p. 926)) that if ei is equal for all elements, then the model using the given number of elements

is the most efficient one. This concept is also referred to as “error equilibration”.

At the bottom of all printed fluxes (with the PRNSOL command), which consists of the 3 thermal fluxes,
a summary printout labeled: ESTIMATED BOUNDS CONSIDERING THE EFFECT OF DISCRETIZATION ERROR
gives minimum nodal values and maximum nodal values. These are:

(17.98)q min q qj
mnb

j n
a

n= −( ), ∆

(17.99)q max q qj
mxb

j n
a

n= +( ), ∆

where min and max are over the selected nodes, and

where:

q j
mnb

 = nodal minimum of thermal flux quantity (output as VALUE (printout) or SMNB (plot))

q j
mxb

 = nodal maximum of thermal flux quantity (output as VALUE (printout) or SMXB (plot))
j = subscript to refer to either a particular thermal flux component or a particular combined
thermal flux

q
q

j n
a j n

avg

,
,

=
if nodal quantities (  or commandPLNSOL PRNSOL )) are used

if element quantities (  command) aq j n,
max

PLESOL rre used







q j n
avg
,  = average of thermal flux quantity j at node n of element attached to node n

q j n,
max

 = maximum of thermal flux quantity j at node n of element attached to node n
∆qn = maximum of all ∆qi from elements connecting to node n

∆qi = maximum absolute value of any component of { }∆qn
i

 for all nodes connecting to element

(accessed with ETABLE (TDSG item) command)
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17.7.3. Error Approximation Technique for Magnetics-Based Problems

The error approximation technique used by POST1 (PRERR command) for magnetics- based problems
is similar to that given by Zienkiewicz and Zhu ([102] (p. 926)) and Huang and Lewis ([126] (p. 927)). The
essentials of the method are summarized below.

The usual continuity assumption results in a continuous temperature field from element to element,
but a discontinuous magnetic flux field. To obtain more acceptable fluxes, averaging of the element
nodal magnetic fluxes is done. Then, returning to the element level, the magnetic fluxes at each node
of the element are processed to yield:

(17.100){ } { } { }∆B B Bn
i

n
a

n
i= −

where:

{ }∆Bn
i

 = magnetic flux error vector at node n of element i

{ }

{ }

B

B

n
a

n
i

i

Ne
n

= = =
∑

averaged magnetic flux vector at node n 1

NNe
n

Ne
n

 = number of elements connecting to node n

{ }Bn
i

 = magnetic flux vector of node n of element

Then, for each element

(17.101)e B D B d voli
T

vol= −
∫

1

2
1{ } [ ] { } ( )∆ ∆

where:

ei = energy error for element i (accessed with ETABLE (BERR item) command)

vol = volume of the element (accessed with ETABLE (VOLU item) command)
[D] = magnetic conductivity matrix evaluated at reference temperature
{∆B} = magnetic flux error vector at points as needed (evaluated from all {∆Bn} of this element)

The energy error over the model is:

(17.102)e ei
i

Nr
=

=
∑

1

where:

e = energy error over the entire (or part of the) model (accessed with *GET (BERSM item)
command)
Nr = number of elements in model or part of model

The energy error can be normalized against the magnetic energy.

(17.103)E
e

U e
=

+








100

1

2
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where:

E = percentage error in energy norm (accessed with PRERR, PLNSOL, (TEMP item) or *GET

(BEPC item) commands)
U = magnetic energy over the entire (or part of the) model (accessed with *GET (BENSM item)
command)

=
=
∑Eei

po

i

Nr

1

Eei
po

 = magnetic energy of element i (accessed with ETABLE (SENE item) command) (see Ener-
gies)

The ei values can be used for adaptive mesh refinement. It has been shown by Babuska and Rhein-

boldt([103] (p. 926)) that if ei is equal for all elements, then the model using the given number of elements

is the most efficient one. This concept is also referred to as “error equilibration”.

At the bottom of all printed fluxes (with the PRNSOL command), which consists of the 3 magnetic
fluxes, a summary printout labeled: ESTIMATED BOUNDS CONSIDERING THE EFFECT OF DISCRETIZATION
ERROR gives minimum nodal values and maximum nodal values. These are:

(17.104)B min B Bj
mnb

j n
a

n= −( ), ∆

(17.105)B max B Bj
mxb

j n
a

n= +( ), ∆

where min and max are over the selected nodes, and

where:

B j
mnb

 = nodal minimum of magnetic flux quantity (output as VALUE (printout))

B j
mxb

 = nodal maximum of magnetic flux quantity (output as VALUE (printout))
j = subscript to refer to either a particular magnetic flux component or a particular combined
magnetic flux

B
B

j n
a j n

avg

,
,

=
if nodal quantities (  or commandPLNSOL PRNSOL )) are used

if element quantities (  command) aB j n,
max

PLESOL rre used







B j n
avg
,  = average of magnetic flux quantity j at node n of element attached to node n

B j n,
max

 = maximum of magnetic flux quantity j at node n of element attached to node n
∆Bn = maximum of all ∆Bi from elements connecting to node n

∆Bi = maximum absolute value of any component of { }∆Bn
i

 for all nodes connecting to element

(accessed with ETABLE (BDSG item) command)

17.8. POST1 - Crack Analysis

The stress intensity factors at a crack for a linear elastic fracture mechanics analysis may be computed
(using the KCALC command). The analysis uses a fit of the nodal displacements in the vicinity of the
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crack. The actual displacements at and near a crack for linear elastic materials are (Paris and
Sih([106] (p. 926))):

(17.106)u
K

G

r
cos

K

G

r
sinI II= − −









 − + +

4 2
2 1

2

3

2 4 2
2 3

2

3

π
κ

θ θ
π

κ
θ

( )cos ( )sin
θθ

2
0









 + ( )r

(17.107)v
K

G

r K

G

rI II= − −








 − + +

4 2
2 1

2

3

2 4 2
2 3

2

3

π
κ

θ θ
π

κ
θ

( )sin sin ( )cos cos
θθ

2
0









 + ( )r

(17.108)w
K

G

r
rIII= +

2

2 2
0

π
θ

sin ( )

where:

u, v, w = displacements in a local Cartesian coordinate system as shown in Figure 17.11: Local
Coordinates Measured From a 3-D Crack Front (p. 877).
r, θ = coordinates in a local cylindrical coordinate system also shown in Figure 17.11: Local Co-
ordinates Measured From a 3-D Crack Front (p. 877).
G = shear modulus
KI, KII, KIII = stress intensity factors relating to deformation shapes shown in Figure 17.12: The

Three Basic Modes of Fracture (p. 877)

κ

ν

ν

ν

=

−

−

+

3 4

3

1

if plane strain or axisymmetric

if plane stress







ν = Poisson's ratio
0(r) = terms of order r or higher

Evaluating Equation 17.106 (p. 876) through Equation 17.108 (p. 876) at θ = ± 180.0° and dropping the
higher order terms yields:

(17.109)u
K

G

rII= + +
2 2

1
π

κ( )

(17.110)v
K

G

rI= + +
2 2

1
π

κ( )

(17.111)w
K

G

rIII= +
2

2π
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Figure 17.11:  Local Coordinates Measured From a 3-D Crack Front

y,v
r

x,u

z,w
crack front

θ

The crack width is shown greatly enlarged, for clarity.

Figure 17.12: The Three Basic Modes of Fracture

Opening mode
(K  )

Shearing mode
(K  )

Tearing mode
(K   )

I II III

For models symmetric about the crack plane (half-crack model, Figure 17.13: Nodes Used for the Approx-
imate Crack-Tip Displacements (p. 878)(a)), Equation 17.109 (p. 876) to Equation 17.111 (p. 876) can be
reorganized to give:

(17.112)K
G v

r
I = +

2
2

1
π

κ

(17.113)K
G u

r
II = +

2
2

1
π

κ

(17.114)K G
w

r
III = 2 2π
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and for the case of no symmetry (full-crack model, Figure 17.13: Nodes Used for the Approximate Crack-
Tip Displacements (p. 878)(b)),

(17.115)K
G v

r
I = +

2
1

π
κ

∆

(17.116)K
G u

r
II = +

2
1

π
κ

∆

(17.117)K
G w

r
III = +

2
1

π
κ

∆

where ∆v, ∆u, and ∆w are the motions of one crack face with respect to the other.

As the above six equations are similar, consider only the first one further. The final factor is 

v

r
 , which

needs to be evaluated based on the nodal displacements and locations. As shown in Figure 17.13: Nodes
Used for the Approximate Crack-Tip Displacements (p. 878)(a), three points are available. v is normalized
so that v at node I is zero. Then A and B are determined so that

(17.118)
v

r
A Br= +

at points J and K. Next, let r approach 0.0:

(17.119)r

v

r
Alimu ruuu 0 =

Figure 17.13:  Nodes Used for the Approximate Crack-Tip Displacements

symmetry (or
anti-symmetry)
plane

x,u

r

y,v

v(r)

K
J

I

θ
x,u

r

y,v

v(r)

K
J

I
θ

∆

L
M

(a) (b)

(a) Half Model, (b) Full Model

Thus, Equation 17.112 (p. 877) becomes:

(17.120)K
GA

I = +
2

2

1
π

κ
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Equation 17.113 (p. 877) through Equation 17.117 (p. 878) are also fit in the same manner.

17.9. POST1 - Harmonic Solid and Shell Element Postprocessing

As discussed in Axisymmetric Elements with Nonaxisymmetric Loads of the Element Reference, results
from load cases with different values of mode number (input as MODE on MODE command) but at the
same angular location (input as ANGLE on the SET command) can be combined in POST1 (with the
LCOPER command). The below assumes values of the mode number and angle and shows how the
results are extracted.

17.9.1. Thermal Solid Elements (PLANE75, PLANE78)

Data processed in a harmonic fashion includes nodal temperatures, element data stored on a per node
basis (thermal gradient and thermal flux) and nodal heat flow. Nodal temperature is calculated at har-
monic angle θ for each node j.

(17.121)T FKTj jθ =

where:

Tjθ = temperature at node j at angle q

F = scaling factor (input as FACT, SET command)

K
n

=
cos θ if mode is symmetric (input as ISYM=1 on  commaMODE nnd)

sin n if mode is antisymmetric (input as ISYM=-1 on θ MODEE command)





n = mode number (input as MODE on MODE command)
θ = angle at which harmonic calculation is being made (input as ANGLE, SET command)
Tj = temperature at node j from nodal solution

Thermal gradient are calculated at harmonic angle θ for each node j of element i:

(17.122)G FKGxij
t

xij
t

θ =

(17.123)G FKGyij
t

yij
t

θ =

(17.124)G FKGzij
t

zij
t

θ =

where:

Gxij
t
θ  = thermal gradient in x (radial) direction at node j of element i at angle θ

L
n

=
sin θ if mode is symmetric (input as ISYM=1 on  comma���� nnd)

if mode is antisymmetric (input as ISYM=-1 on cosnθ ����� command)





Gxij
T

 = thermal gradient in x (radial) direction at node j of element i

Nodal heat flow is processed in the same way as temperature. Thermal flux is processed in the same
way as thermal gradient.
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17.9.2. Structural Solid Elements (PLANE25, PLANE83)

Data processed in a harmonic fashion include nodal displacements, nodal forces, and element data
stored on a per node basis (stress and elastic strain).

Nodal displacement is calculated at harmonic angle θ for each node j:

(17.125)u FKuxj xjθ =

(17.126)u FKuyj yjθ =

(17.127)u FLuzj zjθ =

where:

uxjθ = x (radial) displacement at node j at angle θ

uxj = maximum x (radial) displacement at node j (from nodal solution)

Stress is calculated at harmonic angle θ for each node j of element i:

(17.128)σ σθxij xijFK=

(17.129)σ σθyij yijFK=

(17.130)σ σθzij zijFK=

(17.131)σ σθxyij xyijFK=

(17.132)σ σθyzij yzijFL=

(17.133)σ σθxzij xzijFL=

where:

σxijθ = x (radial) stress at node j of element i at angle θ

σxij = maximum x (radial) stress at node j of element i

Nodal forces are processed in the same way as nodal displacements. Strains are processed in the same
way as stresses.

17.9.3. Structural Shell Element (SHELL61)

Data processed in a harmonic fashion include displacements, nodal forces, member forces, member
moments, in-plane element forces, out-of-plane element moments, stress, and elastic strain.

Nodal displacement is calculated at harmonic angle θ for each node j:

(17.134)u FKuxj xjθ =

(17.135)u FKuyj yjθ =

(17.136)u FLuzj zjθ =

(17.137)φ φθzj zjFK=

where:
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φzjθ = rotation about z (hoop) direction at node j at angle θ

φzj = maximum rotation about z (hoop) direction at node j (from nodal solution)

Stress is calculated at harmonic angle θ for each node/interior point j of element i:

(17.138)σ σθmij mijFK=

(17.139)σ σθhij hijFK=

(17.140)σ σθtij tijFK=

(17.141)σ σθmhij mhijFL=

where:

σmijθ = meridional stress at point j of element i at angle θ

σmij = meridional stress j of element i

In-plane element forces at harmonic angle θ for each node/interior point j of element i:

(17.142)T FKTxij xijθ =

(17.143)T FKTzij zijθ =

(17.144)T FLTxzij xzijθ =

where:

Txijθ  = in-plane element force in x (meridional) direction at point j of element i at angle θ
Txij = maximum in-plane element force in x (meridional) direction at point j of element i

Nodal forces, member forces, and member moments are processed in the same way as nodal displace-
ments. Strains are processed in the same way as stresses. Finally, out-of-plane element moments are
processed in the same way as in-plane element forces.

17.10. POST26 - Data Operations

Table 17.1: POST26 Operations (p. 881) shows the operations that can be performed on the time-history
data stored by POST26. (Input quantities FACTA, FACTB, FACTC, and table IC are omitted from
Table 17.1: POST26 Operations (p. 881) for clarity of the fundamental operations.) All operations are
performed in complex variables. The operations create new tables which are also complex numbers.

Table 17.1:  POST26 Operations

Complex ResultComplex Opera-

tion

Real Oper-

ation and

Result

POST26

Command

Description

(a + c) + i(b + d)(a + ib) + (c + id)a + cADDAddition

(ac - bd) + i(ad + bc)(a + ib) x (c + id)a x cPRODMultiplica-
tion

( ) ( )

( )

ac d i ad bc

c d

+ + − +

+2 2

( )

( )

a ib

c id

+

+

a/cQUOTDivision
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Complex ResultComplex Opera-

tion

Real Oper-

ation and

Result

POST26

Command

Description

a b
2 2+

|a + ib||a|ABSAbsolute
Value

atan (b / a)atan (a + ib)0ATANArc Tangent

( ) cos sina b i2 2

1

2

2 2
+ +









θ θa ib+a
SQRTSquare Root

Maximum of a and cLARGELargest Vari-
able

Minimum of a and cSMALLSmallest
Variable

da/dc + i db/dcd(a + ib)/dcda/dcDERIVDerivative

adc i bdc∫ ∫+( )a ib dc+∫adc∫INT1Integration

log ( )10
2 2

e n a b iℓ + + θ
log10(a + ib)log10aCLOGCommon

Logarithm

ℓn a b i2 2+ + θ
ℓ n (a + ib)ℓ n aNLOGNatural Log-

arithm

ea(cosb + i sinb)e(a + ib)eaEXPExponential

a - ibconj (a + ib)aCONJUGComplex
Conjugate

areal (a + ib)aREALVARReal Part

bimag (a + ib)0IMAGINImaginary
Part

---DATARead Data
into Table

---FILLFill Table
with Data

See Response Spectrum Generator Description (POST26 - Response Spectrum Generator
(RESP) (p. 883))

NOTES:

1. a + ib (from Table IA or IX) and c + id (from Table IB or IY) are complex numbers, where IA

and IB are input quantities on above commands.

2.
θ = − 






tan 1 b

a

3. For derivative and integration, see Integration and Differentiation Procedures (p. 831)
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17.11. POST26 - Response Spectrum Generator (RESP)

Given a motion as output from a transient dynamic analysis, POST26 generates a response spectrum
in terms of displacement, velocity, or acceleration.

A response spectrum is generated by imposing the motion of the point of interest on a series of single-
mass oscillators over a period of time and calculating the maximum displacement, velocity, or acceler-
ation. This is illustrated in Figure 17.14: Single Mass Oscillators (p. 883).

In Figure 17.14: Single Mass Oscillators (p. 883), the following definitions are used:

Mi = mass of oscillator i

Ci = damping of oscillator i

Ki = stiffness of oscillator i

ui = motion of oscillator i

ub = motion of point of interest

Figure 17.14:  Single Mass Oscillators

K1 C1 K2

M1 MTMiM3M2

C2 K3 KTKi CTCiC3
ub

uT

In the absence of damping, the natural frequency of an oscillator i is:

(17.145)ωi
i

i

K

M
=

The basic equation of motion of the oscillator can be given as a one degree of freedom (DOF) version
of Equation 15.5 (p. 764):

(17.146)M u C u K ui i i i
r

i i
rɺɺ ɺ+ + = 0

where:

a dot (⋅) over a variable = derivative with respect to time

ui
r

, the relative motion of oscillator i, is defined by:

(17.147)u u ui
r

i b= −

The damping is given by:
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(17.148)ξi
i

cr i

C

C
=

,

where:

Ccr,i = 
2 K Mi i  = critical damping coefficient

Equation 17.145 (p. 883) through Equation 17.148 (p. 884) are combined to give:

(17.149)ɺɺ ɺ ɺɺu u u ui
r

i i i
r

i i
r

b+ + = −2 2ξ ω ω

Equation 17.149 (p. 884) is solved when the input time-history is the acceleration 
ɺɺub  (inputType = 1).

For a displacement input ub (inputType = 0), the equation is rewritten as:

(17.150)ɺɺ ɺ ɺu u u u ui i i i i i i i b i b+ + = +2 22 2ξ ω ω ξ ω ω

where:

ɺɺub  is the velocity of the point of interest. It is the derivative of the displacement input.

Both equations are solved using Newmark integration scheme. See Description of Structural and Other
Second Order Systems (p. 764) for more details.

Depending on the spectrum type (specType), the output spectrum values are the following maximum
quantities:

• the relative displacement: ( )maxui
r

• the relative velocity: ( )maxɺui
r

• the absolute acceleration: ( )maxɺɺui

• the pseudo-velocity: ω( )maxui
r

• the pseudo-acceleration: ω2 ( )maxui
r

17.11.1. Time Step Size

The time step size (∆t) is selected in the following way. If data is from a full transient analysis (AN-

TYPE,TRANS with TRNOPT,FULL):

∆t = input time step size (input as DTIME on RESP command)

or if no input is provided:

(17.151)∆t
fmax

=
1

20
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where:

fmax = highest value of frequency table (table input using LFTAB on the RESP command

The transient data from full transient analysis (ANTYPE,TRANS with TRNOPT, FULL analysis) is taken
from the next available time step used in the analysis. This can cause a decrease in accuracy at higher
frequencies if ∆t is less than the time step size of the input transient.

17.12. POST1 and POST26 - Interpretation of Equivalent Strains

The equivalent strains for the elastic, plastic, creep and thermal strains are computed in postprocessing
using the von Mises equation:

(17.152)ε
ν

ε ε ε ε ε ε γ γ γeq x y y z z x xy yz xz=
+

− + − + − + + +


′
1

2 1

3

2
2 2 2 2 2 2

( )
( ) ( ) ( ) ( )






1

2

where:

εx, εy, etc. = appropriate component strain values

ν' = effective Poisson's ratio

The default effective Poisson's ratio for both POST1 and POST26 are:

=

material Poisson's ratio for elastic and thermal strains

0..5 for plastic, creep, and hyperelastic strains

0.0 for linne elements, cyclic symmetry analyses, and load case operaations 









The AVPRIN,,EFFNU command may be issued to override the above defaults (but it is intended to be
used only for line elements, etc.).

The equivalent strain is output with the EQV or PRIN component label in POST1 (using the PRNSOL,
PLNSOL, PDEF, or ETABLE commands) and in POST26 (using the ESOL command).

17.12.1. Physical Interpretation of Equivalent Strain

The von Mises equation is a measure of the “shear” strain in the material and does not account for the
hydrostatic straining component. For example, strain values of εx = εy = εz = 0.001 yield an equivalent

strain εeq = 0.0.

17.12.2. Elastic Strain

The equivalent elastic strain is related to the equivalent stress when ν' = ν (input as PRXY or NUXY on
MP command) by:

(17.153)σ εeq eq
elE=

where:

σeq = equivalent stress (output using SEQV)

εeq
el

 = equivalent elastic strain (output using EPEL, EQV)
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E = Young's modulus

Note that when ν' = 0 then the equivalent elastic strain is related via

(17.154)σ εeq eq
elG= 2

where:

G = shear modulus

17.12.3. Plastic Strain

For plasticity, the accumulated effective plastic strain is defined by (see Equation 4.25 (p. 73) and
Equation 4.42 (p. 77)):

(17.155)ε εeqa
pl

eq
pl= ∑∆

where:

εeqa
pl

 = accumulated effective plastic strain (output using NL, EPEQ)

∆ ∆ ∆ ∆ ∆ ∆ ∆ε ε ε ε ε ε εeq
pl

x
pl

y
pl

y
pl

z
pl

z
pl

x
pl= − + − + −



+

2

3

3

2

2 2 2( ) ( ) ( )

∆∆ ∆ ∆γ γ γxy
pl

yz
pl

xz
pl2 2 2

1

2
+ +















This can be related to 
εeq
pl

 (output using EPPL, EQV) only under proportional loading situations during
the initial loading phase and only when ν' is set to 0.5.

17.12.4. Creep Strain

As with the plastic strains, to compute the equivalent creep strain 
εeq
pl

 (EPCR, EQV), use ν' = 0.5.

17.12.5. Total Strain

The equivalent total strains in an analysis with plasticity, creep and thermal strain are:

(17.156)ε ε ε ε εeq
tot

eq
el

eq
th

eq
pl

eq
cr= + + +

(17.157)ε ε ε εeq
tm

eq
el

eq
pl

eq
cr= + +

where:

εeq
tot

 = equivalent total strain (output using EPTT, EQV)

εeq
tm

 = equivalent total mechanical strain (output using EPTO, EQV)

εeq
th

 = equivalent thermal strain

Release 15.0 - © SAS IP, Inc. All rights reserved. - Contains proprietary and confidential information
of ANSYS, Inc. and its subsidiaries and affiliates.886

Postprocessing



For line elements, use an appropriate value of ν'. If 
εeq

pl

 > > 
εeq

el

, use ν' = 0.5. For other values, use an
effective Poisson's ratio between n and 0.5. One method of estimating this is through:

(17.158)ν ν
ε

ε
′ = − −











1

2

1

2
eq
el

eq
tot

This computation of equivalent total strain is only valid for proportional loading, and is approximately
valid for monotonic loading.

In Mechanical APDL, with the AVPRIN,0,0 command in effect:

17.13. POST26 - Response Power Spectral Density

The cross response PSD between two items is computed using the equation:

(17.159)
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2

where:

p = reference number of first item (input as IA on RPSD command)
q = reference number of second item (input as IB on RPSD command)
p and q can be displacements, stresses, or reaction forces.

All other variables in Equation 17.159 (p. 887) are defined in Spectrum Analysis (p. 799). When p = q, the
above cross response PSD becomes the auto response PSD.

17.14. POST26 - Computation of Covariance

The covariance between two items p and q is computed using the equation:

(17.160)
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∑∑+ +

11

11

22

2

where:

p = reference number of first item (input as IA on CVAR command)
q= reference number of second item (input as IB on CVAR command)
p and q can be displacements, stresses, or reaction forces.
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All other variables in Equation 17.160 (p. 887) are defined in Spectrum Analysis (p. 799). When p = q, the
above covariance becomes the variance.

17.15. POST1 and POST26 – Complex Results Postprocessing

The modal solution obtained using the complex eigensolvers (UNSYM, DAMP, QRDAMP) and the solution
from a harmonic analysis are complex. It can be written as

(17.161)R I= +

where:

R = the complex degree of freedom solution (a nodal displacement Ux, a reaction force Fy, etc.).

RR = the real part of the solution R.

RI = the imaginary part of the solution R.

The same complex solution may also be expressed as:

(17.162)max
i= φ

where:

Rmax = the degree of freedom amplitude.

φ = the degree of freedom phase shift.

The phase shift of the solution is different at each degree of freedom so that the total amplitude at a
node is not the square root of the sum of squares of the degrees of freedom amplitudes (Rmax). More

generally, total amplitudes (SUM), phases and other derived results (principal strains/stresses, equivalent
strain/stress,… for example) at one node do not vary harmonically as degree of freedom solutions do.

The relationship between RR, RI, Rmax and φ is defined as follows:

(17.163)� � �� ���� = +2 2

(17.164)φ = −1 �

�

�

�

RR = Rmaxcosφ

RI = Rmaxsinφ

In POST1, use KIMG in the SET command to specify which results are to be stored: the real parts, the
imaginary parts, the amplitudes or the phases.

In POST26, use PRCPLX and PLCPLX to define the output form of the complex variables.

The complete complex solution is harmonic. It is defined as:

(17.165)	 t

 �= Ω

where:

Ω = the excitation frequency in a harmonic analysis, or the natural damped frequency in a
complex modal analysis.
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In the equations of motion for harmonic and complex modal analyses, the complex notations are used
for ease of use but the time dependant solution at one degree of freedom is real.

The solution of the harmonic analysis is defined as:

(17.166)R t t R treal � I= −Ω Ω

The ANHARM command issued after the harmonic analysis is based on Equation 17.166 (p. 889). The
HRCPLXand LCOPER (with Oper2 = CPXMAX) commands are based on Equation 17.166 (p. 889) for
both modal and harmonic analyses.

The complete solution of the complex modal analysis is defined as:

(17.167)� � � � � � �
����

�
	 
( ) = −( )σ Ω Ω

Where σ is the real part of the complex frequency for the damped eigensolvers (DAMP and QRDAMP)
and its imaginary part for the unsymmetric eigensolver (UNSYM). See Complex Eigensolutions (p. 736)
for more details about complex eigensolutions.

The ANHARM command issued after a complex modal analysis is based on equation (Equa-
tion 17.167 (p. 889)) except if NPERIOD is set to -1. In this case, the exponential term (decay or growth
of the oscillation) is ignored and the equation reduces to (Equation 17.166 (p. 889)).

In the LCOPER command with Oper2=CPXMAX, a loop on the phase (Ωt), is performed to calculate the
maximum (that may occur at any phase at each location) of the degree of freedom results, displacements
and stresses, the principal stresses (S1, S2, and S3), the stress intensity (SINT), the equivalent stress
(SEQV), and the equivalent strain.

17.16. POST1 - Modal Assurance Criterion (MAC)

The modal assurance criterion (MAC) can compare two real solutions or two complex solutions.

The MAC between two real solutions is computed using the equation:

(17.168)m�c
m

m

i j
i

k
j

i
k

i

�

�

( ) ( )
( ) ( ) ( )

( ) ( ) ( )

φ φ
φ φ

φ φ φ

1 2
1 2 2

1 1

=

jj
k

j

�
m

( ) ( ) ( )2 2φ

where:

φ
� ��

 = the ith displacement vector of solution 1. (solution 1 is read on File1 and index i cor-
responds to Sbstep1 on the RSTMAC command).

φ �
� ��

 = the jth displacement vector of solution 2. (solution 2 is read on File2 and index j

corresponds to Sbstep2 on the RSTMAC command).

m
(k)  = diagonal of the mass matrix used in obtaining solution k. It is included in the calculation

only if KeyMass is ON (default). k = 1 if nodes are matched (TolerN > 0 on the RSTMAC

command). k = 2 if nodes are mapped and solution 1 is interpolated (TolerN = -1 on the
RSTMAC command).

The MAC between two complex solutions is computed using the equation:
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(17.169)mac

m m
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=
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( ) ( )
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2
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m m
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i j

k

j

�

φ φ φ

where:

φ  = the complex conjugate of a complex vector φ .

If the diagonal of the mass matrix is not available (for example on a Universal Format file), the modal
assurance criterion is not weighted with the mass, i.e. the mass is assumed to be equal at all degrees
of freedom.

The dot product of the displacement vectors is calculated at matched nodes if TolerN>0, and at
mapped nodes if TolerN=-1.
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Chapter 18: Probabilistic Design

In general, a finite element analysis program starts with a set of input data such as geometric parameters,
material parameter, loads and boundary conditions. The program then generates some output data for
the analyzed component such as temperatures, displacements, stresses, strains, voltages and/or velocities.
Almost all input parameters are subjected to scatter due to either natural variability or inaccuracies
during manufacturing or operation. In a probabilistic approach, the uncertainties on the input side are
described by statistical distribution functions, allowing you to obtain answers to common questions
about your analysis.

The following probabilistic design topics are available:
18.1. Uses for Probabilistic Design
18.2. Probabilistic Modeling and Preprocessing
18.3. Probabilistic Methods
18.4. Regression Analysis for Building Response Surface Models
18.5. Probabilistic Postprocessing

18.1. Uses for Probabilistic Design

A probabilistic analysis can be used to answer the following most common questions.

1. If some of the input parameters are subjected to scatter and are therefore identified as random input
variable, how large is the resulting scatter or uncertainty induced on the side of the output parameters?

2. If the output parameters are uncertain or random as well, what is the probability that a certain design
criterion formulated in terms of these output parameters is no longer fulfilled?

3. Which random input variables are contributing the most to the scatter of the random output parameters
and the probability that a certain design criteria is no longer fulfilled?

Probabilistic Modeling and Preprocessing explains the mathematical background for describing random
input variables in terms of statistical distribution functions.

Probabilistic Methods provides the theoretical background of the methods that are used to provide the
probabilistic results that enable the user to answer the questions above. In this section the Monte Carlo
Simulation Method and the Response Surface Method are explained in detail.

Regression Analysis for Building Response Surface Models is dedicated to a technique called regression
analysis, which is an option for some probabilistic methods and a necessity for others in order to gen-
erate probabilistic results.

Probabilistic Postprocessing is focused on the mathematical background of the statistical procedures
that are used to postprocess and interpret the probabilistic results. The interpretation of the probabil-
istic results then provides the answers to the questions listed above.

A simpler and manually driven form of performing Monte Carlo simulations is explained in Statistical
Procedures (p. 834) of this manual.
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Glossary of Symbols

...)
 = one-sided lower confidence limit

...(
 = one-sided upper confidence limit

...
 = two-sided confidence interval

{...} = vector in column format

...   = vector in row format
[...] = matrix

Notations

A symbol given as an upper case character always refers to a random variable, whereas a symbol specified
with the corresponding lower case character indicates a particular, but arbitrary value of that random
variable. Example: X is a random variable and x is a particular, but arbitrary value of X. This rule does
not apply to functions of variables, such as distribution functions or other mathematical functions.

A function of one or more independent variables can have one or more parameters, which further
specify the shape of the function. Here, we follow the notation that such a function is denoted with f
(x1, x2, x3, ... | a, b, c ...), where x1, x2, x3, etc. are the independent variables of the function and a, b, c,

etc. are the parameters that influence it.

For the exponential function the notation (...) is used.

18.2. Probabilistic Modeling and Preprocessing

In the following, we will use the expression random input variable for the inaccuracies and uncertainties
influencing the outcome of an analysis. In probabilistic design, statistical distribution functions are used
to describe and quantify random input variables. In the following section, various statistical distribution
types are explained in detail. The following information is typically used characterize a statistical distri-
bution:

fX(x) = Probability density function. The probability density function of a random input variable X

is a measure for the relative frequency at which values of random input variables are expected to
occur.
FX(x) = Cumulative distribution function. The cumulative distribution function of a random input

variable X is the probability that values for the random input variable remain below a certain limit
x.

F xX
−1( )

 = Inverse cumulative distribution function
µ = Mean value. The mean value of a random input variable X is identical to the arithmetic average.
It is a measure for the location of the distribution of a random input variable.
σ = Standard deviation. The standard deviation is a measure for the width of the distribution of a
random input variable.
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18.2.1. Statistical Distributions for Random Input Variables

18.2.1.1. Gaussian (Normal) Distribution

A Gaussian or normal distribution of a random variable X has two distribution parameters, namely a
mean value µ and a standard deviation σ. The probability density function of a Gaussian distribution
is:

(18.1)f x
x

X( | , )µ σ
σ
ϕ

µ
σ

=
−









1
 

where:

fX(x | µ,σ) = probability density function of the Gaussian distribution. According to the notation

mentioned in Notations (p. 892), x is the independent variable and µ and σ are the parameters
of the probability density function.
φ(...) = probability density function of the standard normal distribution. The standard normal
distribution is a normal distribution with a mean value of 0.0 and a standard deviation of 1.0.

(18.2)ϕ
π

( ) expz z= −










1

2

1

2
2

The cumulative distribution function of the Gaussian distribution is:

(18.3)F x
x

X( | , )µ σ
µ

σ
=

−







Φ

where:

Φ(...) = cumulative distribution function of the standard normal distribution

There is no closed-form solution available for Equation 18.3 (p. 893). See Abramowitz and Steg-
un([303] (p. 938)) for more details. The probability density function and the cumulative distribution
function of a Gaussian distribution are shown in Figure 18.1: Gaussian Distribution Functions (p. 893).

Figure 18.1:  Gaussian Distribution Functions

fX(x)

2

µ
x     

σ

FX(x)

x     
µ

Probability Density Function (left) and Cumulative Distribution Function (right)

The inverse cumulative distribution function of the Gaussian distribution is:
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(18.4)x F pX= −1( | , )µ σ

where:

p = a given probability

The random variable value x, for which Equation 18.4 (p. 894) is satisfied, can only be found iteratively
using the solution of Equation 18.3 (p. 893).

Obviously, the mean value and the standard deviation of a random variable X with a Gaussian distribution
are the same as the two distribution parameters µ and σ respectively.

18.2.1.2. Truncated Gaussian Distribution

A truncated Gaussian distribution of a random variable X has four distribution parameters, namely a
mean value µG and a standard deviation σG of the non-truncated Gaussian distribution, and the lower

limit xmin and the upper limit xmax.

The probability density function of a truncated Gaussian distribution is:

For x < xmin or x > xmax:

(18.5)f x x xX G G( | , , , )min maxµ σ = 0

For xmin
≤  x ≤  xmax:

(18.6)
f x x x

x x
X G G

G

G

G

G

( | , , , )min max
max min

µ σ
µ

σ
µ

σ

=
−







 −

−
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Φ Φ





−









σ

ϕ
µ

σ
G

G

G

x

where:

Φ(...) = cumulative distribution function of the standard normal distribution
φ(...) = probability density function of the standard normal distribution (see Equation 18.2 (p. 893))

The cumulative distribution function of the truncated Gaussian distribution is:

(18.7)F x x x

x x

x
X G G

G

G

G

G( | , , , )min max

min

max
µ σ

µ
σ

µ
σ

=

−







 −

−









−

Φ Φ

Φ
µµ

σ
µ

σ
G

G

G

G

x







 −

−







Φ min

There is no closed-form solution available for Equation 18.7 (p. 894). See Abramowitz and Steg-
un([303] (p. 938)) for more details. The probability density function and the cumulative distribution
function of a truncated Gaussian distribution are shown in Figure 18.2: Truncated Gaussian Distribu-
tion (p. 895).
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Figure 18.2: Truncated Gaussian Distribution
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Same as for Equation 18.4 (p. 894) also the inverse cumulative distribution function of the truncated
Gaussian distribution must be found iteratively using the solution of Equation 18.7 (p. 894).

The mean value of a random variable X with a truncated Gaussian distribution is:

(18.8)µ µ σ

ϕ
µ

σ
ϕ

µ
σ

µ
σ

= −

−







 −

−









−







 −

G G

G

G

G

G
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x x

x
2

max min

maxΦ ΦΦ
x G

G

min −









µ
σ

and the standard deviation is:

(18.9)σ σ µ σ= − − − + −G G G X X X Xf x f x f x f x x f( ( ( ) ( )))( ( ) ( ))max min max min max
2 1 XX Xx x f x( ) ( )max min min+

where:

fX (xmin) = fx (xmin | µG, σG, xmin, xmax) is the value of the probability density function of the

truncated Gaussian distribution according to Equation 18.6 (p. 894) at x = xmin. This expression

has been abbreviated to shorten the equation above.
fX (xmax) = defined analogously.

18.2.1.3. Lognormal Distribution

A random variable X is said to follow a lognormal distribution if In(X) follows a Gaussian (or normal)
distribution. A lognormal distribution of a random input variable X has two distribution parameters,
namely a logarithmic mean value ξ and the logarithmic deviation δ. The distribution parameter ξ is the
mean value of In(X) and the logarithmic deviation δ is the standard deviation of In(X).

The probability density function of a truncated Gaussian distribution is:

(18.10)f x
x

x
X( | , )

ln
ξ δ

δ
ϕ

ξ
δ

=
−









1
 

where:

φ(...) = probability density function of the standard normal distribution (see Equation 18.2 (p. 893))
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Usually, a lognormal distribution is specified as one of two cases:

Case 1: Using the mean value m and the standard deviation σ of the random input variable X. In this
case, the parameters ξ and δ can be derived from the mean value µ and the standard deviation σ using:

(18.11)ξ µ δ= −ln .0 5

(18.12)δ
σ
µ

=








 +















ln
2

1

Case 2: Using the logarithmic mean ξ and the logarithmic deviation δ as mentioned above.

The cumulative distribution function of the lognormal distribution is:

(18.13)F x
x

X( | , )
ln

µ σ
ξ

δ
=

−







Φ

where:

Φ(...) = cumulative distribution function of the standard normal distribution

There is no closed-form solution available for Equation 18.13 (p. 896). See Abramowitz and Steg-
un([303] (p. 938)) for more details. The probability density function and the cumulative distribution
function of a lognormal distribution are shown in Figure 18.3: Lognormal Distribution (p. 896).

Figure 18.3:  Lognormal Distribution

FX(x)

ξδ
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fX(x)

ξδ
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Probability Density Function (left) and Cumulative Distribution Function (right)

As with Equation 18.4 (p. 894), the inverse cumulative distribution function of the lognormal distribution
must be found iteratively using the solution of Equation 18.13 (p. 896).

For case 1, the specified parameters µ and σ directly represent the mean value and the standard deviation
of a random variable X respectively.

For case 2, the mean value of the random variable X is:

(18.14)µ ξ δ= +exp( . )0 5 2

and the standard deviation is:
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(18.15)σ ξ δ δ= + −exp( )(exp( ) )2 12 2

18.2.1.4. Triangular Distribution

A triangular distribution of a random variable X is characterized by three distribution parameters, namely
the lower limit xmin, the maximum likely value xmlv and the upper limit xmax.

The probability density function of a triangular distribution is:

(18.16)

f x x x x
x x

x x x x
xX mlv
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( | , , )
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( )( )min max
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min max min
=
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f x x x x
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x x x x
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X mlv
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( | , , )
( )

( )( )min max
max

max max min
=

−

− −

2
foor x xmlv>

The cumulative distribution function of a triangular distribution is:

(18.17)

F x x x x
x x

x x x x
xX mlv
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( | , , )
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( )( )min max
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min max min
=

−
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= −

−

− −
1

2

))
for x xmlv>

The probability density function and the cumulative distribution function of a triangular distribution
are shown in Figure 18.4: Triangular Distribution (p. 897).

Figure 18.4: Triangular Distribution
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Probability Density Function (left) and Cumulative Distribution Function (right)

The inverse cumulative distribution function of a triangular distribution is:

(18.18)

x x p x x x x p
x x

x xmlv
mlv= + − − ≤

−
−min min max min
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max min
( )( )
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( )
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xx x p x x x x p
x x
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−
−max max max min
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( )( )( )

( )

(
1 for 

xxmin )

where:

p = a given probability
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The mean value of a random variable X with a triangular distribution is:

(18.19)µ =
+ +( )min maxx x xmlv

3

and the standard deviation is:

(18.20)σ =
+ + − − −x x x x x x x x xmlv mlv mlvmin max min max min max

2 2 2

18

18.2.1.5. Uniform Distribution

A uniform distribution of a random variable X is characterized by two distribution parameters, namely
the lower limit xmin and the upper limit xmax.

The probability density function of a uniform distribution is:

(18.21)f x x x
x xX( | , )min max

max min
=

−
1

The cumulative distribution function of a uniform distribution is:

(18.22)F x x x
x x

x xX( | , )min max
min

max min
=

−
−

The probability density function and the cumulative distribution function of a uniform distribution are
shown in Figure 18.5: Uniform Distribution (p. 898).

Figure 18.5:  Uniform Distribution
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The inverse cumulative distribution function of a uniform distribution is given by:

(18.23)x x p x x= + −min max min( )

where:

p = a given probability

The mean value of a random variable X with a uniform distribution is:

(18.24)µ = +0 5. ( )min maxx x
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and the standard deviation is:

(18.25)σ =
−x xmin max

12

18.2.1.6. Exponential Distribution

An exponential distribution of a random variable X has two distribution parameters, namely the decay
parameter λ and the shift parameter (or lower limit) xmin.

The probability density function of an exponential distribution is:

(18.26)f x x x xX( | , ) exp( ( ))min minλ λ λ= − −

The cumulative distribution function of the exponential distribution is:

(18.27)F x x x xX( | , ) exp( ( ))min minλ λ= − − −1

The probability density function and the cumulative distribution function of an exponential distribution
are shown in Figure 18.6: Exponential Distribution (p. 899).

Figure 18.6:  Exponential Distribution
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fX(x)

x     

xmin

λ

Probability Density Function (left) and Cumulative Distribution Function (right)

The inverse cumulative distribution function of the exponential distribution is:

(18.28)x x
p

= −
−

min
ln( )1

λ

where:

p = a given probability

The mean value of a random variable X with an exponential distribution is:

(18.29)µ
λ

= +xmin
1

and the standard deviation is:

(18.30)σ
λ

=
1
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18.2.1.7. Beta Distribution

A Beta distribution of a random variable X has four distribution parameters, namely the shape parameters
r and t, the lower limit xmin and the upper limit xmax. The probability density function of a Beta distribution

is:

(18.31)
f x r t x x

x x

x x

x x

x x
X

r

( | , , , )min max

min

max min

min

max=

−
−









 −

−
−

−1

1
mmin

max min( , )( )











−

−t

B r t x x

1

where:

B(...) = complete Beta function

(18.32)F x r t x x f r t x x dX X
x

x

( | , , , ) ( | , , , )min max min max

min

= ∫ ξ ξ 

There is no closed-form solution available for Equation 18.32 (p. 900). See Abramowitz and Steg-
un([303] (p. 938)) for more details.

The probability density function and the cumulative distribution function of a Beta distribution are
shown in Figure 18.7: Beta Distribution (p. 900).

Figure 18.7:  Beta Distribution
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As with Equation 18.4 (p. 894) also the inverse cumulative distribution function of the Beta distribution
must be found iteratively using the solution of Equation 18.32 (p. 900).

The mean value of a random variable X with a Beta distribution is:

(18.33)µ = + −
+

x x x
r

r tmin max min( )

and the standard deviation is:

(18.34)σ =
−

+ + +

x x

r t

r t

r t
max min  

1
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18.2.1.8. Gamma Distribution

A Gamma distribution of a random variable X has two distribution parameters, namely an exponential
parameter k and the decay parameter λ.

The probability density function of a Gamma distribution is:

(18.35)f x k
x

k
xX

k k
( | , )

( )
exp( )λ

λ
λ= −

−1

Γ

where:

Γ(...) = Gamma function

The cumulative distribution function of the Gamma distribution is:

(18.36)F x k f k dX X

x

( | , ) ( | , )λ ξ λ ξ= ∫
0

There is no closed-form solution available for Equation 18.36 (p. 901). See Abramowitz and Steg-
un([303] (p. 938)) for more details.

The probability density function and the cumulative distribution function of a Gamma distribution are
shown in Figure 18.8: Gamma Distribution (p. 901).

Figure 18.8:  Gamma Distribution
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As with Equation 18.4 (p. 894) also the inverse cumulative distribution function of the Gamma distribution
must be found iteratively using the solution of Equation 18.36 (p. 901).

The mean value of a random variable X with a Gamma distribution is:

(18.37)µ
λ

=
k

and the standard deviation is:

(18.38)σ
λ

=
k
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18.2.1.9. Weibull Distribution

A Weibull distribution is also called a “Type III smallest” distribution. A Weibull distribution of a random
variable X is characterized by three distribution parameters, namely the Weibull exponent m, the Weibull
characteristic value xchr and the lower limit xmin. A two parameter Weibull distribution may be used, in

which case xmin = 0.0.

The probability density function of a Weibull distribution is:

(18.39)f x x m x
m x x

x x

x x

x xX chr

m

chr
m

chr
( | , , )

( )

( )
expmin

min

min

min=
−

−
−

−
−

−1

mmin

























m

The cumulative distribution function of a Weibull distribution is:

(18.40)F x x m x
x x

x xX chr
chr

m

( | , , ) expmin
min

min
= − −

−
−

























1

The probability density function and the cumulative distribution function of a Weibull distribution are
shown in Figure 18.9: Weibull Distribution (p. 902).

Figure 18.9: Weibull Distribution
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The inverse cumulative distribution function of a Weibull distribution is:

(18.41)
x x p m= + −min (ln( ))1

1

where:

p = a given probability

The mean value of a random variable X with a Weibull distribution is:

(18.42)µ = + +








x

mmin Γ 1
1

and the standard deviation is:
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(18.43)σ = − +








 − +









( )minx x

m mchr Γ Γ1
2

1
12

18.3. Probabilistic Methods

18.3.1. Introduction

All probabilistic methods execute the deterministic problem several times, each time with a different
set of values for the random input variables. The various probabilistic methods differ in the way in
which they vary the values of the random input variables from one execution run to the next.

One execution run with a given set of values for the random input variables 
{ } ...x x x xm

T
=  1 2 

 with
m is the number of random input variables is called a sampling point, because the set of values for the
random input variables marks a certain point in the space of the random input variables.

18.3.2. Common Features for all Probabilistic Methods

18.3.2.1. Random Numbers with Standard Uniform Distribution

A fundamental feature of probabilistic methods is the generation of random numbers with standard
uniform distribution. The standard uniform distribution is a uniform distribution with a lower limit xmin

= 0.0 and an upper limit xmax = 1.0. Methods for generating standard uniformly distributed random

numbers are generally based on recursive calculations of the residues of modulus m from a linear
transformation. Such a recursive relation is given by the equation:

(18.44)s a s c k mi i i= + −− −  1 1

where:

a, c, m = nonnegative integers
si-1 = previous seed value of the recursion

ki-1 = integer part of the ratio (a si-1 + c) / m

A set of random numbers with standard uniform distribution is obtained by normalizing the value cal-
culated by Equation 18.44 (p. 903) with the modulus m:

(18.45)p
s

mi
i=

It is obvious from Equation 18.44 (p. 903) that an identical set of random numbers will be obtained if
the same start value for the seed si-1 is used. Therefore, the random numbers generated like that are

also called “pseudo random” numbers. See Hammersley and Handscomb([308] (p. 938)) for more details
about the generation of random numbers with standard uniform distribution.

18.3.2.2. Non-correlated Random Numbers with an Arbitrary Distribution

For probabilistic analyses, random numbers with arbitrary distributions such as the ones described in
Statistical Distributions for Random Input Variables (p. 893) are needed. The most effective method to
generate random number with any arbitrary distribution is the inverse transformation method. A set
of random numbers for the random variable X having a cumulative distribution function Fx (x) can be
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generated by using a set of standard uniformly distributed random numbers according to Equa-
tion 18.45 (p. 903) and transforming them with the equation:

(18.46)x F pi X i= −1( )

Depending on the distribution type of the random variable X, the inverse cumulative distribution
function can be calculated as described in Statistical Distributions for Random Input Variables (p. 893).

18.3.2.3. Correlated Random Numbers with an Arbitrary Distribution

Correlated random input variables must be dealt with by all probabilistic methods, if there are random
input variables, the user has identified as being correlated with each other. In order to handle correlated
random input variables it is necessary to transform the random variable values using the Nataf model.
The Nataf model is explained in detail in Liu and Der Kiureghian([311] (p. 938))).

18.3.3. Monte Carlo Simulation Method

A fundamental characteristic of the Monte Carlo Simulation method is the fact that the sampling points
are located at random locations in the space of the random input variables. There are various techniques
available in literature that can be used to evaluate the random locations of the sampling points (see
Hammersley and Handscomb([308] (p. 938)), Iman and Conover([309] (p. 938))).

18.3.3.1. Direct Monte Carlo Simulation

The direct Monte Carlo Simulation method is also called the crude Monte Carlo Simulation method. It
is based on randomly sampling the values of the random input variables for each execution run. For
the direct Monte Carlo Simulation method the random sampling has no memory, i.e., it may happen
that one sampling point is relative closely located to one or more other ones. An illustration of a sample
set with a sample size of 15 generated with direct Monte Carlo Simulation method for two random
variables X1 and X2 both with a standard uniform distribution is shown in Figure 18.10: Sample Set

Generated with Direct Monte Carlo Simulation Method (p. 904).

Figure 18.10:  Sample Set Generated with Direct Monte Carlo Simulation Method

As indicated with the circle, there may be sample points that are located relatively close to each other.

18.3.3.2. Latin Hypercube Sampling

For the Latin Hypercube Sampling technique the range of all random input variables is divided into n
intervals with equal probability, where n is the number of sampling points. For each random variable
each interval is “hit” only once with a sampling point. The process of generating sampling points with
Latin Hypercube has a “memory” in the meaning that the sampling points cannot cluster together, be-
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cause they are restricted within the respective interval. An illustration of a sample with a sample size
of 15 generated with Latin Hypercube Sampling method for two random variables X1 and X2 both with

a standard uniform distribution is shown in Figure 18.11: Sample Set Generated with Latin Hypercube
Sampling Method (p. 905).

Figure 18.11:  Sample Set Generated with Latin Hypercube Sampling Method

There are several ways to determine the location of a sampling point within a particular interval.

1. Random location: Within the interval the sampling point is positioned at a random location that agrees
with the distribution function of the random variable within the interval.

2. Median location: Within the interval the sampling point is positioned at the 50% position as determined
by the distribution function of the random variable within the interval.

3. Mean value: Within the interval the sampling point is positioned at the mean value position as determined
by the distribution function of the random variable within the interval.

See Iman and Conover([309] (p. 938)) for further details.

18.3.4. The Response Surface Method

For response surface methods the sampling points are located at very specific, predetermined positions.
For each random input variable the sampling points are located at given levels only.

Response surface methods consist of two key elements:

1. Design of Experiments: Design of Experiments is a technique to determine the location of the sampling
points. There are several versions for design of experiments available in literature (see Mont-
gomery([312] (p. 938)), Myers([313] (p. 938))). These techniques have in common that they are trying to
locate the sampling points such that the space of random input variables is explored in a most efficient
way, meaning obtaining the required information with a minimum number of sampling points. An efficient
location of the sampling points will not only reduce the required number of sampling points, but also
increase the accuracy of the response surface that is derived from the results of those sampling points.
Two specific forms of design of experiments are outlined in the remainder of this section.

2. Regression Analysis: Regression analysis is a technique to determine the response surface based on the
results obtained at the sampling points (see Neter et al.([314] (p. 938))). Regression Analysis for Building
Response Surface Models (p. 909) has been dedicated to discuss regression analysis, because regression
analysis is not only used in the context of response surface methods.
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18.3.4.1. Central Composite Design

Location of Sampling Points Expressed in Probabilities

For central composite design the sampling points are located at five different levels for each random
input variable. In order to make the specification of these levels independent from the distribution type
of the individual random input variables, it is useful to define these levels in terms of probabilities. The
five different levels of a central composite design shall be denoted with pi, with i = 1, ... , 5.

A central composite design is composed of three different parts, namely:

1. Center point: At the center point the values of all random input variables have a cumulative distribution
function that equals p3.

2. Axis points: There are two points for each random variable located at the axis position, i.e., if there are
m random input variables then there are 2m axis points. For the axis points all random input variables
except one have a value corresponding to the center location and one random variable has a value
corresponding to p1 for the low level point and corresponding to p5 for the high level point.

3. Factorial points: In a central composite design there are 2m-f factorial points. Here, f is the fraction of the
factorial part. The fraction of the factorial part is explained in more detail in the next subsection. For the
factorial points all random input variables have values corresponding to permutations of p2 for the lower

factorial level and p4 for the upper factorial level.

A sample set based on a central composite design for three random variables X1, X2 and X3 is shown

in Figure 18.12: Sample Set Based on a Central Composite Design (p. 906).

Figure 18.12:  Sample Set Based on a Central Composite Design

For this example with three random input variables the matrix describing the location of the sampling
points in terms of probabilities is shown in Table 18.1: Probability Matrix for Samples of Central Composite
Design (p. 906).

Table 18.1:  Probability Matrix for Samples of Central Composite Design

PartX3X2X1Sample

Centerp3p3p31

Axis Points
p3p3p12

p3p3p53
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PartX3X2X1Sample

p3p1p34

p3p5p35

p1p3p36

p5p3p37

Factorial
Points

p2p2p28

p4p2p29

p2p4p210

p4p4p211

p2p2p412

p4p2p413

p2p4p414

p4p4p415

Resolution of the Fractional Factorial Part

For problems with a large number of random input variables m, the number of sampling points is getting
extensively large, if a full factorial design matrix would be used. This is due to the fact that the number

of sampling points of the factorial part goes up according to 2m in this case. Therefore, with increasing
number of random variables it is common practice to use a fractional factorial design instead of a full
factorial design. For a fractional factorial design, the number of the sampling points of the factorial part

grows only with 2m-f. Here f is the fraction of the factorial design so that f = 1 represents a half-factorial
design, f = 2 represents a quarter-factorial design, etc. Consequently, choosing a larger fraction f will
lead to a lower number of sampling points.

In a fractional factorial design the m random input variables are separated into two groups. The first
group contains m - f random input variables and for them a full factorial design is used to determine
their values at the sampling points. For the second group containing the remaining f random input
variables defining equations are used to derive their values at the sampling points from the settings of
the variables in the first group.

As mentioned above, we want to use the value of the random output parameters obtained at the indi-
vidual sampling points for fitting a response surface. This response surface is an approximation function
that is determined by a certain number of terms and coefficients associated with these terms. Hence,
the fraction f of a fractional factorial design cannot become too large, because otherwise there would
not be enough data points in order to safely and accurately determine the coefficients of the response
surface. In most cases a quadratic polynomial with cross-terms will be used as a response surface
model. Therefore, the maximum value for the fraction f must be chosen such that a resolution V design
is obtained (here V stands for the Roman numeral 5). A design with a resolution V is a design where
the regression coefficients are not confounded with each other. A resolution V design is given if the
defining equation mentioned above includes at least 5 random variables as a total on both sides of the
equation sign. Please see Montgomery([312] (p. 938)) for details about fractional factorial designs and
the use of defining equations.

For example with 5 random input variables X1 to X5 leads to a resolution V design if the fraction is f =

1. Consequently, a full factorial design is used to determine the probability levels of the random input
variables X1 to X4. A defining equation is used to determine the probability levels at which the sampling
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points are located for the random input variable X5. See Montgomery([312] (p. 938)) for details about

this example.

Location of Sampling Points Expressed in Random Variable Values

In order to obtain the values for the random input variables at each sampling point, the probabilities
evaluated in the previous section must be transformed. To achieve this, the inverse transformation
outlined under Common Features for all Probabilistic Methods (p. 903) can be used for non-correlated
random variables. The procedure dealing with correlated random variables also mentioned under
Common Features for all Probabilistic Methods (p. 903) can be used for correlated random variables.

18.3.4.2. Box-Behnken Matrix Design

Location of Sampling Points Expressed in Probabilities

For a Box-Behnken Matrix design, the sampling points are located at three different levels for each
random input variable. In order to make the specification of these levels independent from the distribu-
tion type of the individual random input variables, it is useful to define these levels in terms of probab-
ilities. The three different levels of a Box-Behnken Matrix design shall be denoted with p1, with i = 1, ...

, 3.

A Box-Behnken Matrix design is composed of two different parts, namely:

1. Center point: At the center point the values of all random input variables have a cumulative distribution
function that equals p2.

2. Midside points: For the midside points all random input variables except two are located at the p2 prob-

ability level. The two other random input variables are located at probability levels with permutations
of p1 for the lower level and p3 for the upper level.

See Box and Cox([307] (p. 938)) for further details. A sample set based on a central composite design
for three random variables X1, X2 and X3 is shown in Figure 18.13: Sample Set Based on Box-Behnken

Matrix Design (p. 908).

Figure 18.13:  Sample Set Based on Box-Behnken Matrix Design
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For this example with three random input variables the matrix describing the location of the sampling
points in terms of probabilities is shown in Table 18.2: Probability Matrix for Samples of Box-Behnken
Matrix Design (p. 909).

Table 18.2:  Probability Matrix for Samples of Box-Behnken Matrix Design

PartX3X2X1Sample

Centerp2p2p21

Midside
Points

p2p1p12

p2p3p13

p2p1p34

p2p3p35

p1p2p16

p3p2p17

p1p2p38

p3p2p39

p1p1p210

p3p1p211

p1p3p212

p3p3p213

Location of Sampling Points Expressed in Random Variable Values

In order to obtain the values for the random input variables at each sampling point, the same procedure
is applied as mentioned above for the Central Composite Design.

18.4. Regression Analysis for Building Response Surface Models

Regression analysis is a statistical methodology that utilizes the relation between two or more quantit-
ative variables so that one dependent variable can be estimated from the other or others.

In the following 
{ } ...X X X Xm

T
=  1 2 

 denotes the vector of input variables, where m is the number of

input variables. An arbitrary location in the space of input variables is denoted with 
{ } ...x x x xm

T=  1 2 

and 
{ } ...x x x xi m i

T=  1 2 
 indicates the ith sampling point in the space of the input variables. Y is the

name an output parameter, whereas y denotes a specific value of that output parameter and yi is the

value of the output parameter corresponding to the ith sampling point.

A regression analysis assumes that there are a total of n sampling points and for each sampling point
{x}i with i = 1, ... , n the corresponding values of the output parameters yi are known. Then the regression

analysis determines the relationship between the input variables {X} and the output parameter Y based
on these sample points. This relationship also depends on the chosen regression model. Typically for
the regression model, either a first or a second order polynomial is preferred. In general, this regression
model is an approximation of the true input-to-output relationship and only in special cases does it
yield a true and exact relationship. Once this relationship is determined, the resulting approximation
of the output parameter Y as a function of the input variables {X} is called the response surface.
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Without loss of generality, it is assumed in the following that there is only one output parameter Y, but
the procedure can be applied in the same way to process multiple output parameters.

In general, there are two types of regression analyses:

1. Linear regression analysis. A linear regression analysis assumes that the regression model is a linear
function with respect to the parameters of the regression model, i.e., the regression parameters are the
coefficients of the regression terms.

2. Nonlinear regression analysis. For a nonlinear regression analysis, the regression model is a nonlinear
function with respect to the parameters of the regression model.

Here, we focus on linear regression only. In Transformation of Random Output Parameter Values for
Regression Fitting (p. 913) we introduce the concept of nonlinear transformation functions that are applied
on the values of the output parameters yi. In principle, using nonlinear transformation function changes

the nature of the regression analysis from a linear to a nonlinear regression analysis. However, in this
special case we can treat the problem as a linear regression analysis because it is linear with respect to
the transformed values of the output parameters.

18.4.1. General Definitions

The error sum of squares SSE is:

(18.47)SSE y y y y y yi i
i

n
T= − = − −

=
∑ ( ) ({ } { }) ({ } { })^ ^ ^2

1

where:

yi = value of the output parameter at the ith sampling point

yi
^

 = value of the regression model at the ith sampling point

The regression sum of squares SSR is:

(18.48)SSR y yi
i

n
= −

=
∑ ( )^ 2

1

where:

y
n

yi
i

n
=

=
∑

1

1

The total sum of squares SST is:

(18.49)SST y yi
i

n
= −

=
∑( )2

1

For linear regression analysis the relationship between these sums of squares is:

(18.50)SST SSR SSE= +

For nonlinear regression analysis, Equation 18.50 (p. 910) does not hold.
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18.4.2. Linear Regression Analysis

For a linear regression analysis the regression model at any sampled location {x}i, with i = 1, ... , n in

the m-dimensional space of the input variables can be written as:

(18.51)y t ci i
=   +{ } ε

where:

t
i   = row vector of regression terms of the response surface model at the ith sampled location

{c} = 
c c cp

T
1 2 ...   = vector of the regression parameters of the regression model

p = total number of regression parameters. For linear regression analysis, the number of regres-
sion parameters is identical to the number of regression terms.

For a fully quadratic regression model, the vector of regression terms at the ith sampled location is:

(18.52)t x x x x x x x x x
i i i m i i i i i m i  = 1 1 2 1

2
1 2 1          , , , , , , , ,... ... 22

2
2

2
, , , ,... ...i i m i m ix x x





The total number of regression terms of a fully quadratic regression model is:

(18.53)p m m m= + + +1
1

2
1( )

Equation 18.51 (p. 911) is called the normal error regression model, because the error term ε is assumed
to have a normal distribution with zero mean value and a constant variance. The expression “constant
variance” means that the variance of the error term is identical for all sampled locations {x}i. For all

sampling points Equation 18.51 (p. 911) can be written in matrix form as:

(18.54){ } { } { } [ ]{ } { }^y y d c= + = +ε ε

where:

y^  = vector of the values of the approximation of the response parameter based on the response
surface model at all sampled locations

[ ]d

t

t
n

=

 

 



















=
1

⋮ design matrix

{ε} = {ε, ...., ε}T = vector of error terms at all sampled locations

The parameters of the regression model are determined using the method of least squares, which is
based on minimizing the sum of the squared errors:

(18.55)SSE y d c y d cj
j

n
T= = − − →

=
∑ ε2

1
({ } [ ]{ }) ({ } [ ]{ }) min

From this it follows that the regression coefficients can be calculated from:
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(18.56){ } ([ ] [ ]) [ ] { }c d d d yT T= −1

Once the regression coefficients {c} are determined using Equation 18.56 (p. 912), the response surface
(as being the approximation of the output parameter y as a function of the input variables {x}) is:

(18.57)y t x c^ { } { }=  

18.4.3. F-Test for the Forward-Stepwise-Regression

In the forward-stepwise-regression, the individual regression terms are iteratively added to the regression
model if they are found to cause a significant improvement of the regression results. Here, a partial F-
test is used to determine the significance of the individual regression terms. Assume that the regression
model already includes p terms, namely, T1, T2, ... , Tp, where p is the number of the terms in the regres-

sion model and p is smaller than the maximum number of terms in the regression model, i.e., we have
only selected a subset of all possible regression terms. To determine if an additional term Tp+1 would

be a significant improvement of the regression model, we need to calculate the following characteristic
value:

(18.58)F

SSE SSE

SSEp

p p

p p

p

p

+
∗

+

+

+

+

=

−

−
1

1

1

1

1

ν ν

ν

where:

Fp+
∗

1  = partial Fisher F-test statistic
SSEp = error sum of squares of the regression model with the p terms

SSEp+1 = error sum of squares of the regression model with the p+1 terms

νp = n - p = degrees of freedom of the regression model with the p terms

νp+1 = n - (p + 1) = degrees of freedom of the regression model with the p+1 terms

An additional term Tp+1 is considered to be a significant improvement for the regression model only if

the following condition is satisfied:

(18.59)F F n pp+
∗ > − − +1 1 1 1( | , ( ))α

where:

F (... | ν1, ν2) = inverse cumulative distribution function of the Fisher F-distribution with ν1 nu-

merator degrees of freedom and ν2 denominator degrees of freedom

α = significance level

Usually there is a choice of several terms that are considered for inclusion in the regression model. In
other words, if we currently only have a subset of all possible terms selected then there is more then
one term that is not yet selected. In this case we choose that term which delivers the maximum

Fp+
∗

1 -value according to Equation 18.58 (p. 912) and satisfies the condition in Equation 18.59 (p. 912).
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The forward-stepwise-regression also involves a significance test of all p terms that are already included
in the regression model to see if they are still significant after an additional term Tp+1 has been included.

This significance test is also based on Equation 18.58 (p. 912) and any of the previously included p terms
will be taken away from the regression model for which the condition in Equation 18.59 (p. 912) is no
longer satisfied. See Neter et al.([314] (p. 938)) for details about the forward-stepwise-regression.

18.4.4. Transformation of Random Output Parameter Values for Regression

Fitting

Only in special cases can random output parameters of a finite element analysis such as displacements
or stresses be exactly described by a second order polynomial as a function of the random input para-
meters. Usually a second order polynomial provides only an approximation. The quality of the approx-
imation can be significantly improved by applying a transformation to the random output parameter
values yi, i = 1, ..., n, before fitting a response surface. The transformed values of the random output

parameters shall be denoted with yi
∗

. The following transformations are available:

1. Exponential: yi
∗

 = exp (yi)

2. Logarithm with a user-defined base a: yi
∗

 = loga (yi)

3. Natural logarithm: yi
∗

 = In (yi)

4. Logarithm with a base 10: yi
∗

 = log10 (yi)

5. Square Root:
y yi i
∗ =

6. Power Transformation with a user-defined exponent a: y yi i
a∗

=

7. Box-Cox Transformation (see Box and Cox([307] (p. 938))):

y

y

y

i

i

i

∗ =

−
≠

=













λ

λ
λ

λ

1
0

0ln( )

Fitting of a second order polynomial response surface takes place after this transformation, i.e., the

transformed values of the random output parameter yi
∗

 are used for the regression analysis. After the
regression coefficients have been determined the evaluation of the value of the response surface ap-

proximation y^  requires a back-transformation using the inverse function of the transformation listed
above.

It should be noted that the transformations mentioned above are nonlinear functions. Therefore, the
regression analysis is a linear regression in terms of the transformed values of the random output
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parameter yi
∗

 , but it is a nonlinear regression with respect to the original values of the random output
parameter yi.

18.4.5. Goodness-of-Fit Measures

Goodness-of-fit measures express how well or how accurately a response surface represents the sample
points the response surface is based on. It should be noted that the goodness-of-fit measures always
indicate a very accurate fit if there are not enough sample points. For example, the response surface
will always exactly fit through the underlying sample points if the number of sample points n is
identical to the number of coefficients p in the regression model. However, this does not mean that
the response surface is an exact representation of the true input-output relationship. Example: If we
only have two sample points, we can always fit a straight line exactly through these two sample points.
That, however, does not necessarily mean that this straight line correctly represents the true input-
output relationship.

18.4.5.1. Error Sum of Squares SSE

The error sum of squares as a measure for the goodness-of-fit of a response surface is calculated using
Equation 18.47 (p. 910). A good fit is achieved if the error sum of squares SSE is as close as possible to
zero.

18.4.5.2. Coefficient of Determination R
2

The coefficient of determination is often called the R-squared measure. It is calculated with the equation:

(18.60)R
SSR

SST

y y

y y

i
i

n

i
i

n
2

2

1

2

1

= =

−

−

=

=

∑

∑

( )

( )

^

A good fit is achieved if the coefficient of determination is as close as possible to 1.0. A value of 1.0
indicates that the response surface model explains all of the variability of the output parameter Y. It
should be noted that for a nonlinear regression analysis, the coefficient of determination is not a suitable
measure for the goodness-of-fit. This is because the error sum of squares SSE and the regression sum
of squares SSR do not add up to the total sum of squares SST. For this case the coefficient of determin-
ation may become larger than 1.0. If this happens the value is truncated to 1.0. See Neter et
al.([314] (p. 938)) for details about the coefficient of determination.

18.4.5.3. Maximum Absolute Residual

The maximum absolute residual as a measure for the goodness-of-fit is given by the equation:

(18.61)y y y yres n,max max( , ,..., )= 1 2

A good fit is achieved if the maximum absolute residual is as close to 0.0 as possible.

18.5. Probabilistic Postprocessing

Regardless which probabilistic method has been used to generate probabilistic result data, the postpro-
cessing of the data is always based on a statistical evaluation of sampled data. Let X be a random variable
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with a certain but arbitrary cumulative distribution function FX. Each sample of size n will be a set of

x x xn
T

1 2 ...   , which will be used for the probabilistic postprocessing. The statistical analysis of sample
data is based on some assumptions. One key assumption is the independence within the samples or,

in other words, the observations 
x x xn

T
1 2 ...   are independent. This means that the results of one

sample do not depend in any way on the results of another sample. This assumption is typically valid
for numerical experiments. Another assumption is the Central Limit Theorem. It states that for a set of

independent random variables 
X X Xn

T
1 2 ...   with identical distribution the sum of these random

variables as well as the arithmetic mean will have approximately a Gaussian distribution, if the sample
size n is sufficiently large. Furthermore, it is assumed that the true cumulative distribution function FX

is unknown, but can be approximated by the empirical cumulative distribution function derived from

the set of observations 
x x xn

T
1 2 ...  .

In some cases, probabilistic postprocessing requires the comparison of the sampled data from two

random variables. In this case we use X as the first random variable with 
x x xn

T
1 2 ...   as the set of

sampled observations and Y as the second random variable with 
y y yn

T
1 2 ...   as the set of sampled

observations. The same assumptions explained above for the random variable X apply in a similar
manner for the random variable Y.

The statistical characteristics of sampled data are always random variables themselves, as long as the
sample size n is finite. Therefore, it is necessary to estimate the accuracy of the statistical characteristics
using confidence intervals or limits. In this discussion, a two-sided confidence interval is referred to as
a confidence interval, and a one-sided confidence interval is referred to as a confidence limit. The width
of confidence intervals is characterized by the probability of falling inside or outside the confidence
interval. The probability of the statistical characteristic of the sampled data falling outside the confidence
interval is usually denoted with the symbol α. Consequently, the probability of the statistical character-
istic of the sampled data falling inside the confidence interval is 1-α.

18.5.1. Statistical Procedures

18.5.1.1. Mean Value

An estimate for the mean value of a random variable X derived from a sample of size n is:

(18.62)x
n

xi
i

n
=

=
∑

1

1

The estimate of the mean value is a random variable itself and it converges to the true mean value m
of the random variable X if the sample size n tends to infinity. By virtue of the central limit theorem,
the distribution of the estimate of the mean value can be assumed as a Gaussian distribution. Hence,
the 1 - α confidence interval is

(18.63)µ α α
α1

1 0 5 1 1 0 5 1
−

= − − − + − −








x t n

s

n
x t n

s

n
( . | ) ; ( . | ) 

where:
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t (... | n - 1) = inverse cumulative distribution function of the Student's t- distribution with n -
1 degrees of freedom
s = the estimate for the standard deviation of the sample data as given by Equation 18.64 (p. 916)

The confidence interval should be interpreted as follows: “There is a 1 - α confidence that the estimated
interval contains the unknown, true mean value m” (Ang and Tang([304] (p. 938))).

18.5.1.2. Standard Deviation

An estimate for the standard deviation of a random variable X derived from a sample of size n is:

(18.64)s
n

x xi
i

n
=

−
−

=
∑

1

1
2

1
( )

The estimate of the standard deviation is a random variable itself and it converges to the true standard
deviation σ of the random variable X if the sample size n tends to infinity. The 1 - α confidence interval
is:

(18.65)σ
χ

α
χ

α
α1 2 1 2

1
1 0 5 1

1
0 5 1

1− −
=

−
− −

−
−

















−
s

n
n s

n
n( . | ); ( . | ) 

where:

χ
2–1

 (...|n - 1) = inverse of the cumulative distribution function of a chi-square distribution with
n - 1 degrees of freedom

The confidence interval should be interpreted as follows: “There is a 1 - α confidence that the estimated
interval contains the unknown, true standard deviation σ” (Ang and Tang([304] (p. 938))).

18.5.1.3. Minimum and Maximum Values

The minimum and the maximum values of the set of observations are:

(18.66)x x x xnmin min( , ,..., )= 1 2

(18.67)x x x xnmax max( , ,..., )= 1 2

Since every observed value is unpredictable prior to the actual observation, it can be assumed that

each observation is a realization of the set of the sample random variables 
X X Xn

T
1 2 ...  . The minimum

and the maximum of the sample random variables are:

(18.68)X X X Xnmin min( , ,..., )= 1 2

(18.69)X X X Xnmax max( , ,..., )= 1 2

This means that the minimum and the maximum of a sample of size n taken from a population X are
also random variables. For the minimum value, only an upper confidence limit can be given and for
the maximum value only a lower confidence limit can be derived. Since the X1, X2, ... , Xn are statistically

independent and identically distributed to X, the upper confidence limit of the minimum value and the
lower confidence limit of the maximum value are:

(18.70)( ( )minx F X
n

1
1 11−
−= −α α
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(18.71)x F X
n

max ) ( )
1

1 1
−

−=α α

Obviously, the evaluation of the confidence limits requires the computation of the inverse cumulative
distribution function of the random variable X based on sampled data. This is explained in Inverse Cu-
mulative Distribution Function (p. 919).

The upper confidence limit of the minimum value should be interpreted as follows: “There is a 1 - α
confidence that the unknown, true minimum value is below the estimated upper limit” (Ang and
Tang([305] (p. 938))). An analogous interpretation should be applied for the lower confidence limit of
the maximum value.

18.5.2. Correlation Coefficient Between Sampled Data

18.5.2.1. Pearson Linear Correlation Coefficient

The Pearson linear correlation coefficient (Sheskin([315] (p. 938))) is:

(18.72)r

x x y y

x x y y

P

i i
i

n

i
i

n

i
i

n
=

− −

− −

∑

∑ ∑

( )( )

( ) ( )2 2

Since the sample size n is finite, the correlation coefficient rp is a random variable itself. Hence, the

correlation coefficient between two random variables X and Y usually yields a small, but nonzero value,
even if X and Y are not correlated at all in reality. In this case, the correlation coefficient would be insig-
nificant. Therefore, we need to find out if a correlation coefficient is significant or not. To determine
the significance of the correlation coefficient, we assume the hypothesis that the correlation between
X and Y is not significant at all, i.e., they are not correlated and rp = 0 (null hypothesis). In this case the

variable:

(18.73)t r
n

r
P

P

=
−

−

2

1 2

is approximately distributed like the Student's t-distribution with ν = n - 2 degrees of freedom. The
cumulative distribution function Student's t-distribution is:

(18.74)A t
B

x
dx

t

t

( | )
,

ν
ν

ν ν

ν

=










+












−
+

−
∫

1

1
2 2

1
2

1

2

where:

B(...) = complete Beta function

There is no closed-form solution available for Equation 18.74 (p. 917). See Abramowitz and Steg-
un([303] (p. 938)) for more details.

The larger the correlation coefficient rp, the less likely it is that the null hypothesis is true. Also the larger

the correlation coefficient rp, the larger is the value of t from Equation 18.73 (p. 917) and consequently

also the probability A(t|ν) is increased. Therefore, the probability that the null hypothesis is true is given
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by 1-A(t|ν). If 1-A(t|ν) exceeds a certain significance level, for example 1%, then we can assume that the
null hypothesis is true. However, if 1-A(t|ν) is below the significance level then it can be assumed that
the null hypotheses is not true and that consequently the correlation coefficient rp is significant.

18.5.2.2. Spearman Rank-Order Correlation Coefficient

The Spearman rank-order correlation coefficient (Sheskin([315] (p. 938))) is:

(18.75)r

R R S S

R R S S

s

i i
i

n

i
i

n

i
i

n
=

− −

− −

∑

∑ ∑

( )( )

( ) ( )2 2

where:

Ri = rank of xi within the set of observations 
x x xn

T
1 2 ... 

Si = rank of yi within the set of observations 
y y yn

T
1 2 ... 

R S,  = average ranks of a Ri and Si respectively

The significance of the Spearman rank-order correlation coefficient rs is determined in the same way

as outlined for the Pearson linear correlation coefficient above.

18.5.3. Cumulative Distribution Function

The cumulative distribution function of sampled data is also called the empirical distribution function.
To determine the cumulative distribution function of sampled data, it is necessary to order the sample
values in ascending order. Let xi be the sampled value of the random variable X having a rank of i, i.e.,

being the ith smallest out of all n sampled values. The cumulative distribution function Fi that corresponds

to xi is the probability that the random variable X has values below or equal to xi. Since we have only

a limited amount of samples, the estimate for this probability is itself a random variable. According to
Kececioglu([310] (p. 938)), the cumulative distribution function Fi associated with xi is:

(18.76)
n

n k k
F Fi

k
i

n k

k i

n !

( )! !
( ) %

−
− =−

=
∑ 1 50

Equation 18.76 (p. 918) must be solved numerically. The lower and upper confidence limits of a 1 - α
confidence interval are directly obtained in a similar way. The lower confidence limit can be determined
from:

(18.77)
n

n k k
F Fi

k
i

n k

k i

n !

( )! !
) ( ) )

−
− =−

=
∑   α α

α
2 2

1
2

(18.78)
n

n k k
k n k

k i

n !

( )! !−
− = −

− −
−

=
∑  (F  ( (F )i i1 2 1 2

1 1
2α α
α
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18.5.4. Evaluation of Probabilities From the Cumulative Distribution Function

The cumulative distribution function of sampled data can only be given at the individual sampled values
x1, x2, ..., xi, xi+1, ..., xn using Equation 18.76 (p. 918). Hence, the evaluation of the probability that the

random variable is less or equal an arbitrary value x requires an interpolation between the available
data points.

If x is for example between xi and xi+1 then the probability that the random variable X is less or equal

to x is:

(18.79)P X x F F F
x x

x xi i i
i

i i
( ) ( )≤ = + −

−
−+

+
1

1

The confidence interval for the probability P(X ≤  x) can be evaluated by interpolating on the confidence
interval curves using the same approach.

18.5.5. Inverse Cumulative Distribution Function

The cumulative distribution function of sampled data can only be given at the individual sampled values
x1, x2, ..., xi, xi+1, ..., xn using Equation 18.76 (p. 918). Hence, the evaluation of the inverse cumulative

distribution function for any arbitrary probability value requires an interpolation between the available
data points.

The evaluation of the inverse of the empirical distribution function is most important in the tails of the
distribution. In the tails of the distribution, the slope of the empirical distribution function is very flat.
In this case a direct interpolation between the points of the empirical distribution function similar to
Equation 18.79 (p. 919) can lead to very inaccurate results. Therefore, the inverse standard normal distri-

bution function Φ-1 is applied for all probabilities involved in the interpolation. If p is the requested
probability for which we are looking for the inverse cumulative distribution function value and p is
between Fi and Fi+1, then the inverse cumulative distribution function value can be calculated using:

(18.80)x x x x
p F

F F
i i i

i

i i

= + −
−

+ −
+

− −

− −
( )

( ) ( )

( ) ( )
1

1 1

1 11

Φ Φ

Φ Φ

The confidence interval for x can be evaluated by interpolating on the confidence interval curves using
the same approach.
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Symbols
*MFOURI command, 833
*MOPER command, 835
*VFILL command, 836
*VOPER command, 831

A
acceleration, 665
acceleration vector, 12
ACEL command, 665, 774
acoustic analysis

theory, 253
acoustics, 253

absorbing boundary condition (ABC), 259
boundary conditions, 257
coupled FSI with symmetric matrix equation (full
harmonic analysis), 278
coupled FSI with symmetric matrix equation (lossless
modal analysis), 279
coupled FSI with unsymmetric matrix equation, 276
derivation of matrices, 256
excitation sources, 264
finite element formulation of wave equation, 255
fluid-structural interaction (FSI), 276
fundamentals, 253
governing equations, 253
output quantities, 282
perfectly matched layers (PMLs), 262
pressure waves: propagation, radiation, and scatter-
ing of, 257
pure scattered pressure formulation, 280
sophisticated media, 268
transfer admittance matrix, 285

adaptive descent, 718
ADDAM command, 810
added mass, 661
adiabatic wall temperature, 535
Airy wave theory, 395
ALPHAD command, 701
analysis

buckling, 792
harmonic, 780
mode-frequency, 778
spectrum, 799
static, 761
transient, 763

angle deviation, 370
anisotropic plasticity, 81
ANTYPE command, 761, 763, 779, 793, 799

Arc-Length Method, 720
ARCLEN command, 720
aspect ratio, 368
ASUM command, 751
automatic time stepping, 685
AUTOTS command, 720
AVPRIN command, 843

B
B method, 588, 591, 650
Bauschinger effect, 78
Bergstrom-Boyce material model, 142
Bernoulli's equation, 504
Besseling effect, 80
Besseling model, 78
Beta distribution, 839, 900
BETAD command, 701, 801
BF command, 227
BFE command, 227
BFUNIF command, 5, 389, 480, 777
bilinear isotropic hardening, 74
bilinear kinematic hardening, 76
Biot-Savart, 180
bisection, 687
Box-Behnken Matrix design, 908
buckling analysis, 792
buckling of pipe cross-sections, 393
BUCOPT command, 734, 793
buoyant force, 393

C
cap creep, 117
capacitance, 220
capacitor, 487
CE command, 692, 723
center of mass, 749
central composite design, 906
centroidal data, 409
classical pure displacement formulation, 52
cloth option, 452
cluster option, 787
CMATRIX macro, 513
CNVTOL command, 294, 716
Co-energy, 865
coefficient

correlation, 835
covariance, 835
film, 227
mean, 835
variance, 835

coefficient of determination, 914
coercive force, 193
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cohesive zone material model, 162
combination of modes, 805
combined stress, 19
Complete Quadratic Combination Method, 806
complex formalism, 187
complex results, 888
computation of covariance, 887
concrete, 155

reinforced, 468
conductance, 222
conductivity

electrical, 177
conductivity matrix, 227, 235
confidence interval, 914
confidence limit, 914
consistency equation, 83
consistent matrix, 12
constrained new wave theory, 395
constraint equations, 723
control, 437
convection link, 433
convection surfaces, 227
convergence, 716
correlated random numbers, 904
correlation coefficient, 835

Pearson linear, 917
Spearman Rank-Order, 918

Coulomb friction, 558
coupling, 294
COVAL command, 816
covariance

computation of, 887
covariance coefficient, 835
CP command, 692
CQC, 806
crack analysis, 875
cracking, 155, 469
creep, 105

cap, 117
extended Drucker-Prager (EDP), 112
irradiation induced, 106
primary, 106
secondary, 106

CRPLIM command, 688
crushing, 155, 469
cumulative distribution function, 892
current source, 436, 487
CVAR command, 887
CZM (see cohesive zone material model)

D
D command, 227

damped eigensolver, 732
damping, 673
data evaluation

centroidal, 409
nodal, 409

data operations, 881
DCGOMG command, 665
DELTIM command, 686, 884
DERIV command, 832
design of experiments, 905
diagonal matrices, 391
diagonal matrix, 12
dielectric matrix, 313
difference scalar potential strategy, 180
differential inductance, 214
differential stiffening, 41
differentiation procedures, 831
diffracted wave, 395
diffusion, 289

normalized concentration, 290
diode

common, 511
zener, 511

diode elements, 511
direct solvers, 694
disequilibrium, 692
distribution

Beta, 839, 900
exponential, 899
Gamma, 840, 901
Gaussian, 836, 893
lognormal, 895
normal, 893
statistical, 893
triangular, 838, 897
truncated Gaussian, 894
Type III smallest, 902
uniform, 836, 898
Weibull, 902

distribution function
cumulative, 892
inverse cumulative, 892

DMPRAT command, 701, 801
DOMEGA command, 665
Double Sum Method, 807
Drucker-Prager, 87
dumped matrices, 391
Dynamic Design Analysis Method, 810

E
effective mass, 809
eigensolver

Release 15.0 - © SAS IP, Inc. All rights reserved. - Contains proprietary and confidential information
of ANSYS, Inc. and its subsidiaries and affiliates.946

Index



damped, 732
subspace, 731

eigenvalue and eigenvector extraction, 726
elasticity

nonlinear, 123
electric circuit, 487, 509
element reordering, 684
elements

effect of water pressure on, 394
EMAGERR macro, 866
EMF command, 868
EMUNIT command, 413, 454, 496
energies, 752
energy

error, 870
kinetic, 752
plastic, 752
potential, 752
strain, 752

energy error, 870, 872
enthalpy, 235
equations

constraint, 723
equivalent strain, 18
equivalent stress, 19
ERESX command, 409
error

energy, 872
error approximation technique, 870
ESOL command, 885
ETABLE command, 752, 845, 870
exponential distribution, 899
extended Drucker-Prager (EDP) creep, 112
extraction

eigenvalue, 726
eigenvector, 726

F
failure criteria, 20

maximum strain, 20
maximum stress, 22
Tsai-Wu, 23

fatigue module, 859
Fick’s law, 289
fictive temperature, 153
film coefficient, 227, 536
flexible-flexible, 555
flow rule, 68
fluid flow in a porous medium, 462, 477
fluid material models, 174
FLUXV macro, 861
FOR2D macro, 862

form factor calculation, 536
Forward-Stepwise-Regression, 912
foundation stiffness matrix, 12
Fourier coefficient evaluation, 833
FP command, 859
fracture mechanics, 875
FSSECT command, 849, 859
FTCALC command, 859

G
Gamma distribution, 840, 901
gasket joints, 606
gasket material, 121
Gaussian distribution, 836, 893

truncated, 894
general scalar potential strategy, 180
geometric stiffening, 41
Grouping Method, 806

H
hardening

bilinear isotropic, 74
bilinear kinematic, 76
multilinear isotropic, 74
multilinear kinematic, 78
nonlinear isotropic, 75
nonlinear kinematic, 80

hardening rule, 68
HARFRQ command, 780
harmonic analysis, 780

ocean wave loading, 791
harmonic ocean wave procedure, 791
harmonic shell postprocessing, 879
harmonic solid postprocessing, 879
heat flow vector, 235
heat flux vector, 227, 236
heat generation, 207
Heat generation rate, 227
hemicube method, 243
HHT time integration method, 764
Hill potential theory, 81

generalized, 83
Holzapfel model, 132
HOWP (see harmonic ocean wave procedure)
HROPT command, 698, 783
HROUT command, 782
hydrodynamic diffracted wave analysis, 395
hyperelasticity, 124

large-strain anisotropic, 153

I
IC command, 771
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IMPD macro, 868
Incomplete Cholesky Conjugate Gradient solver, 696
incremental stiffening, 41
inductance computation, 214
inductor, 487
inertia relief, 669
Initial stiffness, 711
initial stress stiffening, 41
integration point locations, 381
integration procedures, 831
interface elements, 121
INTSRF command, 844
inverse cumulative distribution function, 892
IRLF command, 669, 750
irradiation induced swelling, 162
irradiation-induced creep, 106
irregular wave theory, 395
iterative solver, 696

J
Jacobi Conjugate Gradient solver, 696
Jacobian ratio, 374
Joule heat, 207

K
KCALC command, 875
kinetic energy, 752
KSUM command, 751

L
Lanczos algorithm, 729
large rotation, 35
large strain, 29
large-strain anisotropic hyperelasticity, 153
large-strain viscoelasticity, 151
Latin Hypercube sampling, 904
line search, 719
link

convection, 433
radiation, 430

LNSRCH command, 719
lognormal distribution, 895
LSUM command, 751
lumped matrix, 12
LUMPM command, 12, 391, 441, 539
LVSCALE command, 774, 783, 794

M
MacCamy-Fuchs adjustment, 395
magnetic

field intensity, 200
flux intensity, 200

scalar potential, 180
vector potential, 184

magnetic field intensity, 200
magnetic flux intensity, 200
magnetic vector potential, 194
MAGOPT command, 454
mapping functions, 495
mass calculations, 750
mass matrix, 12
mass moments of inertia, 749
mass transport, 462, 477, 501
MAT command, 751
material properties

temperature-dependent, 389
matrices

positive definite, 390
reuse of, 392

matrix
conductivity, 227, 235
consistent, 12
diagonal, 12, 391
dielectric, 313
dumped, 391
foundation stiffness, 12
lumped, 12
mass, 12
reduced, 12
secant, 718
specific heat, 235
stiffness, 12
tangent, 711

maximum corner angle, 372
maximum strain failure criteria, 20
maximum stress failure criteria, 22
Maxwell's equations, 177
MDAMP command, 701, 801
mean coefficient, 835
mean value, 915
membrane shell, 451
MEMS, 220, 222
Method

Complete Quadratic Combination, 806
Double Sum, 807
Dynamic Design Analysis, 810
Grouping, 806
Multi-Point Response Spectrum, 818
Newmark time integration, 764
NRL-SUM, 807
Random Vibration, 811
Rigid Response, 821
SRSS, 807

method
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missing mass, 819
Miche criterion, 395
midstep residual, 689
missing-mass response method, 819
mixed u-P formulations, 54
MMF macro, 862
modal assurance criteria, 889
mode

combinations, 805
mode coefficients, 801
MODE command, 344, 879
mode superposition method, 698
mode-frequency analysis, 778
model centroids, 749
MODOPT command, 698, 726, 728, 734, 778, 783
Monte Carlo Simulation Method, 904

crude, 904
direct, 904

Moody friction factor, 504
Morison's equation, 395
MP command, 5, 227, 235, 313
MPAMOD command, 10
MPTEMP command, 10
Multi-Point Response Spectrum Method, 818
multilinear isotropic hardening, 74
multilinear kinematic hardening, 78
multiply connected, 183
MXPAND command, 779, 813

N
NCNV command, 687
negative pivot message, 718
NEQIT command, 686, 716
neutron flux, 106, 162
Newmark time integration method, 764
Newton-Raphson procedure, 711
NLGEOM command, 29, 35, 39, 41, 47, 692, 793
NLOAD command, 691
nodal data, 409, 843

derived, 843
nodal vector potential limitation, 185
nonlinear elasticity, 123
nonlinear isotropic hardening, 75
nonlinear kinematic hardening, 80
NOORDER command, 685
normal distribution, 893
norms, 716

infinite, 716
L1, 716
L2, 716

Norton equivalents, 512
NRL-SUM Method, 807

NROPT command, 711, 718
NSUBST command, 686, 720
Nusselt number, 501

O
ocean wave loading, 791
OMEGA command, 47
orthotropic nonlinear permeability, 193
OUTPR command, 691, 752

P
parallel deviation, 371
participation factors, 801
particle tracing, 219
PATH command, 868
path operations, 845
PCALC command, 848
PCROSS command, 848
PDEF command, 847, 885
PDOT command, 848
Peclet number, 462
penetration distance, 557
permanent magnets, 177
permeability

magnetic matrix, 177
matrix, 177

PFACT command, 811
phase change, 235
piezoelectric, 487
piezoelectrics, 313
pinball algorithm, 558
pipe cross-sections

buckling, 393
pivot

negative message, 718
plastic energy, 752
plasticity

anisotropic, 81
rate-dependent, 108
rate-independent, 64

PLDISP command, 870
PLNSOL command, 870, 885
PLSECT command, 849
Poisson's ratio, 5
positive definite matrices, 390
postprocessing

complex results, 888
harmonic shell, 879
harmonic solid, 879

potential energy, 752
power loss, 207
power spectral density, 811
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POWERH macro, 863
PPATH command, 849, 861-862
Prandtl number, 501
Preconditioned Conjugate Gradient solver, 696
PRED command, 717
predictor option, 717
PRERR command, 870
PRESOL command, 691, 870
pressure vector, 12
pretension, 584
primary creep, 106
principal strain, 18
principal stress, 19
PRNSOL command, 870, 885
probability density function, 892
PRRSOL command, 691
PRSECT command, 849
PSD, 811
PSDRES command, 813
PSTRES command, 41, 47, 779, 792
PVECT command, 846

Q
QDVAL command, 816

R
radiation, 230
radiation form factor, 536
radiation link, 430
radiation matrix method, 237
radiosity solution method, 241
random input variable, 892
random sample, 836
Random Vibration method, 811
random wave type, 395
rate-dependent plasticity, 108

Anand option, 109
exponential visco-hardening (EVH) option, 109
Peirce option, 109
Perzyna option, 109

rate-independent plasticity, 64
reactions, 690
reduced matrix, 12
reduced scalar potential strategy, 180
REFLCOEF macro, 868
reform

element matrix, 393
override option, 393

regression analysis, 905
building response surface models, 909

reinforced concrete, 468
relaxation, 106

relaxtion (see creep)
resistor, 487
RESP, 883
response power spectral density, 887
response spectrum generator, 883
response surface method, 905

design of experiments, 905
regression analysis, 905

reuse of matrices, 392
Reynolds number, 395, 501
Rigid Response Method, 821
rigid-flexible, 555
ROCK command, 801
RPSD command, 812, 887
RSTMAC command, 889

S
scalar potential

magnetic, 180
scalar potential strategy

difference, 180
general, 180
reduced, 180

secant matrix, 718
secondary creep, 106
SED command, 801
SENERGY macro, 865
SET command, 879
SF command, 227
SFE command, 227, 501, 539
shape functions, 327
shape testing, 365
Shell new wave theory, 395
shift functions, 153
shifting, 734
SHPP command, 365
singly connected, 182
small amplitude wave theory, 395
SMNB (minimum error bound), 870, 872
SMXB (maximum error bound), 870, 872
SNOPTION command, 728
solutions

comparing, 889
solvers

direct, 694
Incomplete Cholesky Conjugate Gradient, 696
iterative, 696
Jacobi Conjugate Gradient, 696
Preconditioned Conjugate Gradient, 696
sparse direct, 694

sparse direct solver, 694
specific heat matrix, 235
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spectrum analysis, 799
spin softening, 47
SPOPT command, 800
SRCS macro, 863
SRSS Method, 807
standard deviation, 916
static analysis, 761
statistical distribution, 893
statistical procedures, 834, 915

mean value, 915
Stefan-Boltzmann, 230
stiffening

differential, 41
geometric, 41
incremental, 41
initial stress, 41
stress, 41

stiffness matrix, 12
Stokes fifth order wave theory, 395
strain, 5, 15

equivalent, 18
principal, 18
thermal, 5

strain energy, 752
stranded coils, 210
stream function wave theory, 395
stress, 5, 15

combined, 19
equivalent, 19
principal, 19
surface, 16
von Mises, 18-19

stress intensity, 19
stress intensity factors, 875
stress linearization, 849
stress stiffening, 41
subspace eigensolver, 731
substructure, 794
superelement, 794
Supernode method, 728
surface operations, 844
surface stress, 16
surface tension, 539
SVTYP command, 801
swelling, 162

irradiation induced, 162

T
tangent matrix, 711
TB command, 5, 162, 313, 472
temperature

adiabatic wall, 535

temperature-dependent material properties, 389
thermal

coefficient of expansion, 5, 10
strain, 5

thermal coefficient of expansion, 5, 10
thermal load vector, 12
thermorheological simplicity, 149
TIME command, 685
time integration

HHT, 764
Newmark, 764

time step
automatic, 685
bisection, 687
prediction, 686

TIMINT command, 235, 686, 771
TINTP command, 686, 717, 764, 777
TOFFST command, 162, 389, 431, 480, 501
TORQ2D macro, 865
TORQC2D macro, 865
transducer, 487, 513
transient analysis, 763
TREF command, 5
triangular distribution, 838, 897
TRNOPT command, 698, 771, 883
truncated Gaussian distribution, 894
Tsai-Wu failure criteria, 23
Type III smallest distribution, 902

U
uniform distribution, 836, 898
unknowns, 690
unsymmetric eigenvalue problem, 729

V
variance coefficient, 835
VCROSS command, 844
VDDAM command, 810
VDOT command, 844
vector

acceleration, 12
heat flow, 235
heat flux, 227, 236
pressure, 12
thermal load, 12

vector operations, 844
vector potential

magnetic, 184
nodal limitation, 185

view factors, 231
virtual work, 12
visco-hypoelasticity, 150
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viscoelasticity, 146
large strain, 151

voltage source, 487
von Mises stress, 18-19
VSUM command, 751

W
warping factor, 376
water pressure effect on elements, 394
wave theory

airy, 395
constrained new wave, 395
irregular wave, 395
random, 395
Shell new wave, 395
small amplitude, 395
Stokes fifth order, 395
stream function, 395
waves and current both present, 395

wave-current interaction, 395
WAVES command, 684
Weibull distribution, 902
wrinkle option, 452
WSORT command, 685
WSTART command, 684

Y
yield criterion, 65
Young's modulus, 5

Z
zener diode, 511
zero energy modes, 382-383
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